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Science is like sex: sometimes something useful 
come out, but that is not the reason we are doing it 

– Richard Feynman
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Outline (con’t) 

• The role of time and motion invariance

• CAL of convolutional visual features (shallow model)

• Focus of attention as a necessary computational 
issue

• Discretization in the retina of “shallow models”

• Deep convolutional nets

Part II - The case of visual features



ROLE OF TIME
AND MOTION INVARIANCE 

IN VISION 
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1. Why can animals conquer visual skills without intensive 
supervision?

2. How do animal conquer visual skills by unsupervised learning?

3. Can animals see in a world of shuffled frames?

4. How can humans attach semantic labels at pixel level?

5. How can humans provide a linguistic description of visual scenes?

Ten questions one would like to ask

role of time and motion invariance
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6.   Why is the visual cortex arranged according to a hierarchical       
structure? What about biological plausibility?

7. Why are there two different mainstreams in the visual cortex?   
(ventral (what) and dorsal (where) visual pathways)

    8.  Why do foveal animals focus attention? 

    9. How do foveal animals perform eye movement?

10.  Why does it take 8-12 months for newborns to achieve adult    
visual acuity?

Ten questions one would like to ask (con’t)

role of time and motion invariance
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Convolution to deal with context 

unsupervised learning
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Figure 1: Convolutional computation in a deep network. The input is pro-
cessed by convolutional filters which transform C ! C1 ! C2 . Notice that
the features are extracted at di↵erent level on the same pixel x.

as all the involved fields, are defined on the domain D = X ⇥ [0 . . T ]. In
what follows, points on the retina will be represented with two dimensional
vectors x = (x1, x2) on a defined coordinate system on the retina. The
temporal coordinate is usually denoted by t, and, therefore, the video signal
on the pair (x, t) is C(x, t). For further convenience we also define the map
C
t

: X ! Rm so that C
t

(x) ⌘ C(x, t). The color field can be thought of
as a special field that is characterized by the RGB color components of any
single pixel; in this case m = 3.

Now, we are concerned with the problem of extracting visual features
that, unlike the components of the video, express the information associated
with the pair (x, t) and its spatial context. Basically, one would like to
extract visual features that characterize the information in the neighborhood
of pixel x. Kernel-based

computation

feature

extraction.

A possible way of constructing this kind of features is to define1

C1
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(x, y, t)C
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1

n
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t
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t

)
i

(x). (1)

Here we assume that n symbols are generated from the m components of
the video. Notice that the kernel '(x, y, t) is responsible of expressing the
spatial dependencies, and that one could also extend the context in the
temporal dimension. However, the immersion in the temporal dimension
that arises from the formulation given in this paper makes it reasonable to

1
Throughout the paper we use the Einstein convention to simplify the equations.
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Visual constraints

unsupervised learning

mation favors the optimization under causality requirements. Hence,
the theory o↵ers an intriguing interpretation of the role of eye move-
ment and of sleep for the optimal development of visual features. In a
sense, the theory o↵ers a general framework for interpreting the impor-
tance of the day-night rhythm in the development of visual features.
When combined with newborns blurring, it contributes to a relaxation
dynamical process that turns out to be of fundamental importance for
the final purpose of optimization of the visual constraints.

3 Visual constraints

We can provide an interpretation of the processing carried out by our visual
agent in the framework of information theory. The basic idea is that the
agent produces a set of symbols from a given alphabet while processing the
video.

MMI principle. Let us define random variables X and T , which take
into account the spatial and temporal probability distribution, while Y is
used to specify the probability distribution over the possible symbols, and
F to specify the frames. In order to assess the information transfer from
X,T, F to Y we consider the corresponding mutual information I. Clearly,
it is zero whenever random variable Y is independent of X, T and F . The
mutual information can be expressed by

I(Y ;X,T, F ) = S(Y )� S(Y | X,T, F ). (4)

The conditional entropy S(Y | X,T, F ) is given by

S(Y | X,T, F ) = �
Z

⌦

n

X

i=1

dP
X,T,F

p
i

log p
i

(5)

where p
i

is the conditional probability of Y conditioned to the values of X, T
and F , dP

X,T,F

is the joint measure of the variable X,T, F , and ⌦ is a Borel
set in the (X,T, F ) space. The agent generates symbols y

i

, i = 1, . . . , n
along with the corresponding probabilities on the basis of input source that
is based on m symbols that are still given along with their probability. Now,
let us make two fundamental assumptions:

• The conditional probability p
i

(x, t, C), where C is a realization of ran-
dom variable F , is given by the i-th feature field C1

i

(x, t).
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• Random variables X,T, F follows the ergodic-like assumption, Ergodic

assumption:

probabilistic

indices emerge

while living in

“wild visual

environments”

so as
we can perform the replacement:

Z

⌦
dP

X,T,F

�!
Z

D

dµ.

In what follows we will assume that the measure dµ(x, t) is f(x, t) dx dt.
Moreover, we assume that f(x, t) is factorized according to

f(x, t) = g(x� a(t))h(t), (6)

where a(t) is the trajectory of the focus of attention and h is monotonic
increasing function. This ergodic translation of the probabilistic measure
suggests that we pay attention where the eye is focussing attention, that is
in the neighborhood of a(t): This can be achieved by means of a function
g(x � a(t)) peaked on the focus of attention. Ergodic

translation:

more weight on

pixels of focus

of attention

and on “recent

visual cues.”

Such a trajectory is assumed
to be available but, as pointed out in Section 9, it can also be determined
in the overall framework of the theory presented in this paper. In addition,
ergodicity here means that we pay attention mostly on “recent visual life.”
Clearly, this very much depends on the choice of h. It is quite obvious
that the measure dµ = g(x� a(t))h(t)dxdt only makes sense provided that
the function h does not change significantly during statistically significant
portions of visual environments. Whenever these two assumptions hold, we
can rewrite the conditional entropy defined by Eq. (5) as

S(Y | X,T, F ) = �
Z

D

dµ(x, t)
n

X

i=1

C1
i

(x, t) logC1
i

(x, t). (7)

Similarly for the entropy of the variable Y we can write

S(Y ) = �
n

X

i=1

Pr(Y = y
i

) log Pr(Y = y
i

). (8)

Now, if we use the law of total probability to express Pr(Y = y
i

) in terms
of the conditional probability p

i

and use the above assumptions we get

Pr(Y = y
i

) =

Z

⌦
dP

X,T,F

p
i

=

Z

D

dµ(x, t)C1
i

(x, t). (9)

Then

S(Y ) = �
n

X

i=1

⇣

Z

D

dµ(x, t)C1
i

(x, t)
⌘

log
⇣

Z

D

dµ(x, t)C1
i

(x, t)
⌘

. (10)
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dµ = f(x, t)dxdt

focus of attention dissipative term
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Visual constraints (con’t)

Second, as already pointed out, many relevant visual features need to be
motion invariant. Just like an ideal fluid is adiabatic—meaning that the
entropy of any particle fluid remains constant as that the particles move
about in space— in a video, once we have assigned the correct symbol to
a pixel, due to the fact that the movement of object is continuous, that
symbol is conserved as the object moves on the retina. If we focus attention
on a the pixel x at time t, which moves according to the trajectory x(t)
then C1 (x(t), t) = c, being c a constant. This “adiabatic” condition is thus
expressed by the condition dC1 /dt = 0, which yields

@
t

C1
i

+ v
j

@
j

C1
i

= 0, (13)

where v : D ! R2 is the velocity field that we assume that is given, and @
k

is the partial derivative with respect to x
k

. When replacing C1
i

as stated by
Eq. (1) we get Motion

invariance is a

linear

constraint in

the filter

functions '

ij

.

Z

X

dy
�

@
t

'
ij

C
j

+ '
ij

@
t

C
j

+ v
k

@
k

'
ij

C
j

�

= 0,

which holds for any (t, x) 2 D. Notice that this constraint is linear in
the field '. This can be interpreted by stating that learning under motion
invariance consists of determining elements of the kernel of the function
M ('

ij

) :=
R

X

dy
�

@
t

'
ij

C
j

+ '
ij

@
t

C
j

+ v
k

@
k

'
ij

C
j

�

. A discussion on the
problem of determining the kernel of M is given in [7].

4 Focus of attention

5 Cognitive action laws

MaxEnt as the

minimum of

the cognitive

action.

In the previous section we have proposed a method to determine the
filters '

ij

based on the MaxEnt principle. We provide a soft-interpretation
of the constraints, so as the adoption of the principle corresponds with the

21

t = 0 s

t = 1 s t = 2 s

y1
y1y1

y1

y1
y1

Figure 2: Motion invariance in the feature extraction process. The sym-
bol y1, that defines a features at the beginning of motion (t = 0 s), must
be coherently extracted during the movement—see the enforcement of the
coherence requirement at t = 1, 2 s.

where �
M

,�
P

,�
K

are positive multipliers. While the first and third princi-
ples are typically adopted in classic unsupervised learning, motion invariance
does characterize the approach followed in this paper. Of course, there are
visual features that do not obey the motion invariance principle. Animals
easily estimate the distance to the objects in the environment, a property
that clearly indicates the need for features whose value do depend on mo-
tion. The perception of vertical visual cues, as well as a reasonable estimate
of the angle with respect to the vertical line also suggests the need for fea-
tures that are motion dependent. Since the above action functional A(')
depends on the choice of the multipliers �

M

,�
P

,�
K

, it is quite clear that
there is a wide range of di↵erent behavior that depend on the relative weight
that is given to the terms that compose the action. As it will be shown in
the following, the minimization of A(') can be given an e�cient computa-
tional scheme only if we give up to optimize the information transfer in one
single step and rely on a piping scheme that clearly reminds deep network
architectures. While this paper focuses on unsupervised learning, it is worth
mentioning that the purpose of the agent can naturally be incorporated into
the minimization of the cognitive action given by Eq (15).

Now, we provide arguments to support the principled framework of this
paper. Like for human interaction, visual concepts are expected to be ac-
quired by the agents solely by processing their own visual stream along with
human supervisions on selected pixels, instead of relying on huge labelled
databases. In this new learning environment based on a video stream, any in-
telligent agent willing to attach semantic labels to a moving pixel is expected
to take coherent decisions with respect to its motion. Basically, any label at-
tached to a moving pixel has to be the same during its motion. Hence, video
streams provide a huge amount of information just coming from imposing
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it’s the supervision offered for free by Nature!
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Spatiotemporal regularization

Finally the mutual information becomes Mutual

information

based on

probabilities

C

1
i

(x, t).

I(Y ;X,T, F ) =
n

X

i=1

⇣

Z

D

dµC1
i

logC1
i

�
Z

D

dµC1
i

· log
Z

D

dµC1
i

⌘

. (11)

Of course, 8x, t : C1
i

(x, t) is subject to the probabilistic constraints
P

i

C1
i

(x, t) = 1 (normalization)

0  C1
i

(x, t)  1 (positivity)
(12)

MaxEnt principle. A more general

view: visual

constraint

satisfaction

while

maximizing the

entropy.

An agent driven by the MMI principle can carry
out an unsupervised learning process aimed at discovering the symbols de-
fined by random variable Y . Interestingly, when the constraints are given
a soft-enforcement, the MMI principle has a nice connection with the Max-
Ent principle [13]: The maximization of the mutual information corresponds
with the maximization of the entropy while softly-enforcing the constraint
that the conditional entropy is null. While both the entropy terms get the
same absolute value of the weight, once can think of di↵erent implementa-
tions of the MaxEnt principle that very much depend on the special choice
of the weights. When shifting towards the MaxEnt principle one is primar-
ily interested in the satisfaction of the conditional entropy constraint, while
bearing in mind that the maximization of the entropy protects us from the
development of trivial solutions (see [7] pp. 99–103 for further details). Of
course, the probabilistic normalization constraints stated by Eq. 12 comes
along with the conditional entropy constraint. The computational mech-
anism that drives the discovery of the symbols described in this paper is
based on MaxEnt, but instead of limiting the unsupervised process to the
fulfillment of the conditional entropy constraint, we enrich the model with
other environmental constraints.

First, we notice that the map which originates the symbol production
mechanism has not ben given any guideline. The conditional entropy con-
straint only involves the value taken by C1

i

which depends on '
ij

(x, t), but
there is no structural enforcement on the function '
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the framework

of MaxEnt.
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are non-negative reals. Notice that the ergodic translation of dµ, in
this case, only involves the temporal factor h(t).
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Cognitive Action
minimization of the “action”
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where the notation C1
i

(') is used to stress the fact that C1
i

depends func-
tionally on the filters '. Here the first line is the negative of the mutual
information and the constants �

C

,�1,�0,�
P

,�
K

, and �
M

are positive mul-
tipliers. In the above formula, and in what follows we will use consistently
Einstein summation convention.

We notice that the mutual information (the first line) is rather involved,
and it becomes too cumbersome to be used with a principle of least action.
However, if we give up to attach the information-based terms the interpre-
tation in terms of bits, we can rewrite the entropies that define the mutual
information as
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Interestingly, this replacement does retain all the basic properties on the sta-
tionary points of the mutual information and, at the same time, it simplifies
dramatically the overall action, which becomes
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We shall— form now on—assume that the fields C1
i

are extracted by con-
volution, so that C1

i

(x, t) = 1/n +
R

'
ij

(x � y, t)C
j

(y, t) dy. In order to be
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Euler-Lagrange equations (con’t)

In doing all this calculations we have used the commutative property of
the convolution as stated in Eq. (16), if we had not done this we would
have obtained, in some cases, expressions with an higher degree of space
non-locality (i.e. with more than one integral over X4). Euler-lagrange

integro-

di↵erential

equations for

the cognitive

action: they

are neither

local in time,

nor in space!

Then the Euler-
Lagrange equations reads:

�
K

P ?

t

(h(t)P
t

'
ij

(x, t)) + �
P

h(t)P ?

x

P
x

'
ij

(x, t)

+ c
j

(x, t) ·
⇣

Z

d⌧ d⇠ c
k

(⇠, ⌧)'
ik

(⇠, ⌧)� ⌫
⌘

� �

Z

d⇠ c2
jk

(x, ⇠, t)'
ik

(⇠, t)

+ ⌫
n

X

m=1

Z

d⇠ c2
jk

(x, ⇠, t)'
mk

(⇠, t)� �

Z

dz f(z, t)C
j

(z � x, t)[C1
i

(z, t) < 0]

+ ⌘

Z

d⇠
�

⌅
jk

(x, ⇠, t)@2
t

+⇧
jk

(x, ⇠, t)@
t

+⌥
jk

(x, ⇠, t)
�

'
ik

(⇠, t) = 0,

(23)

where c
j

(x, t) =
R

dz f(z, t)C
j

(z � x, t) and c2
jk

(x, ⇠, t) =
R

dz f(z, t)C
j

(z �
x, t)C

k

(z � ⇠, t).

Temporal locality. Approximate

and adjoint

variable-based

methods for

removing

temporal

non-locality.

From Eq. (23) we immediately see that the first term
in the second line of this equation is non local in time; this means that the
equations are non-causal and therefore it is impossible to regard them as
evolution equations for the filters '. To overcome this problem we propose
two di↵erent approaches:

• Enforce time locality by computing the entropy on frames rather than
on the entire life of the agent:
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0
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and insert in the action the time average of this quantity together with
the constraint that enforces this definition. In this way the entropy
term in the Lagrangian will be replaced with
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In doing all this calculations we have used the commutative property of
the convolution as stated in Eq. (16), if we had not done this we would
have obtained, in some cases, expressions with an higher degree of space
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where c
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From Eq. (23) we immediately see that the first term
in the second line of this equation is non local in time; this means that the
equations are non-causal and therefore it is impossible to regard them as
evolution equations for the filters '. To overcome this problem we propose
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on the entire life of the agent:
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Euler-Lagrange equations

The variation of the terms that implements positivity is a bit more tricky:
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Finally, the variation of the last term is a bit more involved and yields (see
Appendix A):
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Temporal locality

In doing all this calculations we have used the commutative property of
the convolution as stated in Eq. (16), if we had not done this we would
have obtained, in some cases, expressions with an higher degree of space
non-locality (i.e. with more than one integral over X4). Euler-lagrange

integro-

di↵erential

equations for
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action: they

are neither

local in time,

nor in space!
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Lagrange equations reads:
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Temporal locality. Approximate

and adjoint

variable-based

methods for

removing

temporal

non-locality.

From Eq. (23) we immediately see that the first term
in the second line of this equation is non local in time; this means that the
equations are non-causal and therefore it is impossible to regard them as
evolution equations for the filters '. To overcome this problem we propose
two di↵erent approaches:

• Enforce time locality by computing the entropy on frames rather than
on the entire life of the agent:
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in the second line of this equation is non local in time; this means that the
equations are non-causal and therefore it is impossible to regard them as
evolution equations for the filters '. To overcome this problem we propose
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where c
j

(x, t) =
R

dz f(z, t)C
j

(z � x, t) and c2
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(x, ⇠, t) =
R

dz f(z, t)C
j

(z �
x, t)C

k

(z � ⇠, t).

Temporal locality. Approximate

and adjoint

variable-based

methods for

removing

temporal

non-locality.

From Eq. (23) we immediately see that the first term
in the second line of this equation is non local in time; this means that the
equations are non-causal and therefore it is impossible to regard them as
evolution equations for the filters '. To overcome this problem we propose
two di↵erent approaches:

• Enforce time locality by computing the entropy on frames rather than
on the entire life of the agent:
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• Define a causal entropy
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and insert in the action the time average of this quantity together with
the constraint that enforces this definition. In this way the entropy
term in the Lagrangian will be replaced with
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Temporal locality (con’t)• Define the same causal entropy of point 2. above but insert the deriva-
tive of the constraint that enforces this definition. In this way the
entropy term in the Lagrangian will be replaced with

1

T

Z

T

0
s2
i

(t) dt+ ↵

Z

T

0
dt

✓

ṡ
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.

In this way the E-L equations that we derive are automatically local
in time.

For the moment we will develop the theory using the first assumption.
The variation of this term gives, as expected the local form of Eq. 17: c

j

(x, t)·
R

d⇠ c
k

(⇠, t)'
ik

(⇠, t).

Space locality. Adjoint

equations to

remove spatial

locality and

focus of

attention.

We showed that the Euler-Lagrange equations for our
theory are
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and as we can see the unknown fields appear inside a space integral. Now
we ask ourselves if it is possible to make this equations local in space so that
they can be regarded as di↵erential equation.

We found that it is possible to do this “localization” exploiting a crucial
property of human vision: The focus of attention. Once we choose g, we
can choose a di↵erential operator L such that Lg = �.

Now if we define the adjoint function �
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(x, ⇠, t) so that
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(24)

and the function ⇤
j

(x, ⇠, t) as a solution of
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(⇠, t), (25)

26

we gain temporal locality by adding an adjoint system 
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Space locality

• Define the same causal entropy of point 2. above but insert the deriva-
tive of the constraint that enforces this definition. In this way the
entropy term in the Lagrangian will be replaced with
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In this way the E-L equations that we derive are automatically local
in time.

For the moment we will develop the theory using the first assumption.
The variation of this term gives, as expected the local form of Eq. 17: c
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(⇠, t).

Space locality. Adjoint

equations to

remove spatial

locality and

focus of

attention.

We showed that the Euler-Lagrange equations for our
theory are
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and as we can see the unknown fields appear inside a space integral. Now
we ask ourselves if it is possible to make this equations local in space so that
they can be regarded as di↵erential equation.

We found that it is possible to do this “localization” exploiting a crucial
property of human vision: The focus of attention. Once we choose g, we
can choose a di↵erential operator L such that Lg = �.

Now if we define the adjoint function �
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(x, ⇠, t) so that
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and the function ⇤
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(x, ⇠, t) as a solution of
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• Define the same causal entropy of point 2. above but insert the deriva-
tive of the constraint that enforces this definition. In this way the
entropy term in the Lagrangian will be replaced with
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In this way the E-L equations that we derive are automatically local
in time.

For the moment we will develop the theory using the first assumption.
The variation of this term gives, as expected the local form of Eq. 17: c
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(⇠, t)'
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Space locality. Adjoint

equations to

remove spatial

locality and

focus of

attention.

We showed that the Euler-Lagrange equations for our
theory are
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and as we can see the unknown fields appear inside a space integral. Now
we ask ourselves if it is possible to make this equations local in space so that
they can be regarded as di↵erential equation.

We found that it is possible to do this “localization” exploiting a crucial
property of human vision: The focus of attention. Once we choose g, we
can choose a di↵erential operator L such that Lg = �.

Now if we define the adjoint function �
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and the function ⇤
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(x, ⇠, t) as a solution of
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• Define the same causal entropy of point 2. above but insert the deriva-
tive of the constraint that enforces this definition. In this way the
entropy term in the Lagrangian will be replaced with
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In this way the E-L equations that we derive are automatically local
in time.

For the moment we will develop the theory using the first assumption.
The variation of this term gives, as expected the local form of Eq. 17: c
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We showed that the Euler-Lagrange equations for our
theory are
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and as we can see the unknown fields appear inside a space integral. Now
we ask ourselves if it is possible to make this equations local in space so that
they can be regarded as di↵erential equation.

We found that it is possible to do this “localization” exploiting a crucial
property of human vision: The focus of attention. Once we choose g, we
can choose a di↵erential operator L such that Lg = �.
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and the function ⇤
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26

we can rewrite Euler Lagrange equations as
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Equations (24), (25) and (26) together form a system of di↵erential equa-
tions.

Notice that the spatial function g that we used here to resolve space
non-locality is the same function that appears in the measure dµ; however
we could also have chosen a di↵erent function.

Softmax formulation and focus of attention. Normalization con-
straints in (00) can be automatically enforced in the definition of the fea-
tures; for example consider the following definitions:

A
i

(x, t) :=
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X4

'
ij

(y, t)C
j

(x�y, t) dy, C1
i

(x, t) = �
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(A1(x, t), . . . , An

(x, t)),

where �
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(x1, . . . , xn) := exi/
P

n

k=1 e
x

k is usually referred to as the softmax
function. With this redefinition the therms on the action concerning the
information theory based constraints is automatically well defined, while the
motion invariance term can still be imposed on the convolutional activations
A

i

(x, t).
Notice that the motion invariance term as it is imposed in Eq. (00) try

to enforce the invariance of the features on the entire retina by imposing
constraints on the convolutional filters '. Therefore this will result in a
mean e↵ect since in general it is not possible to choose a single form of the
filter that accommodates all the possible motions that the video could have.
If we really want to impose a strong motion invariance we then have to focus
on one trajectory: The trajectory of the focus of attention a(t) and impose
that

0 ⌘ dA
i

dt
(a(t), t) = @

t

A
i

(a(t), t) +r
x

A
i

(a(t), t) · ȧ(t).

27

we gain spatial locality by adding two adjoint systems 

CAL equations like for other cognitive tasks: the emergence of receptive fields!
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FOCUS OF ATTENTION
AS A NECESSARY COMPUTATIONAL ISSUE
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Why do we need focus of attention?

ergodic assumption dµ = f(x, t)dxdt

• Random variables X,T, F follows the ergodic-like assumption, Ergodic

assumption:

probabilistic

indices emerge

while living in

“wild visual

environments”

so as
we can perform the replacement:

Z

⌦
dP

X,T,F

�!
Z

D

dµ.

In what follows we will assume that the measure dµ(x, t) is f(x, t) dx dt.
Moreover, we assume that f(x, t) is factorized according to

f(x, t) = g(x� a(t))h(t), (6)

where a(t) is the trajectory of the focus of attention and h is monotonic
increasing function. This ergodic translation of the probabilistic measure
suggests that we pay attention where the eye is focussing attention, that is
in the neighborhood of a(t): This can be achieved by means of a function
g(x � a(t)) peaked on the focus of attention. Ergodic

translation:

more weight on

pixels of focus

of attention

and on “recent

visual cues.”

Such a trajectory is assumed
to be available but, as pointed out in Section 9, it can also be determined
in the overall framework of the theory presented in this paper. In addition,
ergodicity here means that we pay attention mostly on “recent visual life.”
Clearly, this very much depends on the choice of h. It is quite obvious
that the measure dµ = g(x� a(t))h(t)dxdt only makes sense provided that
the function h does not change significantly during statistically significant
portions of visual environments. Whenever these two assumptions hold, we
can rewrite the conditional entropy defined by Eq. (5) as

S(Y | X,T, F ) = �
Z

D

dµ(x, t)
n

X

i=1

C1
i

(x, t) logC1
i

(x, t). (7)

Similarly for the entropy of the variable Y we can write
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X
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i

) log Pr(Y = y
i

). (8)

Now, if we use the law of total probability to express Pr(Y = y
i

) in terms
of the conditional probability p

i

and use the above assumptions we get
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i
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⌘
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focus of attention dissipative term

The conditional entropy S(Y | X,T, F ) is given by

S(Y | X,T, F ) = �
Z

⌦

n

X

i=1

dP
X,T,F

p
i

log p
i

(5)

where p
i

is the conditional probability of Y conditioned to the values of X, T
and F , dP

X,T,F

is the joint measure of the variable X,T, F , and ⌦ is a Borel
set in the (X,T, F ) space. The agent generates symbols y

i

, i = 1, . . . , n
along with the corresponding probabilities on the basis of input source that
is based on m symbols that are still given along with their probability. Now,
let us make two fundamental assumptions:

• The conditional probability p
i

(x, t, C), where C is a realization of ran-
dom variable F , is given by the i-th feature field C1

i

(x, t).

• Random variables X,T, F follows the ergodic-like assumption, Ergodic

assumption:

probabilistic

indices emerge

while living in

“wild visual

environments”

so as
we can perform the replacement:

Z

⌦
dP

X,T,F

�!
Z

D

dµ.

In what follows we will assume that the measure dµ(x, t) is f(x, t) dx dt.
Moreover, we assume that f(x, t) is factorized according to

f(x, t) = g(x� a(t))h(t), (6)

where a(t) is the trajectory of the focus of attention and h is monotonic
increasing function. This ergodic translation of the probabilistic measure
suggests that we pay attention where the eye is focussing attention, that is
in the neighborhood of a(t): This can be achieved by means of a function
g(x � a(t)) peaked on the focus of attention. Ergodic

translation:

more weight on

pixels of focus

of attention

and on “recent

visual cues.”

Such a trajectory is assumed
to be available but, as pointed out in Section 7, it can also be determined
in the overall framework of the theory presented in this paper. In addition,
ergodicity here means that we pay attention mostly on “recent visual life.”
Clearly, this very much depends on the choice of h. It is quite obvious
that the measure dµ = g(x� a(t))h(t)dxdt only makes sense provided that
the function h does not change significantly during statistically significant
portions of visual environments. Whenever these two assumptions hold, we
can rewrite the conditional entropy defined by Eq. (5) as

S(Y | X,T, F ) = �
Z

D

dµ(x, t)
n

X

i=1

C1
i

(x, t) logC1
i

(x, t). (7)
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1. To properly measure the probability distribution

2. To guarantee space locality and facilitate motion invariance

3. One more reason … later 
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Gravitational eye movement model

focus of attention mass (fam)

details and
visual features motion

What does attract your attention?
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Gravitational eye movement model

V (a) =

Q 

2⇡

Z

R
log

F (x)

|x� a|dx K(a) =
1

2
(m )ȧ2

inhibition map
g(x, t) =

1p
2⇡�

e

� (x�a(t))2

2�2

@tI(x, t) + �I(x, t) = g(x, t)

fam
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Gravitational eye movement model (con’t)

F = K � V

V (t, a) =
Q1 

2⇡

Z

R

F1(x, t)

|x� a| (1� I(x, t))dx+
Q2 

2⇡

Z

R

F2(x, t)

|x� a| dx

Euler-Lagrange equations

ä+ ✓ȧ+ ↵1

Z

R

x� a

|x� a|2F1(x, t)(1� I(x, t))dx+ ↵2

Z

R

x� a

|x� a|2F2(x, t)dx = 0

inhibition map

details and features motion
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Gravitational eye movement model (con’t)

1. fixations

2. smooth pursuit

3. saccadic movements 

4. vestibulo-ocular movements  

Saccadic movements carry out a fundamental segmentation to  
carry out motion invariance

Zanca & Gori, “Variational Laws of Visual Attention for Dynamic Scenes,” NIPS 2017 



DISCRETIZATION IN THE RETINA 
OF “SHALLOW MODELS” 
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One variable for each pixel …

A(w) =

Z T

0
e✓t

✓
µ

2
|ẅ|2 + ⌫

2
|ẇ|2 + �ẇẅ +

k

2
|w|2 + U(w, u)

◆
dt

Euler-Lagrange Equations

µw(4) + 2✓µw(3) + (✓2µ+ ✓� � ⌫)w(2) + (✓2� � ✓⌫)w(1) + kw +rwU(w, u) = 0

w(0) = w0, ẇ = w1

µ̂ẅ(T ) + �̂ẇ(T ) = 0

µ̂w(3)(T ) + ˙̂µq̈(T ) + ( ˙̂� � ⌫̂)ẇ(T ) = 0

boundary conditions 

initial conditions

consistency needed

ẅ(0) = w2, w(3)(0) = w3,
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Controlling information overloading 

• Filtering the input

• Reset of system dynamics 

w(0), ẇ(0) = 0

w(1)(T ) = 0, w(2)(T ) = 0, w(3)(T ) = 0

they correspond with the presence of null input

3. the reset can come from saccadic movements

ẅ(0) = w2, w(3)(0) = w3,
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Experiments

7
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Fig. 1. Comparing 4 configurations of the parameters, characterized by different properties in terms of stability and reality of the roots of the characteristic
polynomial. The input video is reproduced (in loop) for 45k frames, at 3 different frame rates. The plots are organized into three columns, associated to the
different frame rates. Each plot shows the temporal behavior measured by the frame index. From top-to-bottom, we report the cognitive action of Eq. (2),
the portion of the cognitive action that is about the Mutual Information (MI) (minus the potential), the MI per-frame, the norm of q(t), and the fraction of
“reset” operations performed every 1000 frames.
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Fig. 1. Comparing 4 configurations of the parameters, characterized by different properties in terms of stability and reality of the roots of the characteristic
polynomial. The input video is reproduced (in loop) for 45k frames, at 3 different frame rates. The plots are organized into three columns, associated to the
different frame rates. Each plot shows the temporal behavior measured by the frame index. From top-to-bottom, we report the cognitive action of Eq. (2),
the portion of the cognitive action that is about the Mutual Information (MI) (minus the potential), the MI per-frame, the norm of q(t), and the fraction of
“reset” operations performed every 1000 frames.
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Fig. 1. Comparing 4 configurations of the parameters, characterized by different properties in terms of stability and reality of the roots of the characteristic
polynomial. The input video is reproduced (in loop) for 45k frames, at 3 different frame rates. The plots are organized into three columns, associated to the
different frame rates. Each plot shows the temporal behavior measured by the frame index. From top-to-bottom, we report the cognitive action of Eq. (2),
the portion of the cognitive action that is about the Mutual Information (MI) (minus the potential), the MI per-frame, the norm of q(t), and the fraction of
“reset” operations performed every 1000 frames.
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Fig. 1. Comparing 4 configurations of the parameters, characterized by different properties in terms of stability and reality of the roots of the characteristic
polynomial. The input video is reproduced (in loop) for 45k frames, at 3 different frame rates. The plots are organized into three columns, associated to the
different frame rates. Each plot shows the temporal behavior measured by the frame index. From top-to-bottom, we report the cognitive action of Eq. (2),
the portion of the cognitive action that is about the Mutual Information (MI) (minus the potential), the MI per-frame, the norm of q(t), and the fraction of
“reset” operations performed every 1000 frames.
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Deep Convolutional Nets with 
focus of attention
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This action (modulo the substitution C1
i

 A
i

and the normalization terms)
can be obtained from Eq. (00) by setting dµ = h(t)�(x�a(t)) dxdt; however
in doing so also the penalty term that comes from the mutual information
is computed only on the trajectory of the focus of attention.

6 Multilayer architecture

As it has been discussed in the previous section even though it is possible
to extract visual features by means of a single convolutional layer, this kind
of architecture has some drawbacks...

Consider the action defined layers ` = 1, . . . , L, analogously to the theory
defined on one layer we will have the quantities '`
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with the understanding that C0(x, t) is the visual signal, or colour feature.
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Euler-Lagrange eq. re-written for 
each layer! Focus of attention 
reduces to a 1-D problem by 
dramatically disentangling  the 
factors of variation underlying 
visual data 
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Figure 1: Convolutional computation in a deep network. The input is pro-
cessed by convolutional filters which transform C ! C1 ! C2 . Notice that
the features are extracted at di↵erent level on the same pixel x.

as all the involved fields, are defined on the domain D = X ⇥ [0 . . T ]. In
what follows, points on the retina will be represented with two dimensional
vectors x = (x1, x2) on a defined coordinate system on the retina. The
temporal coordinate is usually denoted by t, and, therefore, the video signal
on the pair (x, t) is C(x, t). For further convenience we also define the map
C
t

: X ! Rm so that C
t

(x) ⌘ C(x, t). The color field can be thought of
as a special field that is characterized by the RGB color components of any
single pixel; in this case m = 3.

Now, we are concerned with the problem of extracting visual features
that, unlike the components of the video, express the information associated
with the pair (x, t) and its spatial context. Basically, one would like to
extract visual features that characterize the information in the neighborhood
of pixel x. Kernel-based

computation

feature

extraction.

A possible way of constructing this kind of features is to define1
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(x, t) =
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(x). (1)

Here we assume that n symbols are generated from the m components of
the video. Notice that the kernel '(x, y, t) is responsible of expressing the
spatial dependencies, and that one could also extend the context in the
temporal dimension. However, the immersion in the temporal dimension
that arises from the formulation given in this paper makes it reasonable to

1
Throughout the paper we use the Einstein convention to simplify the equations.

5

no pooling, always convolution!
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Architectural constraints
and biological plausibility
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Gradient descent/ascent
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1. Why can animals conquer visual skills without intensive 
supervision?

2. How do animal conquer visual skills by unsupervised learning?

3. Can animals see in a world of shuffled frames?

Ten questions one would like to ask

Information-based learning and motion invariance   

My conjecture: No! This means nowadays CN are likely to solve a very difficult
problem. There’s room for attacking a simpler one …

Disentangle the factors of variation underlying visual data by the “what” neurons:  
A fundamental form of “supervision” is carried out by motion invariance  
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Ten questions one would like to ask
4. How can humans attach semantic labels at pixel level?

5. How can humans provide a linguistic description of visual scenes?

It’s an open problem, but (pixel) semantic labeling looks like a primitive
task of fundamental importance for other high level visual cognitive tasks  

Such a description is likely to emerge from appropriate “aggregations” of pixel-wise
cognitive processes. Bounding boxes and other clever computer vision solutions
might not play the necessary primitive role for supporting high level linguistic 
descriptions 
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Ten questions one would like to ask

The “shallow convolutional net” yields a solution which is neither local in time
nor in space!  The deep net can be trained without Backpropation-like 
algorithms!

7. Why are there two different mainstreams in the visual cortex?   
(ventral (what) and dorsal (where) visual pathway)

6. Why is the visual cortex arranged according to a 
hierarchical structure? What about biological plausibility?

The “what” neurons are those on which one enforces “motion invariance”, 
whereas the “where” neurons are those on which we don’t!
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Ten questions one would like to ask

8. Why do foveal animals focus of attention?
(a) to measure the probability distribution, (b) to favor local in space 
solutions, and (c) to properly segment object fixations by “resets” that 
handle information overloading

9. How do foveal animals perform focus of attention?
focus of attention is driven by details and feature maps as well as by 
smooth pursuit. The gravitational field that yields the focus of attention 
(foa) contributes to visual feature extraction that, in turn, drives the foa. 
Likewise the velocity field can be regarded as “yet another Lagrangian 
coordinate”
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Ten questions one would like to ask

10. Why does it take 8-12 months for newborns to achieve 
adult visual acuity?

Video blurring in newborns might be rooted in the need of facing 
information overloading that has been addressed when making Cauchy and 
boundary conditions properly consistent.  Saccadic movements provide 
and additional “reset” contribution. The blurring stage can be regarded as 
the learning stage, where a causal optimization takes place. 
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• The role of time: Learning as an ordering process which 
requires energy dissipation

• Boundary conditions and information overloading

• Causal learning as an equilibrium problem 

• Cognitive action in living systems and machines: we plan to 
have in the lab a“living visual agent” inspired to 
information-based laws soon (feature only).

Conclusions


