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basis of the profile x 2 X of the individual (x, x). We assume that we are
given a finite collection of vector-based data X = {x



2 IR

d

,  = 1, . . . , `} that
belong to either a or b. Supervised learning is defined by the training set, that
can be expressed in terms of the unary predicates a(xa



) and b(xb



). Interest-
ingly, as shown in the following example, we can interpret the neural network
architecture itself as a collection of constraints.

Example 4.1 Let us consider the XOR predicate that is characterized by

y((0, 1), (1, 0))

¬y((0, 0), (1, 1)).
(1)

Now we can express the neural architecture of Fig. ?? by the constraints

x3 � �(w31x1 + w32x2)� b3 = 0

x4 � �(w41x1 + w42x2)� b4 = 0

x5 � �(w53x3 + w54x4)� b5 = 0.

(2)

Notice that while the data constraints (1) are often softly enforced, the architecture
constraints (2) are better suited for hard satisfaction. Clearly, this distinction between
data and architectural constraints holds in general, while one might claim in this case
also the data constraints would better be hardly enforced.

As put forward in the following example, one might also be interested in
classifications that involve more categories that are not necessary disjoint.

Example 4.2 Classification of four rectangles intersecting

Description: Given the four rectangles represented in figure (3) we want to
classify the points of the domain in four classes. Since the rectangles are intersect
themselves, this is not a classic clustering problem. We have the following
ground truth:

A(x) = true , x 2 [�3, +1] ⇥ [�1, +1],

B(x) = true , x 2 [�1, +3] ⇥ [�1, +1],

C(x) = true , x 2 [�1, +1] ⇥ [�1, +3],

D(x) = true , x 2 [�1, +1] ⇥ [�3, +1].

(3)

Domain Representation: As domain we consider 900 points in a uniform grid
of the square [�3, 3] ⇥ [�3, 3], and we take 100 random points from them to
create the testing set. The remaining points form the training set S.

SUPERVISED LEARNING

In this case we want to classify the points of the square [�3, 3] ⇥ [�3, 3] using
only few supervisions.
Domain Representation: We take six supervisions for each class, three positive
and three negative from the training set S. Formally we define the following
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248 CHAPTER 5 Deep Architectures

FIGURE 5.4

Network for the evaluation of the XOR.

Unlike in the case of ∧ and ∨, the set

L = {((0, 0), 0), ((0, 1), 1), ((1, 0), 1), ((1, 1), 0)} =

is clearly not linearly separable. Formally, this comes out directly when considering
that for any candidate separation line, the following proposition must hold:

(b < 0) ∧ (w2 + b) > 0 ∧ (w1 + b) > 0 ∧ (w1 + w2 + b < 0).

Now it is easy to see that there is no solution. If we sum up the second and the third
inequalities, we get w1 +w2 +2b > 0. Likewise, if we sum up the first and the fourth
inequalities, we get w1 + w2 + 2b < 0, so we end up with a contradiction. Hence,
we conclude that W⊕ = ∅. A nice graphical interpretation of W⊕ = ∅ is given in
Exercise 4.

The above discussion essentially proves that we cannot compute the XOR function
using a single LTU. We will now show that instead there are many ways to represent
the XOR using a multilayered network (Fig. 5.4).

Looking at Fig. 5.4, we immediately realize that input x1 and x2 must be mapped
by the hidden layer to x3 and x4 such that it can be linearly separated by the neuron 5.
For example, in Fig. 5.5A it is shown how this can be done using a “geometrical”
approach; here the two evenly dashed lines have equations x1 + x2 + 1/2 = 0 and
x1+x2+3/2 = 0. Neurons 3 and 4 classify the points of the Boolean square according
to the rule x3 = [x1 + x2 − 1/2 ≥ 0] and x4 = [−x1 − x2 + 3/2 ≥ 0]; in this way,
as one can see from Fig. 5.5A, the inputs are mapped into a separable configuration.

Another way to implement the XOR function can be done by noting that both ¬x1∧
x2 and x1 ∧ ¬x2 can be represented by an LTU with the Heaviside function. This is
a straightforward consequence of the above discussed representations of ∧ and ∨ by
threshold functions. We can promptly see that a function for the realization of ⊕ can
be constructed by using the canonical representation x1⊕x2 = (¬x1∧x2)∨(x1∧¬x2).

Now let us begin with the construction of (¬x1 ∧ x2) and (x1 ∧ ¬x2). When
thinking of the ∧ and ∨ realization, we can promptly realize that the solution is
similar, since any min-term is linearly separable. In Fig. 5.5B we can see the lines
corresponding with the two min-terms and the mapping of each example onto the
hidden layer representation. The line corresponding to the neuron 3 has equation
−x1 + x2 − 1/2 = 0, while the one that corresponds to 4 has equation x1 − x2 −
1/2 = 0; in fact, we have ¬x1 ∧ x2 = [−x1 + x2 − 1/2 ≥ 0] and x1 ∧ ¬x2 =
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Supervised Learning

“hard” architectural constraints

Lagrangian framework
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Architectural constraints
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Gradient descent/ascent
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A more biologically plausibile solution than Backpropagation
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Supervised Learning

f(x) , y,  = 1, . . . , `

6.2 Logic Constraints in the Environment 387

where TL is the Łukasiewicz t-norm. This arises from Eq. (6.2.85) as follows. First,
notice that

g−1 ◦ T
(
g(x), g(y)

)
= g−1 ◦ γ −1(γ ◦ g(x) + γ ◦ g(y)

)

= (γ ◦ g)−1(γ ◦ g(x) + γ ◦ g(y)
)

= β−1(β(x) + β(y)
)

= TL(x, y).

Let w := g(x) and z := g(y), then we have T (w, z) = gTL(g−1(w), g−1(z)).
Residuum.Given a t-norm T , its residuum is defined by

(x ⇒ y) = sup {z| T (x, z) ≤ y} . (6.2.87)

The residuum (x ⇒ y) is also denoted as T ⋆(x, y) and is a sort of adjoint of T (x, y).
In order to grasp its meaning, we start considering the case x ≤ y, where we ex-
pect that the implication returns “high” values. This follows straightforwardly when
considering that T (x, z) ≤ T (x, 1) = x and then

sup {z| T (x, z) ≤ x ≤ y} = 1.

Clearly, the converse holds as well, and therefore (x ⇒ y) = 1 iff x ≤ y. Now,
let us consider its violation. We need to study (x ⇒ y) with x > y. Now we have
T (x, z) ≤ x, that is, T (x, z) ≤ min {x, z}. Hence

(x ⇒ y) = sup {z| T (x, z) ≤ min {x, z} ≤ y} = y.

The converse holds true as well. That is, (x ⇒ y) = y iff x > y. Clearly,
(1 ⇒ y) = y. The difference in the translation of ⇒ using the residuum and the
direct application of the t-norms is very well illustrated in the case of the p-norm.
The classic propositional calculus definition of the implication ¬(x ∧ ¬y) would be
translated into

x ⇒ y ! T (x, y) = 1 − x · (1 − y).

For example, for x = 0.55 and y = 0.6 we get T (x, y) = 0.78, whereas (0.55 ⇒
0.6) = 1. Likewise, if x = 0.55 and y = 0.2, we have T (0.55, 0.2) = 0.56. Clearly,
this suggests that the implication holds true, which does not reflect its meaning. On
the other hand, (0.55 ⇒ 0.2) = 0.2, which is definitely preferable for a coherent
definition of ⇒. To sum up, the given definition of residuum captures perfectly the
meaning one would like to attach to the implication.

Residua of classic
t-norms.

The residua of the three t-norms, Goguen, Gödel, and Łukasiewicz, defined
by (6.2.77), are (see Exercise 8)

x
P⇒ y = y/x, (6.2.88)

x
G⇒ y = y, (6.2.89)

x
Ł⇒ y = 1 − x + y. (6.2.90)

max{min{1� f(x) + y, 1)}+min{1� y + f(x), 1), 1}}

y ) f(x) : min{1� y + f(x), 1}
f(x) ) y : min{1� f(x) + y, 1}

(f(x) ) y(x)) ^ (y ) f(x))

1� |y � f(x)|

The discover of loss by t-norms …
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Supervised Learning (con’t)

f(x) , y,  = 1, . . . , `

Leveraging Latent Label Distributions for Partial Label Learning, IJCAI 2018
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 ) , y

(1)
 ) ^ (f(x(2)

 ) , y

(2)
 ) ^ (f(x(3)

 ) , y

(3)
 )

6.2 Logic Constraints in the Environment 387

where TL is the Łukasiewicz t-norm. This arises from Eq. (6.2.85) as follows. First,
notice that

g−1 ◦ T
(
g(x), g(y)

)
= g−1 ◦ γ −1(γ ◦ g(x) + γ ◦ g(y)

)

= (γ ◦ g)−1(γ ◦ g(x) + γ ◦ g(y)
)

= β−1(β(x) + β(y)
)

= TL(x, y).

Let w := g(x) and z := g(y), then we have T (w, z) = gTL(g−1(w), g−1(z)).
Residuum.Given a t-norm T , its residuum is defined by

(x ⇒ y) = sup {z| T (x, z) ≤ y} . (6.2.87)

The residuum (x ⇒ y) is also denoted as T ⋆(x, y) and is a sort of adjoint of T (x, y).
In order to grasp its meaning, we start considering the case x ≤ y, where we ex-
pect that the implication returns “high” values. This follows straightforwardly when
considering that T (x, z) ≤ T (x, 1) = x and then

sup {z| T (x, z) ≤ x ≤ y} = 1.

Clearly, the converse holds as well, and therefore (x ⇒ y) = 1 iff x ≤ y. Now,
let us consider its violation. We need to study (x ⇒ y) with x > y. Now we have
T (x, z) ≤ x, that is, T (x, z) ≤ min {x, z}. Hence

(x ⇒ y) = sup {z| T (x, z) ≤ min {x, z} ≤ y} = y.

The converse holds true as well. That is, (x ⇒ y) = y iff x > y. Clearly,
(1 ⇒ y) = y. The difference in the translation of ⇒ using the residuum and the
direct application of the t-norms is very well illustrated in the case of the p-norm.
The classic propositional calculus definition of the implication ¬(x ∧ ¬y) would be
translated into

x ⇒ y ! T (x, y) = 1 − x · (1 − y).

For example, for x = 0.55 and y = 0.6 we get T (x, y) = 0.78, whereas (0.55 ⇒
0.6) = 1. Likewise, if x = 0.55 and y = 0.2, we have T (0.55, 0.2) = 0.56. Clearly,
this suggests that the implication holds true, which does not reflect its meaning. On
the other hand, (0.55 ⇒ 0.2) = 0.2, which is definitely preferable for a coherent
definition of ⇒. To sum up, the given definition of residuum captures perfectly the
meaning one would like to attach to the implication.

Residua of classic
t-norms.

The residua of the three t-norms, Goguen, Gödel, and Łukasiewicz, defined
by (6.2.77), are (see Exercise 8)

x
P⇒ y = y/x, (6.2.88)

x
G⇒ y = y, (6.2.89)

x
Ł⇒ y = 1 − x + y. (6.2.90)

new loss



ACDL 2018

Supervised Learning
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Figure 3: The training set is composed of patterns of four categories whose
ground true is defined by the colored boxes.

sets of supervisions:

supA = {x

A,1, xA,2, xA,3, xA,4, xA,5, xA,6},

supB = {x

B,1, xB,2, xB,3, xB,4, xB,5, xB,6},

supC = {x

C,1, xC,2, xC,3, xC,4, xC,5, xC,6},

supD = {x

D,1, xD,2, xD,3, xD,4, xD,5, xD,6},

(4)

where x

i,j

(i 2 {A, B, C, D} and j 2 {1, ..., 6}) are random points belonging to
the training set S, and

A(xA,1) = true, A(xA,2) = true, A(xA,3) = true, A(xA,4) = false, A(xA,5) = false, A(xA,6) = false,
B(xB,1) = true, B(xB,2) = true, B(xB,3) = true, B(xB,4) = false, B(xB,5) = false, B(xB,6) = false,
C(xC,1) = true, C(xC,2) = true, C(xC,3) = true, C(xC,4) = false, C(xC,5) = false, C(xC,6) = false,

D(xD,1) = true, D(xD,2) = true, D(xD,3) = true, D(xD,4) = false, D(xD,5) = false, D(xD,6) = false.

Constraints: In the supervised case we have only the constraints on the super-
visions, imposing that the positive ones have to stay on the specific rectangle
and the negative ones out of it:

8x 2 supA : SA(x) $ A(x),

8x 2 supB : SB(x) $ B(x),

8x 2 supC : SC(x) $ C(x),

8x 2 supD : SD(x) $ D(x),

(5)
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B(xB,1) = true, B(xB,2) = true, B(xB,3) = true, B(xB,4) = false, B(xB,5) = false, B(xB,6) = false,
C(xC,1) = true, C(xC,2) = true, C(xC,3) = true, C(xC,4) = false, C(xC,5) = false, C(xC,6) = false,

D(xD,1) = true, D(xD,2) = true, D(xD,3) = true, D(xD,4) = false, D(xD,5) = false, D(xD,6) = false.

Constraints: In the supervised case we have only the constraints on the super-
visions, imposing that the positive ones have to stay on the specific rectangle
and the negative ones out of it:

8x 2 supA : SA(x) $ A(x),

8x 2 supB : SB(x) $ B(x),

8x 2 supC : SC(x) $ C(x),

8x 2 supD : SD(x) $ D(x),

(5)
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all data are in a certain domain

8x (A(x) _ B(x)) ^ D(x)

8x (A(x)� B(x)) ^ D(x)
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Unsupervised Learning

(a) Supervised learning (b) Unsupervised learning (c) Semi-supervised learning

Figure 4: Separation surfaces for the four rectangles intersecting.

where SA, SB, SC and SD express the condition of belonging to the specific
rectangle.
Query: We want to predict if random points of the square [�3, 3] ⇥ [�3, 3] are
in one or in more rectangles (or in none).
Execution: For our learning model we use four FeedForward Neural Networks
(FFNs), one for each class, with one hidden layer and 10 hidden units. With
only few supervisions and none additional information the system can’t learn
the distribution of the data, as we can see in Fig.4a.

UNSUPERVISED LEARNING

Now we consider logical constraints to learn the distribution of the points, ex-
ploiting only unsupervised data.
Domain Representation: The domain is the entire training set S, that in this
case consists on the set of the unsupervised data.
Constraints: Here obviously we don’t consider constraints on supervisions, but
only on the distribution of the data. The following four constraints state that
exist at least k points (with k appropriately chosen) of the training data that
belong to a specific class and don’t belong to the other classes:

9
k

x(A(x) ^ ¬B(x) ^ ¬C(x) ^ ¬D(x)),

9
k

x(B(x) ^ ¬A(x) ^ ¬C(x) ^ ¬D(x)),

9
k

x(C(x) ^ ¬A(x) ^ ¬B(x) ^ ¬D(x)),

9
k

x(D(x) ^ ¬A(x) ^ ¬B(x) ^ ¬C(x)).

(6)

Then we state that there exist at least m points of S that are in the intersection
of the four rectangles:

9
m

x(A(x) ^ B(x) ^ C(x) ^ D(x)), (7)

and finally we say that there exist at least n points of S which are not in any
classes, that are those belonging to one of the four squares at corner of the
square [�3, 3] ⇥ [�3, 3]:

9
n

x(¬A(x) ^ ¬B(x) ^ ¬C(x) ^ ¬D(x)). (8)
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Unsupervised Learning

(a) Separation surfaces (b) Testing data points

Figure 5: Unsupervised learning for the four squares disjoint.

one simple states that the classes are mutually exclusive:

8x : (A(x) ^ ¬B(x) ^ ¬C(x) ^ ¬D(x))

_(B(x) ^ ¬A(x) ^ ¬C(x) ^ ¬D(x))

_(C(x) ^ ¬A(x) ^ ¬B(x) ^ ¬D(x))

_(D(x) ^ ¬A(x) ^ ¬B(x) ^ ¬C(x)).

(9)

The following four constraints say that there exist at least m points (with m

opportunely chosen) of the training set that belong to the specific class:

9
m

xA(x), 9
m

xB(x), 9
m

xC(x), 9
m

xD(x), (10)

and the last four that there exist at least n points that are not in the specific
square:

9
n

x¬A(x), 9
n

x¬B(x), 9
n

x¬C(x), 9
n

x¬D(x), (11)

Query: We want to classify random points of the square [�3, 3] ⇥ [�3, 3] in the
belonging sub-square (or in none).
Execution: For the training we build a model assembled of four FFNs, one for
each class, with one hidden layers and 5 hidden units. As we can see in Fig.5a,
the separation surfaces are in general disjoint, and there is a little hole in the
middle of the square [�3, 3] ⇥ [�3, 3]. In the four squares at the corners, the
points are not correctly classified because these regions are not taken in con-
sideration in the training set. In Fig.5b are represented the testing data points
distributed on the four squares. The model can separate the points in four dis-
tinct sets but, since there aren’t supervisions, the class are reversed.

SEMI-SUPERVISED

Domain Representation: The domain is the same of the unsupervised case. We
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Semi-supervised Learning

(a) Class A (b) Class B (c) Class C (d) Class D

(e) All the four classes together

Figure 6: Separation surfaces for the four rectangles intersecting in semi-
supervised learning.

Unsupervised Learning

Domain Representation: In this example as domain we consider the union of
the squares A,B,C and D, instead of the entire square [�3, 3]⇥ [�3, 3].
Constraints: We define the logical constraints on the whole sample. The first
one simple states that the classes are mutually exclusive:

8x : (A(x) ^ ¬B(x) ^ ¬C(x) ^ ¬D(x))
_(B(x) ^ ¬A(x) ^ ¬C(x) ^ ¬D(x))
_(C(x) ^ ¬A(x) ^ ¬B(x) ^ ¬D(x))
_(D(x) ^ ¬A(x) ^ ¬B(x) ^ ¬C(x)).

(9)

The following four constraints say that there exist at least m points (with m

opportunely chosen) of the training set that belong to the specific class:
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Query: We want to classify random points of the square [�3, 3]⇥ [�3, 3] in the
belonging sub-square (or in none).
Execution: For the training we build a model assembled of four FFNs, one for
each class, with one hidden layers and 5 hidden units. As we can see in Fig.7a,
the separation surfaces are in general disjoint, and there is a little hole in the
middle of the square S. In the four squares at the corners, the points are not
correctly classified because these regions are not taken in consideration in the

20
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Semi-supervised Learning

8 G. Marra et al.

(a) (b)

(c) (d)

Fig. 2: Semi-Supervised Learning: (a) data that is provided with a positive and
negative supervision for class A; (b) the unsupervised data provided to the learner;
(c) class assignments using only the supervised examples; (d) class assignments
using learning from examples and constraints in CLARE.

Predicate("A", ("Points"), function=NN_A)

# Fit the supervisions

PointwiseConstraint(A, y_s, X_s)

Let’s now assume that we want to express manifold regularization for the
learned function: this states that points that are close should be similarly classified.
This extension can be expressed in CLARE adding the following lines:

# Given predicate stating whether two patterns are "close"

Predicate("Close", ("Points","Points"), function=f_close)

# The constraint implementing manifold regularization.

Constraint("forall p:forall q: Close(p,q)->(A(p)<->A(q))")

where f close is a given function determining if two patterns are close. The
training is then re-executed starting from the same initial conditions as in the
supervised-only case.

CLARE: a General Interface Layer to Integrate AI and Deep Learning 7

In order to satisfy all the logical constraints, we minimize the following term,

L

c

(X ,f ,p) =
TX

j=1

�

j

(1� �

j

(X
j

,f ,p)) ,

where X denotes the overall samples where the functions and predicates are eval-
uated and �

j

is a weight for the j-th logical constraint. However, CLARE allows
to integrate classical supervised learning (by means of PointwiseConstraints) and
learning from constraints modeling the prior knowledge. Therefore in general,
the cost function that is optimized by CLARE is composed by three terms, one
forcing the fitting of the supervised examples, one for regularization and the
latter for the logical constraint satisfaction. We have:
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s

h
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where X f

s

,X p

s

denote the supervised data for functions and predicates respectively,
||f || and ||p|| measure the complexity of the approximators, L

s

is a loss function
and �

r

,�

c

and �

s

indicate the weights in the optimization of the supervision,
regularization and constraint terms, respectively.

3 Learning and Reasoning with CLARE

This section presents a list of examples illustrating the range of learning tasks that
can be expressed in the proposed framework. In particular, it is shown how it is
possible to force label coherence in semi-supervised or transductive learning tasks,
how to implement collective classification over the test set, rule deduction from
the learned predicates as in classical Inductive logic programming (ILP), pure
logical reasoning and how to address generative tasks or pattern completion in the
case of missing features. The software of both the framework and the experiments
is made available at https://github.com/GiuseppeMarra/CLAREecml

Semi-Supervised Learning. In this task we assume to have available a set of
420 points distributed along an outer and inner circles. The inner and outer
points belong and do not belong to some given class A, respectively. A random
selection of 20 points is supervised (either positively or negatively), as shown in
Figure 2(a). The remaining points are split into 200 unsupervised training point,
shown in Figure 2(b) and 200 points left as test set. A neural network is assumed
to have been created in TF to approximate the predicate A.

The network can be trained by making it fit the supervised data. So, given
the vector of data X, a neural network NN A and the vector of supervised data X s,
with the vector of associated labels y s, the supervised training of the network
can be expressed in CLARE by the following code:

# Definition of the domain of the data points.

Domain(label="Points", data=X)

# Approximating the predicate A via a NN.

8 G. Marra et al.

(a) (b)

(c) (d)

Fig. 2: Semi-Supervised Learning: (a) data that is provided with a positive and
negative supervision for class A; (b) the unsupervised data provided to the learner;
(c) class assignments using only the supervised examples; (d) class assignments
using learning from examples and constraints in CLARE.

Predicate("A", ("Points"), function=NN_A)

# Fit the supervisions

PointwiseConstraint(A, y_s, X_s)

Let’s now assume that we want to express manifold regularization for the
learned function: this states that points that are close should be similarly classified.
This extension can be expressed in CLARE adding the following lines:

# Given predicate stating whether two patterns are "close"

Predicate("Close", ("Points","Points"), function=f_close)

# The constraint implementing manifold regularization.

Constraint("forall p:forall q: Close(p,q)->(A(p)<->A(q))")

where f close is a given function determining if two patterns are close. The
training is then re-executed starting from the same initial conditions as in the
supervised-only case.
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Semi-supervised Learning (con’t)
8 G. Marra et al.

(a) (b)

(c) (d)

Fig. 2: Semi-Supervised Learning: (a) data that is provided with a positive and
negative supervision for class A; (b) the unsupervised data provided to the learner;
(c) class assignments using only the supervised examples; (d) class assignments
using learning from examples and constraints in CLARE.

Predicate("A", ("Points"), function=NN_A)

# Fit the supervisions

PointwiseConstraint(A, y_s, X_s)

Let’s now assume that we want to express manifold regularization for the
learned function: this states that points that are close should be similarly classified.
This extension can be expressed in CLARE adding the following lines:

# Given predicate stating whether two patterns are "close"

Predicate("Close", ("Points","Points"), function=f_close)

# The constraint implementing manifold regularization.

Constraint("forall p:forall q: Close(p,q)->(A(p)<->A(q))")

where f close is a given function determining if two patterns are close. The
training is then re-executed starting from the same initial conditions as in the
supervised-only case.
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Inference in formal logic

Example 4.14 Parental Inference

While LIRICO is mainly designed for integrating logic and deep learning, it is also
possible to use it as a tool for pure logical reasoning. This case is illustrated by the
following example, where a few individuals are added to the domain People without
any underlying data representation. This can be defined in the LIRICO environment
as:

Domain(label="People")
Individual(label="Marco", "People")
Individual(label="Giuseppe", "People")
Individual(label="Michelangelo", "People")
Individual(label="Francesco", "People")
Individual(label="Franco", "People")
Individual(label="Andrea", "People")

The individuals are assumed to be related via parental relations defined by the follow-
ing predicates:

Predicate(label="fatherOf", ("People", "People"))
Predicate(label="grandFatherOf", ("People", "People"))
Predicate(label="eq", ("People", "People"), function=eq)

where the given binary predicate eq holds true iff the two input individuals are the
same person.

Finally, some known relations are known between the individuals:

Constraint("fatherOf(Marco, Giuseppe)")
Constraint("fatherOf(Giuseppe, Michelangelo)")
Constraint("fatherOf(Giuseppe, Francesco)")
Constraint("fatherOf(Franco, Andrea)")

The prior knowledge provided for this task expresses some well-known semantics
about parental constraints. For example, LIRICO allows to express that nobody can
be father or grandfather of himself as:

Constraint("forall x: not fatherOf(x,x)")
Constraint("forall x: not grandFatherOf(x,x)")

Another two rules state that fathership is an asymmetric relation, so that if you
are father or grandfather of someone, he can not be your father or grandfather. Fur-
thermore, someone can not be father and grandfather of someone at the same time,
these are expressed in LIRICO as:

Constraint("forall x: forall y: fatherOf(x,y) -> not fatherOf(y,x)")
Constraint("forall x: forall y: grandFatherOf(x,y)
-> not grandFatherOf(y,x)")
Constraint("forall x: forall y: fatherOf(x,y) -> not grandFatherOf(x,y)")
Constraint("forall x: forall y: grandFatherOf(x,y) -> not fatherOf(x,y)")

Another rule expresses that the father of the father is a grandfather, and that one
person has at most one father in the considered world:
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possible to use it as a tool for pure logical reasoning. This case is illustrated by the
following example, where a few individuals are added to the domain People without
any underlying data representation. This can be defined in the LIRICO environment
as:

Domain(label="People")
Individual(label="Marco", "People")
Individual(label="Giuseppe", "People")
Individual(label="Michelangelo", "People")
Individual(label="Francesco", "People")
Individual(label="Franco", "People")
Individual(label="Andrea", "People")

The individuals are assumed to be related via parental relations defined by the follow-
ing predicates:

Predicate(label="fatherOf", ("People", "People"))
Predicate(label="grandFatherOf", ("People", "People"))
Predicate(label="eq", ("People", "People"), function=eq)

where the given binary predicate eq holds true iff the two input individuals are the
same person.

Finally, some known relations are known between the individuals:

Constraint("fatherOf(Marco, Giuseppe)")
Constraint("fatherOf(Giuseppe, Michelangelo)")
Constraint("fatherOf(Giuseppe, Francesco)")
Constraint("fatherOf(Franco, Andrea)")

The prior knowledge provided for this task expresses some well-known semantics
about parental constraints. For example, LIRICO allows to express that nobody can
be father or grandfather of himself as:

Constraint("forall x: not fatherOf(x,x)")
Constraint("forall x: not grandFatherOf(x,x)")

Another two rules state that fathership is an asymmetric relation, so that if you
are father or grandfather of someone, he can not be your father or grandfather. Fur-
thermore, someone can not be father and grandfather of someone at the same time,
these are expressed in LIRICO as:

Constraint("forall x: forall y: fatherOf(x,y) -> not fatherOf(y,x)")
Constraint("forall x: forall y: grandFatherOf(x,y)
-> not grandFatherOf(y,x)")
Constraint("forall x: forall y: fatherOf(x,y) -> not grandFatherOf(x,y)")
Constraint("forall x: forall y: grandFatherOf(x,y) -> not fatherOf(x,y)")

Another rule expresses that the father of the father is a grandfather, and that one
person has at most one father in the considered world:

27

only labels are involved!
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Constraint("forall x: forall y: forall z: fatherOf(x,z) and fatherOf(z,y) ->
grandFatherOf(x,y)")

Constraint("forall x: forall y: forall z: (fatherOf(x,y) and not eq(x,z)) ->
not fatherOf(z,y)")

The learning task seeks to infer the unknown relations among the individuals. Af-
ter starting the learning phase, LIRICO outputs the predicate values for all the ground-
ings, and it correctly concludes that the following facts hold true: grandFatherOf("Marco",
"Michelangelo"), ¬grandFatherOf("Marco", "Giuseppe"), grandFatherOf("Marco", "Francesco"),
etc. On the other hand nothing can be concluded regarding who is the grandfather of
“Franco” and “Andrea”, so leaving these values to be equal to their prior values.

One the training has been performed and the grounded predicates have been com-
puted, LIRICO provides an easy interface for performing model checking also in this
symbolic environment. For example, let’s suppose that we want to check whether the
following rule holds true according to the computed assignments:

Constraint("forall x: forall y: forall z: grandFatherOf(x,z) and
fatherOf(y,z) -> fatherOf(x,y)")

As expected, the evaluation of the rule performed by returns that the rules is perfectly
verified by the computed assignments.

Example 4.15 Consider Winston’s animal recognition example- typically used to
illustrate Prolog.

Challenges

1. Discuss different t-norms

2. Address the issue of local minima by isolating logic fragments that yield
local minima free optimization.

4.5 Inference in the environment
Description: Given a collection of logic constraints and a set of data on which to
ground them, determine the truth of unary predicates acting on the features of
a new individual. Inference in the environment is also regarded as the process of
verifying whether a given argument is valid when grounded on a certain data set.

Example 4.16 Old boxes example from supervised, unsupervised learning

Example 4.17 Same example used for formal inference where individuals are given
a profile characterized by two features.

Example 4.18 Learning of Spatial Relations among Rectangles

Description: In this example, we are interested in describing the mutual positions of a
set of 2d rectangles on a plane by means of some spatial relations. For instance, given
two rectangles x and y, we can say that x is on the left of y, and we take into account
the relations right, below, above, inside and contains as well. For this task, we assume

28
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Fig. 4: An example of the trained generative functions, The middle and right
pictures shown the outputs of the functions next and previous functions fed
with the image on the left, respectively.

The learning task seeks to infer the unknown relations among the individuals.
After starting the learning phase, CLARE outputs the predicate values for
all the groundings, and it correctly concludes that the following facts hold
true: grandFatherOf("Marco", "Michelangelo"), ¬grandFatherOf("Marco",
"Giuseppe"), grandFatherOf("Marco", "Francesco"), etc. On the other hand
nothing can be concluded regarding who is the grandfather of “Franco” and
“Andrea”, so leaving these values to be equal to their prior values.

One the training has been performed and the grounded predicates have been
computed, CLARE provides an easy interface for performing model checking also
in this symbolic environment. For example, let’s suppose that we want to check
whether the following rule holds true according to the computed assignments:

Constraint("forall x: forall y: forall z: grandFatherOf(x,z) and

fatherOf(y,z) -> fatherOf(x,y)")

As expected, the evaluation of the rule performed by returns that the rules is
perfectly verified by the computed assignments.

Pattern Generation. In this task, we exploit a set of around 15000 images
of handwritten digits, obtained extracting only the 0, 1 and 2 digits from the
MNIST dataset. We want to solve both a classification task, aiming at identifying
which digit an image represents, and a generation task, learning some generative
functions producing images from images. In particular, we want to learn two
generative functions, next and previous, which, given an image of a digit, will
produce an image of the next and previous digit, respectively. In order to give
each digit a next and a previous digit in the chosen set, we used a circular
mapping such that 0 is the next digit of 2 and 2 is the previous digit of 0.

This generative task can be solved in two steps: first, we learn the classifier
in a purely supervised fashion, then the image generator is trained in a purely
unsupervised fashion by simply exploiting the knowledge of the relations among
classes and the inverse nature of the next and previous operators.
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How does it work?

(Marco, Giuseppe)

. . .

(Marco, Francesco)

father grandfathergrounded pair

wgf (Mar, Fra)wf (Mar, Fra)

wf (Mar,Giu) wgf (Mar,Giu)

wf (Mar,Giu) = 1 wf (Giu,Mic) = 1

wf (Giu, Fra) = 1 wf (Fra,And) = 1

X

X,Y,Z

min{1�max{wf
(X,Y ) + wf

(Y, Z)� 1, 0}+ wgf
(X,Z), 1}

grandfather definition …



ACDL 2018

Full inference on individuals

wf (X,Y ), wgf (X,Y ) from formal logic

!

f (x, y),!gf (x, y) from neural nets

(X,x)

(age
x

, weight
x

, height
x

, age
y

, weight
y

, height
y

)

consistency constraints

Complexity issues: the inference in the environment avoids 
massive exploration of the Boolean hypercube
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?

Back to kernels (soft-constraints)

Perceptual and Logic Constraints
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Figure 1: Benchmark 1: classification accuracy for di�erent labeled and unla-
beled datasets when using or not using the constraints in training.

5.2 Benchmark 2: 7 classes, 4 clauses

This experiment aims at measuring the e�ectiveness of the two-stage learning
process to optimized the cost function. In particular, it consists of a multi-
class classification task with 7 di�erent classes (A,B, C, D, E, F,G), which are
known (a-priori) to be according to a hierarchy defined by the following clauses:
a ⇤ b ⇥ c, d ⇤ e ⇥ f , c ⇤ f ⇥ g and a ⌅ b ⌅ c ⌅ d ⌅ e ⌅ f ⌅ g. The patterns for
each class lay in the following rectangles:

A {(x, y) : 0 � x � 2, 0 � y � 2}
B {(x, y) : 1 � x � 3, 0 � y � 2}
C {(x, y) : 1 � x � 2, 0 � y � 2}
D {(x, y) : 0 � x � 2, 0 � y � 1}
E {(x, y) : 1 � x � 3, 0 � y � 1}
F {(x, y) : 1 � x � 2, 0 � y � 1}
G {(x, y) : 1 � x � 2, 0 � y � 1}

During di�erent runs of the experiment, the training set size has been increased
from 14 to 203 examples. Similarly, the unsupervised data has varied 0 and
140 patterns. In order to factor out the sampling noise, the accuracy numbers
have been averaged over 20 di�erent samples of the supervised, unsupervised
and test patterns.

In a first set of experiments, the kernel machine weights are optimized using
the full cost function (including the constraint portion: �v > 0), since the first
iteration of the learning process. In a second set of experiments, the constraints
are instead introduced at a later stage as described in section 4. Figure 4
compares the classification accuracy obtained in the two sets of experiments.

18

remarkable improvement with a few examples

The Effect of Forcing Logic Constraints
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Figure 4: Benchmark 2: the e�ect of the two-stage training process.

are: ¬a ⌅ ¬g and ¬b ⌅ ¬g. Another set of 17 clauses models the complete in-
clusion of the area covered by one class within the areas covered by the union
of a set of other classes, e.g.: g � c ⌅ d (the union of C and D contains G),
g � c ⌅ e, a� f ⌅ h ⌅ l and b � f ⌅ h ⌅ l. Finally, the close-world assumption
clause was added to state that each pattern must belong to at least one class:
a ⌅ b ⌅ c ⌅ d ⌅ e ⌅ f ⌅ g ⌅ h ⌅ i ⌅ l ⌅m. The overall set of logic rules is therefore
composed by 45 elements.

In our experimental setting, the patterns for each class are assumed to be
uniformly distributed on a rectangle, as shown in table 2.

Figure 6 reports the obtained results, averaged over 10 di�erent runs. The
introduction of the constraints is beneficial with an improvement in the classi-
fication accuracy between 2% and 5%. This experiment also shows how impor-
tant is the unsupervised data in the learning process: using more unsupervised
patterns during training significantly increases the classification accuracy.

5.5 Benchmark 5: 3 classes, 2 clauses

This experiment aims at analyzing the e�ects on the classification accuracy due
to the use of the logic constraints, when varying the dimension of the feature
space. In particular, it consists of a multi-class classification task with 3 di�erent
classes (A,B, C), which are known (a-priori) to be arranged according to a
hierarchy defined by the clauses a ⇤ b � c and a ⌅ b ⌅ c. The patterns for each
class lay in a hyper-rectangle in IRn, where the dimensionality n was varied
in {3, 7, 10}. Given an uniform sampling over the hyper-rectangles, a higher
dimensional input space corresponds to sparser training data for a fixed number
of labeled patterns. This is an e�ect of the well known curse-of-dimensionality,

21

Two Stages!
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Support Constraint Machines

Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.

FOL clause Category Support MAE Average Truth Value
a1(x) ⇤ a2(x) � a3(x) KB 100% 0.0011 (0.00005) 98.26% (1.778)

a3(x) � a4(x) KB 100% 0.0046 (0.0014) 98.11% (2.11)
a1(x) ⌅ a2(x) ⌅ a3(x) KB 100% 0.0049 (0.002) 96.2% (3.34)

a1(x) ⇤ a2(x) � a4(x) LD 100% 0.0025 (0.0015) 96.48% (3.76)
a1(x) ⇤ a3(x) � a2(x) ENV 100% 0.017 (0.0036) 91.32% (5.67)
a3(x) ⇤ a2(x) � a1(x) ENV 100% 0.024 (0.014) 91.7% (4.57)
a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
a1(x) ⇤ a2(x) � ¬a4(x) ENV 0% 0.26 (0.06) 3.51% (3.76)
a1(x) ⇤ ¬a2(x) � a3(x) ENV 0% 0.063 (0.026) 27.74% (18.96)
a2(x) ⇤ ¬a3(x) � a1(x) ENV 0% 0.073 (0.014) 5.71% (5.76)

a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.
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a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
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a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.

FOL clause Category Support MAE Average Truth Value
a1(x) ⇤ a2(x) � a3(x) KB 100% 0.0011 (0.00005) 98.26% (1.778)

a3(x) � a4(x) KB 100% 0.0046 (0.0014) 98.11% (2.11)
a1(x) ⌅ a2(x) ⌅ a3(x) KB 100% 0.0049 (0.002) 96.2% (3.34)

a1(x) ⇤ a2(x) � a4(x) LD 100% 0.0025 (0.0015) 96.48% (3.76)
a1(x) ⇤ a3(x) � a2(x) ENV 100% 0.017 (0.0036) 91.32% (5.67)
a3(x) ⇤ a2(x) � a1(x) ENV 100% 0.024 (0.014) 91.7% (4.57)
a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
a1(x) ⇤ a2(x) � ¬a4(x) ENV 0% 0.26 (0.06) 3.51% (3.76)
a1(x) ⇤ ¬a2(x) � a3(x) ENV 0% 0.063 (0.026) 27.74% (18.96)
a2(x) ⇤ ¬a3(x) � a1(x) ENV 0% 0.073 (0.014) 5.71% (5.76)

a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.

FOL clause Category Support MAE Average Truth Value
a1(x) ⇤ a2(x) � a3(x) KB 100% 0.0011 (0.00005) 98.26% (1.778)

a3(x) � a4(x) KB 100% 0.0046 (0.0014) 98.11% (2.11)
a1(x) ⌅ a2(x) ⌅ a3(x) KB 100% 0.0049 (0.002) 96.2% (3.34)

a1(x) ⇤ a2(x) � a4(x) LD 100% 0.0025 (0.0015) 96.48% (3.76)
a1(x) ⇤ a3(x) � a2(x) ENV 100% 0.017 (0.0036) 91.32% (5.67)
a3(x) ⇤ a2(x) � a1(x) ENV 100% 0.024 (0.014) 91.7% (4.57)
a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
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a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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Figure 1: The task functions on three mono dimensional benchmark, comparing SCML with SCMLC (the
former uses constrains on labeled points only, whereas the latter also exploits polynomial constraints on
the image space of the task functions). They are evaluated and the nodes depicted on each picture, that rep-
resent the available collection of labeled and unlabeled points, and then linked by a linear approximation.
The labeled points have an additional mark to more easily visualize them. The polynomial constraints that
are enforced in each benchmark are reported on top of each figure.
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to model checking in logic, since we are interested in
checking the constraints Cs, more than in exhibiting
the steps which leads to the proof.

Now, let Cp |= ⇥ and f⌅ = argminf�Fp ✏ f ✏P� . Then
it is easy to see that ⇥(f⌅) = 0. Of course, the vice
versa does not hold true. That if f⌅ = argminf�Fp ✏
f ✏P� and ⇥(f⌅) = 0 : Cp ⌃|= ⇥. For example, con-
sider the case in which the premises are the following
collection of supervised examples S1 := {(x�, yk)}��=1

and S2 := {(x�,�yk)}��=1 given on the two functions
f1, f2. It is easy to see that we can think of S1 and S2

in terms of two correspondent constraints ⇥1 and ⇥2,
so as we can set Cp := {⇥1,⇥2}. Now, let us assume
that ⇥(f⌅) = f⌅

1 � f⌅
2 = 0. This holds true whenever

a�,1 = �a�,2 Of course, the deduction C |= ⇥ is false,
since f can take any value in outside the condition
forced on supervised examples2. This is quite instruc-
tive, since it indicates that even though the deduction
is formally false, the generalization mechanism behind
the discovering of f⌅ yields a sort of approximate de-
duction.

Definition 3.2 Let f⌅ = argminf�Fp ✏ f ✏P� be and
assume that ⇥(f⌅) = 0 holds true. We say that ⇥ is
formally checked from Cp and use the notation Cp ↵ ⇥.

Interestingly, the di�erence between Cp |= ⇥ and Cp ↵ ⇥
is rooted in the gap between deductive and inductive
schemes. While |= does require a sort of unification
by checking the property ⇥(f) = 0 for all f ⇧ Fp, the
operator ↵ comes from the computation of f⌅ that can
be traced back to the parsimony principle. Whenever
we discover that Cp ↵ ⇥, it means that either Cp |= ⇥
or f⌅ ⇧ Fp

⇥
F⇥ ⇤ Fp, where ⇤ holds in strict sense.

Notice that if we use soft-optimization then the no-
tion of simplification strongly emerges which leads to
a decision process in which more complex constraints
are sacrificed because of the preference of simple con-
straints. We can go beyond ↵ by relaxing the need
to check ⇥(f⌅) = 0 thanks to the introduction of the
following notion of induction from constraints.

Definition 3.3 Let � > 0 be and [X ]� ⇤ X be a sam-
ple of � unsupervised examples of X . Given a set of
premises Cp on [X ]� and let F�

p be the correspondent
set of admissible functions. Furthermore, let f⌅ =
argminf�F⇥

p
✏ f ✏P� be and denote by [f⌅]� its restric-

tion to [X ]�. Now assume that ✏ ⇥([f⌅]�) ✏< � holds
true. Under these conditions we say that ⇥ is induced

2Notice that the analysis is based on the assumption of
hard-constraints and that in case of soft-constraints, which
is typical in supervised learning, the claim that the deduc-
tion is false is even reinforced.

from C via [X ]�, and use the notation (Cp, [X ]�) ↵⌅ ⇥.

Notice that the adoption of special loss functions, like
the classic hinge function, gives rise to support vec-
tors, but also to support constraints. Given a collec-
tion of constraints (premises) Cp, then ⇥ is a support
constraint for Cpwhenever Cp ⌃↵ ⇥. When the opposite
condition holds, we can either be in presence of a for-
mal deduction Cp |= ⇥ or of the more general checking
Cp ↵ ⇥ in the environment condition.

4. Checking polynomial constraints

We consider the functions fi : [�5,+5] ⌅ IR, i =
1, 2, 3, 4 under three di�erent sets of constraints. In the

first case we consider the linear constraint ⇤(1)
1 (x) =

f1(x) + f2(x) � 4 = 0, while in the second case we

deal with the quadratic constraint ⇤(2)
1 (x) = f1(x) +

f2
2 (x)� 1 = 0. Finally, in the third case, f is expected
to fulfill the constraints

⇤(3)
1 (x) = f2(x)f4(x)� f3(x) + 1 = 0

⇤(3)
2 (x) = f1(x)f3(x) + f2

2 (x) + 6 = 0 (7)

⇤(3)
3 (x) = f1(x)

2 � f4(x) = 0.

In all these cases, that we refer to as benchmark 1,2,
and 3, respectively, we assume that there is a sample of
supervised data taken from the underlying probability
distribution that are supposed to be consistent with
the constraints. The outcome of the learning process
is reported in Figure 4, where there is clear evidence
of the role of the constraints that also exploit unsu-
pervised examples. Table 1 reports the MAE (Mean

Absolute Error), that is (b�a)· ✏ ⇤ ✏1:=
� b
a |⇤(x)|dx of

the constraints in both the case of SCMLC and SCML,
that are the agents that exploit Labeled examples and
the available Constraints, or Labeled examples only,
respectively. The result emphasizes how such error is
close to zero when the constraints are included in the
learning.

The proposed learning scheme has not only the e�ect
of improving the prediction of f . Following the main
claim of this paper, the learning of f plays in fact a
crucial role for the inference of new constraints some-
how consistent with those used at learning time. In-
terestingly the pure constraint check does not need
supervised data for f and can take place by relying on
unsupervised data only. However, the acquisition of
information deriving from the classic explicit require-
ments of induction on f facilitates also the polynomial
constraint check. For example, after learning with the
constraints (7) the agent is asked to make inference on
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to model checking in logic, since we are interested in
checking the constraints Cs, more than in exhibiting
the steps which leads to the proof.

Now, let Cp |= ⇥ and f⌅ = argminf�Fp ✏ f ✏P� . Then
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1 � f⌅
2 = 0. This holds true whenever
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since f can take any value in outside the condition
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⇥
F⇥ ⇤ Fp, where ⇤ holds in strict sense.
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following notion of induction from constraints.

Definition 3.3 Let � > 0 be and [X ]� ⇤ X be a sam-
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p
✏ f ✏P� be and denote by [f⌅]� its restric-
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2Notice that the analysis is based on the assumption of
hard-constraints and that in case of soft-constraints, which
is typical in supervised learning, the claim that the deduc-
tion is false is even reinforced.

from C via [X ]�, and use the notation (Cp, [X ]�) ↵⌅ ⇥.
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f2
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2 (x) + 6 = 0 (7)

⇤(3)
3 (x) = f1(x)

2 � f4(x) = 0.

In all these cases, that we refer to as benchmark 1,2,
and 3, respectively, we assume that there is a sample of
supervised data taken from the underlying probability
distribution that are supposed to be consistent with
the constraints. The outcome of the learning process
is reported in Figure 4, where there is clear evidence
of the role of the constraints that also exploit unsu-
pervised examples. Table 1 reports the MAE (Mean

Absolute Error), that is (b�a)· ✏ ⇤ ✏1:=
� b
a |⇤(x)|dx of

the constraints in both the case of SCMLC and SCML,
that are the agents that exploit Labeled examples and
the available Constraints, or Labeled examples only,
respectively. The result emphasizes how such error is
close to zero when the constraints are included in the
learning.

The proposed learning scheme has not only the e�ect
of improving the prediction of f . Following the main
claim of this paper, the learning of f plays in fact a
crucial role for the inference of new constraints some-
how consistent with those used at learning time. In-
terestingly the pure constraint check does not need
supervised data for f and can take place by relying on
unsupervised data only. However, the acquisition of
information deriving from the classic explicit require-
ments of induction on f facilitates also the polynomial
constraint check. For example, after learning with the
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Figure 1. The outcome of a SCMLC (trained with labeled examples and constraints) on 3 mono dimensional regression
benchmarks, exploiting polynomial constraints on the image space of the task functions (reported on top of each picture).
The nodes represents the available data points (only a few of them are labeled).

the new constraints �(3)
i (x) = 0, i = 4, . . . , 9, where

�(3)
4 (x)=f2(x)f4(x)� f3(x) + f1(x)f3(x) + f2(x)

2+7

�(3)
5 (x)=f2(x)

2 + f1(x)f2(x)f4(x) + f1(x) + 6

�(3)
6 (x)=f2(x)f1(x)f1(x)� f3(x) + 1 (8)

�(3)
7 (x)=f2(x)f4(x)

�(3)
8 (x)=f1(x) + f2(x)� 5

�(3)
9 (x)=f1(x)� f2(x)

2.

The results of the constraint check is reported in Ta-
ble 2. One can easily check that the first three con-
straints are coherent with (7), so as they could be for-
mally deduced. Computing the MAE on the available
data, we clearly see that there is a relatively large mar-
gin of separation between the polynomials that are co-
herent with the training knowledge base and the ones
that are not. A separating threshold can be easily esti-
mated by using some validation constraints that were
excluded from the training stage.

5. Checking FOL constraints

FOL formula can be associated with real-valued func-
tions by classic t-norms (triangular norms (Klement
et al., 2000)). A t-norm is function T : [0, 1]⇤[0, 1] ⌅
IR, that is commutative, associative, monotonic and
that features the neutral element 1. For example,
given two unary predicates a1(x) and a2(x), encoded
by f1(x) and f2(x), the product norm, which meets
the above conditions on T-norms, operates as follows:

a1(x) ↵ a2(x) ⌥�⌅ f1(x) · f2(x)
a1(x) � a2(x) ⌥�⌅ 1� (1� f1(x)) · (1� f2(x))

¬a1(x) ⌥�⌅ 1� f1(x)

a1(x) ⇧ a2(x) ⌥�⌅ 1� f1(x) · (1� f2(x)).

Any formula can be expressed by the CNF (Conjunc-
tive Normal Form) so as to transform it to a real-
valued constraint step by step. In the experiment re-
ported in this paper we focus on universally quanti-
fied (�) logic clauses, but the extension to cases in
which the existential quantifier is involved is possi-
ble. We consider a benchmark based on 1000 bi-
dimensional points belonging to 4 (partially) overlap-
ping classes. In particular, 250 points for each class
were randomly generated with uniform distribution.
The classes a1, a2, a3, a4 can be thought of the charac-
teristic functions of the domainsD1,D2,D3,D4 defined
as

D1 = {(x1, x2) ⌃ IR2 : x1 ⌃ (0, 2) ↵ x2 ⌃ (0, 1)},
D2 = {(x1, x2) ⌃ IR2 : x1 ⌃ (1, 3) ↵ x2 ⌃ (0, 1)},
D3 = {(x1, x2) ⌃ IR2 : x1 ⌃ (1, 2) ↵ x2 ⌃ (0, 2)},
D4 = {(x1, x2) ⌃ IR2 : (x1 ⌃ (1, 2) ↵ x2 ⌃ (0, 1))

� (x1 ⌃ (0, 2) ↵ x2 ⌃ (1, 2))}.

Then the appropriate multi-class label was assigned
to the collection of 1000 points by considering their
coordinates (see Figure 2, top row). A multi-class la-
bel is a binary vector of p components where 1 marks
the membership to the i-th category (for example,
[0, 1, 1, 0] for a point of classes a2 and a3). Four binary
classifiers were trained using the associated functions
f1, f2, f3, f4. The decision of each classifier on an in-
put x is oj(x) = 1(fj(x)�bj) where bj is the bias term
of the j-th classifier and 1(·) is the Heaviside function.
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Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.

FOL clause Category Support MAE Average Truth Value
a1(x) ⇤ a2(x) � a3(x) KB 100% 0.0011 (0.00005) 98.26% (1.778)

a3(x) � a4(x) KB 100% 0.0046 (0.0014) 98.11% (2.11)
a1(x) ⌅ a2(x) ⌅ a3(x) KB 100% 0.0049 (0.002) 96.2% (3.34)

a1(x) ⇤ a2(x) � a4(x) LD 100% 0.0025 (0.0015) 96.48% (3.76)
a1(x) ⇤ a3(x) � a2(x) ENV 100% 0.017 (0.0036) 91.32% (5.67)
a3(x) ⇤ a2(x) � a1(x) ENV 100% 0.024 (0.014) 91.7% (4.57)
a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
a1(x) ⇤ a2(x) � ¬a4(x) ENV 0% 0.26 (0.06) 3.51% (3.76)
a1(x) ⇤ ¬a2(x) � a3(x) ENV 0% 0.063 (0.026) 27.74% (18.96)
a2(x) ⇤ ¬a3(x) � a1(x) ENV 0% 0.073 (0.014) 5.71% (5.76)

a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
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able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.
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This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
a1(x) ⇤ a2(x) � ¬a4(x) ENV 0% 0.26 (0.06) 3.51% (3.76)
a1(x) ⇤ ¬a2(x) � a3(x) ENV 0% 0.063 (0.026) 27.74% (18.96)
a2(x) ⇤ ¬a3(x) � a1(x) ENV 0% 0.073 (0.014) 5.71% (5.76)

a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.

FOL clause Category Support MAE Average Truth Value
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a1(x) ⇤ a2(x) � a4(x) LD 100% 0.0025 (0.0015) 96.48% (3.76)
a1(x) ⇤ a3(x) � a2(x) ENV 100% 0.017 (0.0036) 91.32% (5.67)
a3(x) ⇤ a2(x) � a1(x) ENV 100% 0.024 (0.014) 91.7% (4.57)
a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
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a2(x) ⇤ ¬a3(x) � a1(x) ENV 0% 0.073 (0.014) 5.71% (5.76)

a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.

FOL clause Category Support MAE Average Truth Value
a1(x) ⇤ a2(x) � a3(x) KB 100% 0.0011 (0.00005) 98.26% (1.778)

a3(x) � a4(x) KB 100% 0.0046 (0.0014) 98.11% (2.11)
a1(x) ⌅ a2(x) ⌅ a3(x) KB 100% 0.0049 (0.002) 96.2% (3.34)

a1(x) ⇤ a2(x) � a4(x) LD 100% 0.0025 (0.0015) 96.48% (3.76)
a1(x) ⇤ a3(x) � a2(x) ENV 100% 0.017 (0.0036) 91.32% (5.67)
a3(x) ⇤ a2(x) � a1(x) ENV 100% 0.024 (0.014) 91.7% (4.57)
a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
a1(x) ⇤ a2(x) � ¬a4(x) ENV 0% 0.26 (0.06) 3.51% (3.76)
a1(x) ⇤ ¬a2(x) � a3(x) ENV 0% 0.063 (0.026) 27.74% (18.96)
a2(x) ⇤ ¬a3(x) � a1(x) ENV 0% 0.073 (0.014) 5.71% (5.76)

a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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beyond formal logic, since it takes place on a wider
notion of environments in which logic clauses and su-
pervised examples complement each other.

2. Learning from constraints

We think of an intelligent agent acting in the per-
ceptual space X ⌃ IRd as a vectorial f unction f =
[f1, . . . , fn]⇥, where ⌦j  INn : fj  W k,p belongs to
a Sobolev space, that is to the subset of Lp whose func-
tions fj admit weak derivatives up to some order k and
have a finite Lp norm. The functions fj : j = 1, . . . , n,
are referred to as the “tasks” of the agent. We can in-
troduce a norm on f by the pair (P, ⇥), where P is a
pseudo-di⇥erential operator and ⇥  IRn is a vector of
non-negative coordinates

R(f) = ◆ f ◆2P�
=

n⌅

j=1

⇥j < Pfj , Pfj >, (1)

which is used to determine smooth solutions accord-
ing to the parsimony principle. This is a general-
ization to multi-task learning of what has been pro-
posed in ((Poggio & Girosi, 1989)) for regulariza-
tion networks. The more general perspective sug-
gests considering objects as entities picked up in
X p,⇧ =

⇤
i�p

⇤
|�i|�pi X�1,i ⇤ X�2,i , . . . ,X�i,i where

�i = {�1,i, . . . ,�i,i}  P(p, i) is any of the pi =
p(p � 1) . . . (p � i + 1) (falling factorial power of p)
i-length sequences without repetition of p elements.
In this paper, however, we restrict the analysis to the
case in which the objects are simply points of a vector
space. We propose to build an interaction amongst dif-
ferent tasks by introducing constraints of the following
types 1

⌦x  X : ⇧i(x, y(x), f(x)) = 0, i = INm

where y(x)  IR is a target function, which is typically
defined only on samples of the probability distribution.
This makes it possible to include the classic supervised
learning, since pairs of labelled examples turns out to
be constraints given on a finite set of points. Notice
that one can always reduce a collection of constraints
to a single equivalent constraint. For this reason, in the
reminder of the paper, most of the analysis will focus
on single constraints. In some cases the constraints can
be profitably relaxed and the index to be minimized
becomes

R(f) = ◆ f ◆2P�
+C · 1⇥ < �(x, y(x), f(x)) > . (2)

1We restrict the analysis to universally-quantified con-
straints, but a related analysis can be carried out when
involving existential quantifiers.

Function � penalizes how we depart from the perfect
fulfillment of the constraint ⇧. If ⇧(x, y(x), f(x)) ⌅
0 then we can simply set �(x, y(x), f(x) :=
⇧(x, y(x), f(x)), but in general we need to set the
penalty properly. For example, the check of a
bilateral constraint can be carried out by posing
�(x, y(x), f(x) := ⇧2(x, y(x), f(x)).

Of course, di⇥erent constraints can represent the same
admissible functional space F⇤. For example, u-
constraints ⇧̌1(f, y) = ⇤ � |y � f | ⌅ 0 and ⇧̌2(f, y) =
⇤2� (y� f)2 ⌅ 0 where f is a real function, define the
same F⇤. This motivates the following definition.

Definition 2.1 Let F⇤1 ,F⇤2 be the admissible spaces
of ⇧1 and ⇧2, respectively. Then we define the relation
⇧1 ⇧ ⇧2 if and only if F⇤1 = F⇤2 .

This notion can be extended directly to pairs of col-
lection of constraints, that is C1 ⇧ C2 whenever there
exists a bijection C1

⇥⌥ C2 such that ⌦⇧1  C1 ⌅(⇧1) ⇧
⇧1. Of course, ⇧ is an equivalent relation. We can
immediately see that ⇧1 ⇧ ⇧2 � ⌦f  F : ↵P1,2(f) :
⇧1(f) = P1,2(f) · ⇧2(f). Notice that if we denote by
[⇧] a generic representative of ⇧, than the quotient set
F⇤/ ⇧ can be constructed by

F⇤/ ⇧= {⇧  F⇤ : ⇧ = P (f) · [⇧](f)} ,

being P any positive real function. Of course we
can generate infinite constraints equivalent to [⇧].
For example, if [⇧(f, y) = ⇤ � |y � f |], the choice
P (f) = 1 + f2 gives rise to the equivalent constraint
⇧(f, y) = (1 + f2) · (⇤ � |y � f |). The quotient set of
any single constraint ⇧i suggests the presence of a logic
structure, which makes it possible to devise reasoning
mechanisms with the representative of the relation ⇧.
Moreover, the following notion of entailment naturally
arises:

Definition 2.2 Let F⇤ =
�
f  F : ⇧(f) ⌅ 0

⇥
. A

constraint ⇧ is entailed by C = {⇧i, i  INm}, that is
C |= ⇧, if FC ⌃ F⇤.

Of course, for any constraint ⇧ that can be formally
deduced from the collection C (premises), we have
C |= ⇧. It is easy to see that the entailment operator
states invariant conditions in the class of equivalent
constraints, that is if C ⇧ C⇥, C |= ⇧, and ⇧ ⇧ ⇧⇥

then C⇥ |= ⇧⇥. The entailment operator also meets the
classic chain rule, that is if C1 |= C2 and C2 |= C3 then
C1 |= C3.

3. SCM for constraint checking

A dramatic simplification of the problem of learning
from constraints derives from sampling the input space

Bridging Perception and Logic
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Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.

FOL clause Category Support MAE Average Truth Value
a1(x) ⇤ a2(x) � a3(x) KB 100% 0.0011 (0.00005) 98.26% (1.778)

a3(x) � a4(x) KB 100% 0.0046 (0.0014) 98.11% (2.11)
a1(x) ⌅ a2(x) ⌅ a3(x) KB 100% 0.0049 (0.002) 96.2% (3.34)

a1(x) ⇤ a2(x) � a4(x) LD 100% 0.0025 (0.0015) 96.48% (3.76)
a1(x) ⇤ a3(x) � a2(x) ENV 100% 0.017 (0.0036) 91.32% (5.67)
a3(x) ⇤ a2(x) � a1(x) ENV 100% 0.024 (0.014) 91.7% (4.57)
a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
a1(x) ⇤ a2(x) � ¬a4(x) ENV 0% 0.26 (0.06) 3.51% (3.76)
a1(x) ⇤ ¬a2(x) � a3(x) ENV 0% 0.063 (0.026) 27.74% (18.96)
a2(x) ⇤ ¬a3(x) � a1(x) ENV 0% 0.073 (0.014) 5.71% (5.76)

a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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Support Constraint Machines

Table 3. Mean Absolute Error (MAE) of the t-norm based constraints and the percentage of points for which a clause
is marked true by the SCM (Average Truth Value), and their standard deviations (in brackets). Logic rules belong to
di�erent categories (Knowledge Base - KB, Environment - ENV, Logic Deduction - LD). The percentage of Support
indicates the fraction of the data on which the clause holds true.

FOL clause Category Support MAE Average Truth Value
a1(x) ⇤ a2(x) � a3(x) KB 100% 0.0011 (0.00005) 98.26% (1.778)

a3(x) � a4(x) KB 100% 0.0046 (0.0014) 98.11% (2.11)
a1(x) ⌅ a2(x) ⌅ a3(x) KB 100% 0.0049 (0.002) 96.2% (3.34)

a1(x) ⇤ a2(x) � a4(x) LD 100% 0.0025 (0.0015) 96.48% (3.76)
a1(x) ⇤ a3(x) � a2(x) ENV 100% 0.017 (0.0036) 91.32% (5.67)
a3(x) ⇤ a2(x) � a1(x) ENV 100% 0.024 (0.014) 91.7% (4.57)
a2(x) ⇤ a3(x) � a4(x) LD 100% 0.0025 (0.0011) 96.58% (4.13)

a3(x) � a1(x) ⌅ a2(x) ⌅ a4(x) LD 100% 0.00001 (0.00008) 99.7% (0.54)
a1(x) ⇤ a4(x) ENV 46% 0.41 (0.042) 45.26% (5.2)
a2(x) ⌅ a3(x) ENV 80% 3.39 (0.088) 78.26% (6.13)

a1(x) ⌅ a2(x) � a3(x) ENV 65% 0.441 (0.0373) 68.28% (5.86)
a1(x) ⇤ a2(x) � ¬a4(x) ENV 0% 0.26 (0.06) 3.51% (3.76)
a1(x) ⇤ ¬a2(x) � a3(x) ENV 0% 0.063 (0.026) 27.74% (18.96)
a2(x) ⇤ ¬a3(x) � a1(x) ENV 0% 0.073 (0.014) 5.71% (5.76)

a logic sentence (holds true or false), since there are
some rules that are verified only on some (possibly
large) regions of the input space, so that we have to
evaluate the truth degree of a FOL clause. If it is over
a reasonably high threshold, the FOL sentence can be
assumed to hold true.

In Table 3 we report the degree of satisfaction of dif-
ferent FOL clauses and the MAE on the correspond-
ing t-norm-based constraints. We used the SCMFOL

trained with � = 40. Even if it is simple to devise
them when looking at the data distribution, it is not
possible to do this as the input space dimension in-
creases, so that we can only “ask” the trained SCM is
a FOL clause holds true. This allow us to rebuild the
hierarchical structure of the data, if any, and to ex-
tract compact information from the problem at hand.
The rules belonging to the KB are accurately learned
by the SCMFOL, as expected. The SCMFOL is also
able to deduct all the other rules that are supported
in the entire data collection. The ones that do not
hold for all the data points have the same truth de-
gree as the percentage of points for which they should
hold true, whereas rules that do not apply to the given
problem are correctly marked with a significantly low
truth value. We can appreciate how the classifier has
learned the logically deductible rules as well as the
ones that come from the environment configuration.

6. Conclusions

This paper gives insights on how to fill the gap be-
tween kernel machines and models rooted in logic and

probability, whenever one needs to express relations
and express constraints amongst di�erent entities. The
support constraint machines (SCMs), are introduced
that makes it possible to deal with learning functions
in a multi-task environment and to check constraints.
In addition to the impact in multi-task problems, the
experimental results provide evidence of novel infer-
ence mechanisms that nicely bridge formal logic rea-
soning with supervised data. It is shown that logic
deductions that do not hold formally can be fired by
samples of labelled data. Basically SCMs provide a
natural mechanism under which logic and data com-
plement each other. Interestingly, the analysis on the
equivalence of constraint o�ers the link with logic de-
scriptions and suggest future studies in which a logic
engine performing automated reasoning exchange con-
straints with SCMs.
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Learning and inference in the environment 

left, below
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inside/contains

Learning and inference in the world of rectangles

(p1, p2)

(q1, q2)
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The “world of rectangles” 

8x, y in S : below(x, y) ) SB(x, y)

8x, y in S : left(x, y) ) SL(x, y)

8x, y in S : inside(x, y) ) SI(x, y)

8x, y left(x, y) , right(y, x)

8x, y below(x, y) , above(y, x)

8x, y inside(x, y) , contains(y, x)

8x, y left(x, y) , ¬left(y, x)
8x, y below(x, y) , ¬below(y, x)

8x, y inside(x, y) , ¬inside(y, x)

8x, y left(x, y) , ¬inside(x, y)
8x, y below(x, y) , ¬inside(x, y)

x ⇠ ((p1, p2), (q1, q2))

supervision

consistency of the 
opposite

asymmetry consistency

topologic consistency
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Inference in the “world of rectangles” 

8x, y, z : inside(x, y) ^ right(y, z) ) right(x, z)

8x, y left(x,y) ) above(x, y)

8x left(x,x)

and additional logical rules involving the spatial relations,

8x, y : LEFT (x, y) $ RIGHT (y, x)
8x, y : BELOW (x, y) $ ABOV E(y, x)
8x, y : INSIDE(x, y) $ CONTAINS(y, x)
8x, y : LEFT (x, y) ! ¬LEFT (y, x)
8x, y : BELOW (x, y) ! ¬BELOW (y, x)
8x, y : INSIDE(x, y) ! ¬INSIDE(y, x)
8x, y : LEFT (x, y) ! ¬INSIDE(x, y)
8x, y : BELOW (x, y) ! ¬INSIDE(x, y) .

Query 1: We are interested in predicting if two randomly generated rectangles, are in
one of the spatial relations left, right, below, above, inside, contains.
Execution: In Tab 2, we show the F1 score for the learnable relations comparing
different learning schemes and parameters.

nUns LEFT RIGHT BELOW ABOVE INSIDE CONTAINS
NoLog - 0.909 0.907 0.933 0.87 0.34 0.313
Log 30 0.924 0.924 0.958 0.956 0.293 0.333
Log 50 0.946 0.944 0.946 0.944 0.5 0.491

Log (tran) 50 0.942 0.944 0.967 0.966 0.551 0.551

Table 2: The experimental evaluation is carried out on a test of 50 rectangulars
exploiting 15 supervisions and training for 10.000 epochs. All the learnable
relations are implemented as FFNNs with 20 hidden units.

Query 2: Say if in the learned model the following formulas are satisfied.

a) 8x, y, z : INSIDE(x, y) ^RIGHT (y, z) ! RIGHT (x, z)
b) 8x, y : LEFT (x, y) ! ABOV E(x, y)
c) 8x : LEFT (x, x)

Execution: In Tab. 3 we report the true values of the given formulas without and with
logical constraints respectively. As expected, the formulas a) and c) turn out to be
true and false respectively according to the other constraints. On the other hand, 2)
depend on the available examples for the model.

Formula Only Supervisions + Logic
a) 0.98 0.99
b) 0.82 0.55
c) 0.09 0.02

Table 3: Comparison of predictions for models enforcing different constraints.

Query 3 Determine the mutual positions of the following pairs of rectangles (R,K).

a) ((1, 1, 3, 2), (5, 5, 7, 8));
b) ((1, 4, 6, 6), (4, 3, 9, 7));
c) ((3, 3, 5, 5), (1, 1, 8, 8)).

30

50 rectangles, 15 supervisions, 4-20-6 neural net
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Missing data

Figure 9: Left, the data distribution and the randomly initialized p0 and p1.
Right, p0 and p1 after the optimization procedure.

Query : Given two new points p0 and p1, with no known features (i.e. randomly
initialized), belonging to class A and B respectively, find a good representation for
them.
Domain Representation: Each individual (i.e. point of the plane) is described by 2
real numbers, corresponding to its coordinates.
Language We define two relation A and B which are the membership functions for the
two subdomains. They are implemented as neural networks and we aim at learning
them in a supervised fashion. Moreover, we define two given predicates, isClose and
6=. The first is a differentiable similarity (i.e. isClose(x, y) = 1 � tanh(||x � y||2)).
The second is a not-differentiable disequality function.
Constraints: First, we provide supervisions for A and B.

A(x) ^ ¬B(x),x in {x1, . . . , xk},
B(x) ^ ¬A(x),x in {xk+1, . . . , xn}.

Then, we describe p0 and p1 exploiting their class membership and the manifold prior.

A(p0),

B(p1),

9q q 6= p0 ^ A(q) ^ isClose(q, p0),

9q q 6= p1 ^ B(q) ^ isClose(q, p1).

Query Execution: In Figure 9, we show, first, the data distribution and the ran-
domly initialized p0 and p1. Then, we show them after the optimization procedure.

Ratio: The ratio behind this example has to be found in optimization procedure.
The points p0 and p1 are treated here as randomly initialized variables which par-
ticipates in the whole optimization scheme. The gradient reaches them through two
sources: the classifiers A and B, and the similarity function isClose. One could argue
why we need to impose the last two constraints since, in principle, the supervision con-
straints on p0 and p1 are defining the characteristics we want on them, i.e. belonging
to class A and B, respectively. The reason is due to the choice of implementing A and
B as neural networks. As very well known, neural networks are very good model in
classification tasks, but they strongly fail in encoding data distribution. So to enforce
the membership of a point to a given class, a neural network will push the point far

32

A(x) ^ ¬B(x), x 2 {x1, . . . , xk}
B(x) ^ ¬A(x), x 2 {xk+1, . . . , xn}

A(p0), B(p1)

9q 6= p0 ^ A(q) ^ IsClose(q, p0)



ACDL 2018

Missing data (con’t)

IsClose(x, y) = 1� tanh(kx� yk)

9q 6= p0 ^ A(q) ^ IsClose(q, p0)Role of 

Manifold regularization for generation
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Generation

8x dj(gj(x)), j = 1, . . . ,m

8x Si(x) ) gi(gj(x)), j = 1, . . . ,m

discrimination/generation

generation property
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Generating the next char

8x IsZero(x) ) zero(x)
8x IsOne(x) ) one(x)
8x IsTwo(x) ) two(x)

8x IsZero(x) ) one(next(x)) ^ two(previous(x))
8x IsOne(x) ) two(next(x)) ^ zero(previous(x))
8x IsTwo(x) ) zero(next(x)) ^ one(previous(x))

8x next(previous(x)) = x

8x previous(next(x)) = x
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Latent space

Figure 1: An example of the trained generative functions. The first column pictures represents the
input images. The second and third column pictures show the outputs of the functions next and
previous, respectively, computed on the input image.

to express that the generation functions are constrained to return images which are correctly recog-164

nized by the discriminators. Finally, the cycle consistency constraints for the digit generators can be165

expressed by:166

8xnext(previous(x)) = x
8x previous(next(x)) = x .

We test this idea by taking a set of around 15000 images of handwritten characters, obtained extracting167

only the 0, 1 and 2 digits from the MNIST dataset. The above constraints have been expressed in168

CLARE and the model computational graphs have been bound to the predicates. Figure 1 shows an169

example of image translation using this schema, where the image on the left is an original MNIST170

image and the two right images are the output of the next and previous generators.171

In more complex examples, the images in different domains are typically required to share the same172

common latent space. Let us indicate e : I ! Rn an encoding function mapping the image into a173

latent space. This encoding function must be jointly learned during the learning phase. In this special174

case, the generators must be re-defined as decoder functions taking as input the latent representation175

of the images, namely: gj : Rn ! I. The auto-encoding constraints can be expressed using FOL as176

follows:177

8x Si(x) ) gi(e(x)) = x, i = 1, 2, . . .

In the following section, we show a real image-to-image translation task applying the general setup178

described in this section, including auto-encoders, GANs and cycle consistency. The declarative179

nature of the formulation makes very easy to add an arbitrary number of translation problems and it180

allows to easily learn them jointly.181

4 Experiments on Image Translation182

UNIT translation tasks assume that there are no pairs of examples showing how to translate an image183

into a corresponding one in another domain. Combining auto-encoders with GANs is the state-of-184

the-art solution for tackling UNIT generation problems [4, 5, 6]. In this section, we show how this185

state-of-the-art adversarial setting can be naturally described and extended by the proposed logical186

and learning framework. Furthermore, we show how the logical formulation allows a straightforward187

extension of this application to a greater number of domains.188

The CelebFaces Attributes dataset [21] was used to evaluate the proposed approach, where celebrities189

face images are labeled with various attributes gender, hair color, smiling, eyeglasses, etc. Images190

are defined as 3D pixel tensors with values belonging to the [0, 1] interval. The first two dimensions191

represent width and height coordinates while the last dimension indexes among the RGB channels.192

In particular, we used the Male attribute to divide the entire dataset into the two input categories,193

namely male and female images. In the following SM (x) and SF (x) (such that 8x SF (x) , ¬SM (x)194

are two given predicates holding true if and only if an image x is tagged with male and female tags,195

respectively. Let e be an encoding function mapping images into the the latent domain Z = Rn. The196

5
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8Si(x) ) gi(e(x)) = x, i = 1, . . . ,m



ACDL 2018

Generating the next char (con’t)

CLARE: a General Interface Layer to Integrate AI and Deep Learning 13

In particular, CLARE is used to define the domain of images and the binding of
the predicates one, two, three to the three output neurons of the classifier (thanks
to the Slice construct), which is trained as defined in the PointwiseConstraint

function using a cross-entropy loss:

Domain("Images", data=X)

Predicate("zero",("Images"),function=Slice(NN, 0))

Predicate("one",("Images"),function=Slice(NN, 1))

Predicate("two",("Images"),function=Slice(NN, 2))

PointwiseConstraint(NN, y, X)

Once the NN function has been learned, the generative functions are trained
as:

Predicate("eq",("Images", "Images"), function=eq)

Function("next",("Images"), function=NN_next)

Function("previous", ("Images"), function=NN_prev)

Constraint("forall x: zero(x) -> one(next(x))")

Constraint("forall x: one(x) -> two(next(x))")

Constraint("forall x: two(x) -> zero(next(x))")

Constraint("forall x: zero(x) -> two(previous(x))")

Constraint("forall x: one(x) -> zero(previous(x))")

Constraint("forall x: two(x) -> one(previous(x))")

Constraint("forall x: eq(previous(next(x)),x)")

Constraint("forall x: eq(next(previous(x)),x)")

where the function eq is implemented as the cosine-distance re-scaled into [0, 1].
The first six rules define the meaning of the next and previous mapping and
the last two constraints, by enforcing the inverse property, implement a neural
auto-encoder.

In Figure 4, it is shown an input image (left) and the output of the functions
next (center) and previous (right).

Missing Features. In this task we assume to have available a set of patterns
drawn from a double moon shaped distribution as show in Figure 5(a). The
patterns distributed along the lower moon belong to class A, while patterns along
the lower one do not belong to the class.

This simple supervised learning task can be expressed in CLARE as:

Domain(label="Points", data=X)

Predicate("A", "Points", function=NN_A)

PointwiseConstraint(NN_A, y_A, X)

Let us now assume that there are two new individuals p0 and p1 for which
no feature representation is available, but it is known that p0 and p1 belong and
not belong to class A, respectively. This can be expressed in CLARE as:

p0 = Individual(label="p0", ("Points"))

p1 = Individual(label="p1", ("Points"))

CLARE: a General Interface Layer to Integrate AI and Deep Learning 13
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Function("previous", ("Images"), function=NN_prev)

Constraint("forall x: zero(x) -> one(next(x))")

Constraint("forall x: one(x) -> two(next(x))")
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the lower one do not belong to the class.

This simple supervised learning task can be expressed in CLARE as:
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12 G. Marra et al.

Fig. 4: An example of the trained generative functions, The middle and right
pictures shown the outputs of the functions next and previous functions fed
with the image on the left, respectively.

The learning task seeks to infer the unknown relations among the individuals.
After starting the learning phase, CLARE outputs the predicate values for
all the groundings, and it correctly concludes that the following facts hold
true: grandFatherOf("Marco", "Michelangelo"), ¬grandFatherOf("Marco",
"Giuseppe"), grandFatherOf("Marco", "Francesco"), etc. On the other hand
nothing can be concluded regarding who is the grandfather of “Franco” and
“Andrea”, so leaving these values to be equal to their prior values.

One the training has been performed and the grounded predicates have been
computed, CLARE provides an easy interface for performing model checking also
in this symbolic environment. For example, let’s suppose that we want to check
whether the following rule holds true according to the computed assignments:

Constraint("forall x: forall y: forall z: grandFatherOf(x,z) and

fatherOf(y,z) -> fatherOf(x,y)")

As expected, the evaluation of the rule performed by returns that the rules is
perfectly verified by the computed assignments.

Pattern Generation. In this task, we exploit a set of around 15000 images
of handwritten digits, obtained extracting only the 0, 1 and 2 digits from the
MNIST dataset. We want to solve both a classification task, aiming at identifying
which digit an image represents, and a generation task, learning some generative
functions producing images from images. In particular, we want to learn two
generative functions, next and previous, which, given an image of a digit, will
produce an image of the next and previous digit, respectively. In order to give
each digit a next and a previous digit in the chosen set, we used a circular
mapping such that 0 is the next digit of 2 and 2 is the previous digit of 0.

This generative task can be solved in two steps: first, we learn the classifier
in a purely supervised fashion, then the image generator is trained in a purely
unsupervised fashion by simply exploiting the knowledge of the relations among
classes and the inverse nature of the next and previous operators.

12 G. Marra et al.

Fig. 4: An example of the trained generative functions, The middle and right
pictures shown the outputs of the functions next and previous functions fed
with the image on the left, respectively.

The learning task seeks to infer the unknown relations among the individuals.
After starting the learning phase, CLARE outputs the predicate values for
all the groundings, and it correctly concludes that the following facts hold
true: grandFatherOf("Marco", "Michelangelo"), ¬grandFatherOf("Marco",
"Giuseppe"), grandFatherOf("Marco", "Francesco"), etc. On the other hand
nothing can be concluded regarding who is the grandfather of “Franco” and
“Andrea”, so leaving these values to be equal to their prior values.

One the training has been performed and the grounded predicates have been
computed, CLARE provides an easy interface for performing model checking also
in this symbolic environment. For example, let’s suppose that we want to check
whether the following rule holds true according to the computed assignments:

Constraint("forall x: forall y: forall z: grandFatherOf(x,z) and

fatherOf(y,z) -> fatherOf(x,y)")

As expected, the evaluation of the rule performed by returns that the rules is
perfectly verified by the computed assignments.

Pattern Generation. In this task, we exploit a set of around 15000 images
of handwritten digits, obtained extracting only the 0, 1 and 2 digits from the
MNIST dataset. We want to solve both a classification task, aiming at identifying
which digit an image represents, and a generation task, learning some generative
functions producing images from images. In particular, we want to learn two
generative functions, next and previous, which, given an image of a digit, will
produce an image of the next and previous digit, respectively. In order to give
each digit a next and a previous digit in the chosen set, we used a circular
mapping such that 0 is the next digit of 2 and 2 is the previous digit of 0.

This generative task can be solved in two steps: first, we learn the classifier
in a purely supervised fashion, then the image generator is trained in a purely
unsupervised fashion by simply exploiting the knowledge of the relations among
classes and the inverse nature of the next and previous operators.
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Fig. 4: An example of the trained generative functions, The middle and right
pictures shown the outputs of the functions next and previous functions fed
with the image on the left, respectively.
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produce an image of the next and previous digit, respectively. In order to give
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mapping such that 0 is the next digit of 2 and 2 is the previous digit of 0.

This generative task can be solved in two steps: first, we learn the classifier
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Reconstruction of overwritten chars 

Figure 11: Some examples of the starting overlapped image and the foreground
and background digits involved.

classes.

8x in fore0 : zero(fore(x)) ^ ¬one(fore(x)) ^ . . . ^ ¬nine(fore(x))
8x in back0 : zero(back(x)) ^ ¬one(back(x)) ^ . . . ^ ¬nine(back(x))

...
8x : zero(fore(x)) _ one(fore(x)) _ . . . _ nine(fore(x)) (23)
8x : zero(back(x)) _ one(back(x)) _ . . . _ nine(back(x))

8x : zero(fore(x)) ! (¬one(fore(x)) ^ . . . ^ ¬nine(fore(x))
8x : zero(back(x)) ! (¬one(back(x)) ^ . . . ^ ¬nine(back(x))

...

These rules on the functions fore and back guarantee the good classification of the gen-
erated images. However, in order to enforce the correspondence between the original
digits and the outputs of the generators we also need

8x : equal(couple(fore(x), back(x)), x))

8x, y in Images0 : equal(fore(couple(x, y)), x)

8x, y in Images0 : equal(back(couple(x, y)), y) (24)
8x in Images0, 8y in Images1 : equal(fore(couple(x, y)), x)

8x in Images0, 8y in Images1 : equal(back(couple(x, y)), y)

...

Query: Given any image of overlapped digits in ImagesPair return the foreground and
background digits in Images.
Execution: As we mentioned above, the learning of the two generation functions fore

and back is carried out in two different steps. At first, we learn the traditional MNIST
classifiers zero, one, two, . . . , nine enforcing the constraints 22. Once such functions
are learned we fix them and we exploit these classifiers to learn the generative functions

36

Recognize the foreground 
and background numbers

I was told that the foreground char is
less or equal to the background char

MNIST
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Unsupervised 
Image to Image Translation

SF (x) $ ¬SM

8x SF (x) ! gF (e(x)) = x

8x SM (x) ! gM (e(x)) = x

dM (x) = 1 real image

dM (gM (e(y))) = 0 generated image
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Generating males/females

8x SM (x) ! gM (e(gF (e(x))) = x

8x SF (x) ! gF (e(gM (e(x))) = x

encoders are implemented as multilayer convolutional neural networks with resblocks [22], leaky-197

ReLU activation functions and instance normalization at each layer (see [6] for a detailed description198

of the architecture). The generative functions gM and gF map vectors of the domain Z into images.199

These functions are implemented as multilayer transposed convolutional neural networks (also called200

“deconvolutions”) with resblocks, leaky-ReLU activation functions and instance normalization at201

each layer. To implement the shared latent space assumption, gM and gF share the parameters of the202

first layer.203

The functions dM and dF are trained to discriminate whether an image is real or it has been generated204

by the gM and gF generator functions. For example, if x and y are two images such that SM (x), SF (y)205

hold true, then dM (x) should return 1 while dM (gM (e(y))) should return 0.206

The architectures of the models implementing e, dM , dF , gM , gF are replicated from some state-of-207

the-art models [4, 5, 6]. All these papers show that the use of convolutional models in conjunction208

with resblocks and instance normalization allows to obtain truly realistic and high definition images.209

The problem can be described as follows. First, we look at the logical constraints the encoding and210

generation functions need to satisfy. We ask the encoder and generator of the same domain to be211

circular, that is to map the input into itself, as in the autoencoding scheme proposed by Liu et al. [6]:212

8x SM (x) ) gM (e(x)) = x (4)
8x SF (x) ) gF (e(x)) = x (5)

where the equality operator comparing two images in equations 4 and 5 is bound to a continuous213

and differentiable function computing a pixel by pixel similarity between the images, defined as214

1 � tanh(

1
P

P
p |xp � yp|) where xp and yp are the p-th pixel of the x and y images and P is the215

total number of pixels.216

Cycle consistency is also imposed as described in the previous section as:217

8x SM (x) ) gM (e(gF (e(x))) = x (6)
8x SF (x) ) gF (e(gM (e(x))) = x (7)

where the same equality operator is used to compare the images.218

Finally, the generated images must fool the discriminators so that they will be detected as real ones219

as:220

8x SM (x) ) dF (gF (e(x))) (8)
8x SF (x) ) dM (gM (e(x))) (9)

On the other hand, the discriminators must correctly discriminate real images from generated ones by221

the satisfaction of the following constraints:222

8x SM (x) ) dM (x) ^ ¬dF (gF (e(x))) (10)
8x SF (x) ) dF (x) ^ ¬dM (gM (e(x))) (11)

Using logical constraints allows us to give a clean and easy formulation of the adversarial setting.223

Indeed, the adversarial constraints can be interpreted as all others constraints which exploit clas-224

sification functions. These constraints force the generation function to generate samples that are225

categorized in the desired class by the discriminator. Moreover, the decoupling between the models,226

used to implement the functions and which can be inherited from the previous literature, and the227

description of the problem makes really straightforward to extend or transfer this setting.228

We implemented this mixed logical and learning task using CLARE. The Product t-norm was selected229

to define the underlying fuzzy logic problem. This selection of the t-norm is particularly suited for230

this task because, as shown earlier, it defines a cross-entropy loss on the output of the discriminators,231

which is the loss that was used to train these models in their original setup. The e, gM , gF functions232

are trained to the satisfaction of the constraints defined in Equations (4) to (9), while dM and dF are233

trained to satisfy Equations (10) and (11). Weight learning for the models was performed used the234

Adam optimizer with a fixed learning rate equal to 0.0001.235

The software and configuration files can be downloaded at3 Figures 2 and 3 show some male-to-female236

and female-to-male translations, respectively.237

3Hidden for the blind review.
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cyclic consistency

generated images fool the discriminators

discriminators correctly recognize real images



Figure 2: Face Gender Translation: male to female. The top row shows input male images whereas
the bottom row shows the correspondent generated female images.

Figure 3: Face Gender Translation: female to male. The top row shows input female images
whereas the bottom row shows the correspondent generated male images.

Given this setting, the integration of a third domain in the overall problem becomes straightforward.238

Let SE(x) a given predicate holding true if and only if an image x is tagged with eyeglasses tag in239

the dataset. Let gE(x) be the corresponding generator and dE(x) the corresponding discriminator.240

The same network architectures of the previous description are employed to implement dE and gE .241

The addition of this third class simply requires to add the following constraints for the generators:242

8x SM (x) ) dE(gE(e(x)))

8x SF (x) ) dE(gE(e(x)))

8x SE(x) ) gE(e(x)) = x

8x SE(x) ) gE(e(gM (e(x))) = x

8x SE(x) ) gE(e(gF (e(x))) = x

8x SM (x) ) gM (e(gE(e(x))) = x

8x SF (x) ) gF (e(gE(e(x))) = x

These constraints should be added to learn the discriminators for the new class:243

8x SE(x) ) dE(x)

8x SM (x) ) ¬dE(gE(e(x)))
8x SF (x) ) ¬dE(gE(e(x)))

Figure 4 shows some examples of the original face images, and the corresponding generated images244

of the faces with added eyeglasses.245

5 Conclusions246

This paper shows a new general approach to visual generation that combines logic descriptions of247

the target to be generated with deep neural networks. The proposed theory relies on the principle of248

discovering parsimonious solutions of visual constraint satisfaction problems. The most distinguishing249
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male to female

female to male



Figure 4: Face Gender Translation: male/female to eyeglasses. The top row shows input
male/female images whereas the bottom row shows the correspondent generated faces with eyeglasses.

property is the flexibility of describing new generation problems by simple logic descriptions, which250

leads to attack very different problems. Instead of looking for specific hand-crafted cost functions, the251

proposed approach offers a general scheme for their construction that arises from the t-norm theory.252

Moreover, the interleaving of different image translations tasks allows us to accumulate a knowledge253

base that can dramatically facilitate the construction of new translation tasks. The experimental254

results shows the flexibility of the proposed approach, which makes it possible to deal with realistic255

face translation tasks, as well as with truly generation tasks, like the one shown on MNIST.256
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Adding glasses …

consistency

8x SM (x) ) dE(gE(e(x)))
8x SF (x) ) dE(gE(e(x)))

8x SE(x) ) gE(e(x)) = x

8x SE(x) ) gE(e(gM (e(x)))) = x

8x SE(x) ) gE(e(gF (e(x)))) = x

8x SM (x) ) gM (e(gE(e(x)))) = x

8x SF (x) ) gF (e(gE(e(x)))) = x
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Adding glasses (con’t)

real images with glasses8x SE(x) ) dE(x)

8x SF (x) ) ¬dE(gE(e(x)))

generated males with glasses8x SM (x) ) ¬dE(gE(e(x)))

generated females with glasses
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Recurrent nets 

(a) Separation surfaces (b) Testing data points

Figure 8: Semi-supervised learning for the four squares disjoint.

the close predicate.

Another different approach is inspired to the above described unsupervised
learning method. The constraints coming from unsupervised data are integrated
with those coming from a few more supervised pairs. Once again, everything
can be elegantly described by a pure logic formalism.

Example 4.6 Given the learning environment of Fig. ?? we formulate the constraint
satisfaction problem defined by Eqs. (??) and (??). Since this involves both supervised
and unsupervised constraints it is can be regarded as semi-supervised learning.

Example 4.7 Experiments on MNIST.

Like for the previous two cases, inference takes place in the environment.

Challenges

• MNIST ... can we learn with five supervised examples at top level perfor-
mance?

4.2 Recurrent neural networks
The notion of individual which lives in a graphical domain has enlightened the
strict connections between inference and learning. It has been shown that a
constraint machine carries out a computational scheme that, in general, can
strongly depend on single individuals (verteces of the environmental graph).

Let us consider the following argument

z1, z1 ^ x1 $ z2, z2 ^ x2 $ z3 |= z3

22

Clearly, this transfers the truth of z1 to z3 whenever both x1 and x2 are true.
It is clearly a special case of the chain truth transfer

z1, zv ^ x
v

$ z
v+1 |= z

n+1, (12)

where v = 1, . . . n. Once we choose the t-norm (e.g. the p-norm), this homoge-
neous logic structure gets the continuous counterpart

x

v

z

v

+ z

v+1 � 2x

v

z

v

z

v+1 = 0, (13)

from which we get that the consistent solution in [0, 1] is

z

v+1 =

✓
z

v

x

v

2z

v

x

v

� 1

◆1

+

, (14)

begin (↵)

1
+ = ↵[1 > ↵ > 0] + [↵ � 1]. This can be regarded as a recurrent

neural networks with a special structure of the state transition function, which
is inherited by the choice of the t-norm. We notice in passing the crucial role
of the p-norm in the expression of the equivalence for Boolean variable. The
case in which we interpret equivalence in strict sense for any real, then Eq. (14)
would be reduced to z

v+1 = x

v

z

v

which has the same Boolean interpretation as
Eq. (14). However, the behavior on non-Boolean values is remarkably different.
For instance, for x

v

= z

v

=

p
2/2 then we get we get z

v+1 = x

i

z

v

= 1/2,
which indicates uncertain decision, while the Boolean interpretation would have
implied the truth of z

v+1. Interestingly, Eq. (13) does not admit solution for
those values, while it returns truth when x

v

>

p
2/2 and z

v

=

p
2/2.

Decision-making
recurrent neural
networks

While Eq. (14) is in fact a special way of system dynamics, one must also
reminds that it comes from the chain transfer rule (12). The more general logic
compositional structure

z1, zv+1 $ s(z
v

, x
v

), y
v

= y(z
v

, x
v

) |= y
v

, (15)

where v = 1, . . . n, translates the sequence x
v

into the sequence y
v

. Here s and
y are general Boolean functions, so as the above argument can be interpreted
as a Mealy automaton. When translating this argument into a set of real-
valued constraints we end up into a general model of recurrent network for
decision-based processing schemes. Of course, the specific t-norm significantly
characterizes the computation. The continuous form is based on converting the
argument (15) into

z

v+1 � s

w

(z

v

, x

v

) = 0 (16)
y

v

� y

w

(z

v

, x

v

) = 0. (17)

While this is in fact a general model of recurrent neural network with learnable
functions s

w

and y

w

depending on weight w, one must bear in mind that in this
case those functions come from t-norms, which originates a decision-making
computation. Eq. (17) leads to to think of the canonical structure of recurrent
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v+1 =

✓
z

v

x

v

2z

v

x

v

� 1

◆1

+

, (14)

begin (↵)

1
+ = ↵[1 > ↵ > 0] + [↵ � 1]. This can be regarded as a recurrent

neural networks with a special structure of the state transition function, which
is inherited by the choice of the t-norm. We notice in passing the crucial role
of the p-norm in the expression of the equivalence for Boolean variable. The
case in which we interpret equivalence in strict sense for any real, then Eq. (14)
would be reduced to z

v+1 = x

v

z

v

which has the same Boolean interpretation as
Eq. (14). However, the behavior on non-Boolean values is remarkably different.
For instance, for x

v

= z

v

=

p
2/2 then we get we get z

v+1 = x

i

z

v

= 1/2,
which indicates uncertain decision, while the Boolean interpretation would have
implied the truth of z

v+1. Interestingly, Eq. (13) does not admit solution for
those values, while it returns truth when x

v

>

p
2/2 and z

v

=

p
2/2.

Decision-making
recurrent neural
networks

While Eq. (14) is in fact a special way of system dynamics, one must also
reminds that it comes from the chain transfer rule (12). The more general logic
compositional structure

z1, zv+1 $ s(z
v

, x
v

), y
v

= y(z
v

, x
v

) |= y
v

, (15)

where v = 1, . . . n, translates the sequence x
v

into the sequence y
v

. Here s and
y are general Boolean functions, so as the above argument can be interpreted
as a Mealy automaton. When translating this argument into a set of real-
valued constraints we end up into a general model of recurrent network for
decision-based processing schemes. Of course, the specific t-norm significantly
characterizes the computation. The continuous form is based on converting the
argument (15) into

z

v+1 � s

w

(z

v

, x

v

) = 0 (16)
y

v

� y

w

(z

v

, x

v

) = 0. (17)

While this is in fact a general model of recurrent neural network with learnable
functions s

w

and y

w

depending on weight w, one must bear in mind that in this
case those functions come from t-norms, which originates a decision-making
computation. Eq. (17) leads to to think of the canonical structure of recurrent
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for decision tasks are t-norm based!

the data driven homogeneous transition

beyond LSTM?

from DAG to cyclic graphs … a time state updating domain 
is required!
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Recurrent nets 
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from DAG to cyclic graphs … a time state updating domain 
is required!



•  Probability distributions and Lagrange multipliers, 
biological plausibility

• Bridging symbols and sub-symbols (logic 
representations & learning )

• Inference in the environment, full inference, and 
the induction-deduction loop

• Time and developmental issues (Piaget foundation 
of Developmental Psychology)

•  CLARE s/w environment

Conclusions
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In order to satisfy all the logical constraints, we minimize the following term,

L

c

(X ,f ,p) =
TX

j=1
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j

(X
j

,f ,p)) ,

where X denotes the overall samples where the functions and predicates are eval-
uated and �

j

is a weight for the j-th logical constraint. However, CLARE allows
to integrate classical supervised learning (by means of PointwiseConstraints) and
learning from constraints modeling the prior knowledge. Therefore in general,
the cost function that is optimized by CLARE is composed by three terms, one
forcing the fitting of the supervised examples, one for regularization and the
latter for the logical constraint satisfaction. We have:
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where X f

s

,X p

s

denote the supervised data for functions and predicates respectively,
||f || and ||p|| measure the complexity of the approximators, L

s

is a loss function
and �

r

,�

c

and �

s

indicate the weights in the optimization of the supervision,
regularization and constraint terms, respectively.

3 Learning and Reasoning with CLARE

This section presents a list of examples illustrating the range of learning tasks that
can be expressed in the proposed framework. In particular, it is shown how it is
possible to force label coherence in semi-supervised or transductive learning tasks,
how to implement collective classification over the test set, rule deduction from
the learned predicates as in classical Inductive logic programming (ILP), pure
logical reasoning and how to address generative tasks or pattern completion in the
case of missing features. The software of both the framework and the experiments
is made available at https://github.com/GiuseppeMarra/CLAREecml

Semi-Supervised Learning. In this task we assume to have available a set of
420 points distributed along an outer and inner circles. The inner and outer
points belong and do not belong to some given class A, respectively. A random
selection of 20 points is supervised (either positively or negatively), as shown in
Figure 2(a). The remaining points are split into 200 unsupervised training point,
shown in Figure 2(b) and 200 points left as test set. A neural network is assumed
to have been created in TF to approximate the predicate A.

The network can be trained by making it fit the supervised data. So, given
the vector of data X, a neural network NN A and the vector of supervised data X s,
with the vector of associated labels y s, the supervised training of the network
can be expressed in CLARE by the following code:

# Definition of the domain of the data points.

Domain(label="Points", data=X)

# Approximating the predicate A via a NN.



in science ... and in common life ...

The Puzzle of the Ring



induction

deductionFrom cognitive development we know that 
there is no egg-chicken dilemma 

The Egg-Chicken Dilemma



the subject of machine learning (inputs are examples)

the aim of symbolic AI (inputs are knowledge bases)

The call for unified communication protocols in which examples and “rules” are just 
different “granules” and are jointly provided within the same formalism!

time

Breaking the Egg-Chicken Dilemma:
Developmental Learning
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to represent different kinds of sensorial data along with their relations, as
well as to express abstract knowledge on the tasks and embrace logic de-
scriptions. Examples of constraints come out naturally in different contexts:
one might want to enforce the probabilistic normalization of a set of func-
tions modeling a classification task, or the probabilistic normalization of a
density function, or to impose coherent decisions of the classifiers acting
on different views of the same pattern (Melacci et al., 2009). The expressive
power of constraints becomes more significant when dealing with specific
problems coming from, among others, vision, control, text classification,
ranking in hypertextual environment, and prediction of the stock market.
While the linguistic description to express a constraint can be of many dif-
ferent types, including those based on logic formalisms, in order to describe
knowledge granules, we can always end up with real-valued multivariable
functions involving the inputs and the learning tasks.

We propose to build an interaction among different tasks by introducing
various kinds of constraints; they are summarized in the following defini-
tion, which follows the terminology used in variational calculus:

Definition 1 (types of constraints). Let X denote a subset of the perceptual
space Rd , F a space of functions f : X → Rn, Xi open subsets of X , φi : Xi ×
Rn → R and φ̌i : Xi × Rn → R continuous functions, Φi : F → R and Φ̌i : F →
R continuous functionals, and mH, mI , m̌H, and m̌I positive integers. We consider
the following types of constraints:

i. Holonomic (ho) bilateral (bi):

∀x ∈ Xi ⊆ X : φi (x, f (x)) = 0, i = 1, . . . , mH .

ii. Holonomic (ho) unilateral (un):

∀x ∈ Xi ⊆ X : φ̌i (x, f (x)) ≥ 0, i = 1, . . . , m̌H .

iii. Isoperimetric (is) bilateral (bi):

Φi ( f ) = 0, i = 1, . . . , mI .

iv. Isoperimetric (is) unilateral (un):

Φ̌i ( f ) ≥ 0, i = 1, . . . , m̌I .

v,vi. Pointwise (pw) bilateral (bi) and pointwise (pw) unilateral (un): as con-
straints i and ii , respectively, with each Xi made up of finitely many
points (in this case, the continuity of φi —respectively, of φ̌i —is required
with respect to the second vector argument).

For notational simplicity, when dealing with constraints of the same type,
the notations mH, mI, m̌H , and m̌I will be replaced simply by m. It is worth
remarking that holonomic constraints express local properties, since they
hold ∀x ∈ Xi. Isoperimetric constraints express global properties of f (apart

Cognitive laws must be discovered by developmental learning

We need new representations of the parsimony principle: 
Searching for beautiful formula …

The constraints MUST be learned … just like the tasks!
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In order to satisfy all the logical constraints, we minimize the following term,
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where X denotes the overall samples where the functions and predicates are eval-
uated and �

j

is a weight for the j-th logical constraint. However, CLARE allows
to integrate classical supervised learning (by means of PointwiseConstraints) and
learning from constraints modeling the prior knowledge. Therefore in general,
the cost function that is optimized by CLARE is composed by three terms, one
forcing the fitting of the supervised examples, one for regularization and the
latter for the logical constraint satisfaction. We have:
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denote the supervised data for functions and predicates respectively,
||f || and ||p|| measure the complexity of the approximators, L

s

is a loss function
and �

r
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and �

s

indicate the weights in the optimization of the supervision,
regularization and constraint terms, respectively.

3 Learning and Reasoning with CLARE

This section presents a list of examples illustrating the range of learning tasks that
can be expressed in the proposed framework. In particular, it is shown how it is
possible to force label coherence in semi-supervised or transductive learning tasks,
how to implement collective classification over the test set, rule deduction from
the learned predicates as in classical Inductive logic programming (ILP), pure
logical reasoning and how to address generative tasks or pattern completion in the
case of missing features. The software of both the framework and the experiments
is made available at https://github.com/GiuseppeMarra/CLAREecml

Semi-Supervised Learning. In this task we assume to have available a set of
420 points distributed along an outer and inner circles. The inner and outer
points belong and do not belong to some given class A, respectively. A random
selection of 20 points is supervised (either positively or negatively), as shown in
Figure 2(a). The remaining points are split into 200 unsupervised training point,
shown in Figure 2(b) and 200 points left as test set. A neural network is assumed
to have been created in TF to approximate the predicate A.

The network can be trained by making it fit the supervised data. So, given
the vector of data X, a neural network NN A and the vector of supervised data X s,
with the vector of associated labels y s, the supervised training of the network
can be expressed in CLARE by the following code:

# Definition of the domain of the data points.

Domain(label="Points", data=X)

# Approximating the predicate A via a NN.

centered around the notion of “individual”
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Birth of developmental stages

Stage-based learning, as discussed in developmental 
psychology, is not the outcome of biology, but it is instead the 
outcome of information-based principles and of optimization 
and complexity issues that hold regardless of the "body."

Constraints are not (all) given at once. Any stage can be 
regarded as “learning from constraints”, but additional 
constraints (stages) are required and learned as the time goes 
by ... 
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