
ACDL 2018

Marco Gori
Dipartimento di  Ingegneria dell’Informazione e

 Scienze Matematiche

Università di Siena 

?THE PRINCIPLE OF COGNITIVE ACTION
THE  CASE OF VISUAL FEATURES

Science is like sex: sometimes something useful 
come out, but that is not the reason we are doing it 

– Richard Feynman



?

Acknowledgments

ACDL 2018

Stefano Melacci, Marco Maggini,  Alessandro Betti,  Giovanni Bellettini, 
Paolo Nistri  - UNISI

Alessandro Rossi, FBK, Trento

Marcello Sanguineti - University of Genoa
Giorgio Gnecco - IMT Lucca

Tomaso Poggio - MIT

Fabio Roli, University of Cagliari

Marcello Pelillo - Ca’ Foscari (University of Venice)

Delfim Torres - University of Aveiro
 

https://scholar.google.com/citations?view_op=view_org&hl=en&org=11190534736457783945


ACDL 2018

Outline 

• Natural laws of learning

• Cognitive Action Laws of learning

• Causality and the control of information overloading

• Energy balance 

• Links with stochastic gradient

Part I - Cognitive Action Laws
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Outline (con’t) 

Part II - A new framework for vision

• The role of time and motion invariance

• CAL of convolutional visual features (shallow model)

• Focus of attention as a necessary computational 
issue

• Discretization in the retina of “shallow models”

• Deep convolutional nets



Machine Learning

Marco Gori

A CONSTRAINT-BASED APPROACH
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NATURAL LAWS OF LEARNING
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MOTIVATIONS
from perceptual tasks

In computer vision we have been 
facing problems harder than 
those offered by Nature!
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• Time isn’t only the iteration index of on-line 
algorithms

• Perceptual information is indexed by time! 

• The weights of a neural network can be thought 
of as Lagrangian coordinates

• Environmental interactions can be modeled by 
constraints on the tasks being developed

Perception in the framework of
computational laws of nature

N
ow

adays grand challenges in vision and language
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Least Action in Mechanics 

which path?
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Stationarity of Action 
variation

known boundaries … or transversality conditions
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Stationarity of Action  (con’t)

Fundamental Lemma of variational calculus

Euler-Lagrange equations



ACDL 2018

Kinetic Energy

6.5. Life-long learning agents

lead to configurations with small potential energy. Following the duality with
mechanics, we also introduce the notion of kinetic energy. Now, we parallel the
notion of velocity, by considering how quickly the weights of the connections are
changing. We can also dualize the notion of mass mi > 0 of a certain particle by
introducing the mass of a connection weight. In so doing, the overall system is
characterized by the conjugate variables that correspond with the position wi(t)
and the velocity ẇi. Then, we define the kinetic energy as

K(ẇ) = 1
2

mÿ
i=1

miẇ
2

i . (5.155)

Now, let us consider a Lagrangian inspired from mechanics, which is split into
the potential V (·, ·) and the kinetic energy as

Fm(t, w, ẇ) =
mÿ

i=1

F (t, wi, ẇi) =
mÿ

i=1

K(t, ẇi) ≠ V (t, w). (5.156)

The Lagrangian Fm has an intriguing meaning that arises when we explore
the underlying cognitive processes. Let us consider

F (t, w, ẇ) := ’
!
t, ẋ(t)

"
Fm(t, w, ẇ) (5.157)

and define ’(·, ẋ(·)) as the developmental function of the agent.Developmental
function: A

protection from
information

overflow!

We can think of
’([0, T ], ẋ([0, T ])) as an infinite dimensional vector so as ’

!
t, ẋ(t)

"
properly filters

out the environmental constraints. Hence, small values of ’
!
t, ẋ(t)

"
reduce the

corresponding penalty of the constraint. In so doing, we somehow “protect” the
agent from information overflow! The value of ’

!
t, ẋ(t)

"
is supposed to “small”

at the beginning of learning, while, as time goes by, its growth enforces the
satisfaction of the constraint. This somehow emulates human life, where babies
are not forced to react to complex stimulus. They pass through developmental
stages by properly focussing attention on the tasks. While the explicit temporal
dependence in ’(·, ẋ(·)) is basically needed to impose monotonicity, so as to carry
out protection from information overload, the dependence on ẋ models the need
of focussing attention. At a given time t, at a certain level of development, the
agent react di�erently to the external stimulus. It must be able to filter out
and focus attention on what is expected to be more relevant in its current stage
of development. The developmental function ’(·, ẋ(·)) can be expressed by the
natural factorization

Dissipation and
focus functions.

’
!
t, x(t)

"
= fl(t)Ï(ẋ(t)). (5.158)

489

how fast are you moving/learning?
from

 m
echanics

how fast are weights moving?
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A Kinetic energy 
with high-order differential operators
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A. Betti, M. Gori / Theoretical Computer Science ••• (••••) •••–••• 3

Table 1
Links between the natural learning theory and classical mechanics.

Natural Learning Theory ! Mechanics Remarks

wi ! qi Weights are interpreted as generalized coordinates.
ẇi ! q̇i Weights variations are interpreted as generalized velocities.
υi ! pi The conjugate momentum to the weights is defined by using the machinery 

of Legendre transforms.
A[w] ! S[q] The cognitive action is the dual of the action in mechanics.
F (t, w, ẇ) ! L(t,q, q̇) The Lagrangian F tis associated with the classic Lagrangian L in mechanics.
H(t, w,υ) ! H(t,q, p) When using w and υ , we can define the Hamiltonian, just like in mechanics.

in [4] (Ch. 3). A classic case is the one of quadratic loss, that is L(y, s) = 1
2 (y − s)2. Because of the variational formulation 

of learning that is given in this paper, it is convenient to associate L with the overall distributional loss

V (t, w) = 1
2
ψ(t)

∑

κ∈ ◃Lt

( f (w(t), u(t)) − sκ )2 · δ(t − tκ ).

Here, ψ(·) is referred to as the dissipation function, and it is assumed to be a positive and increasing monotonic function on 
its domain. A fundamental principle behind the emergence of learning, which will be fully gained in the remainder of the 
paper, is that it does require energy dissipation. In the Hamiltonian framework, the introduction of dissipation processes can 
be done in different ways. The idea of factorizing the potential, as well as the whole Lagrangian, by a temporally-growing ex-
ponential term is related to studies on dissipative Hamiltonian systems [5]. We regard w ∈ Rn as the Lagrangian coordinates
of a virtual mechanical system. Throughout this paper, V (·, ·) is referred to as the potential energy of the system defined by 
Lagrangian coordinates w . In machine learning, we look for trajectories w(t) that possibly lead to configurations with small 
potential energy. Following the duality with mechanics, we also introduce the notion of kinetic energy. For reasons that will 
become clear in the remainder of the paper, we generalize the notion of velocity, Ti wi , where, for each fixed i, Ti is a time 
dependent linear differential operator of the form Ti

T i(t) =
ℓ∑

j=0

αi, j(t)
d j

dt j
. (1)

Let mi > 0 be the mass of each particle (dual of connection weight) defined by the position wi(t) and velocity ẇi . Then, we 
define the kinetic energy as

K (t, T w) = 1
2
ψ

n∑

i=1

mi(Ti wi)
2. (2)

Clearly, if Ti = T = d/dt and ψ(t) ≡ 1 then we have K = 1
2

∑n
i=1 mi ẇ2

i , which returns the classic case of analytic mechan-

ics. We notice on passing that one could always adsorb the dissipative function factor by introducing T ψ
i := √

ψTi , so as 
K (t, T w) = 1

2
∑n

i=1 mi(T ψ
i wi)

2. Now, let us consider a Lagrangian simply composed of weighed the sum of the potential 
V (·, ·) and the kinetic energy

F (t, w, T w) =
n∑

i=1

F (t, wi, Ti wi) =
n∑

i=1

K (t, Ti wi) + γ V (t, w). (3)

Here we mostly assume γ ∈ R, so as the cognitive action gets a clear meaning in terms of regularization theory. However, 
it is important to notice that if γ = −1 the cognitive action strictly relates to classic action in mechanics. The consequences 
of different choices of γ will become more clear in the reminder of the paper. The classic problem of supervised learning 
is that of discovering wo = arg min A[w], where

A[w] =
t1∫

t0

F (t, w, T w) dt (4)

is the cognitive action of the system. While there is an intriguing analogy with analytic mechanics (see Table 1), we empha-
size that, while in mechanics we are only interested in stationary points of the mechanical action, in learning, we would 
also like to determine the minimum of cognitive action defined by equation (4). Interestingly, as we will see later, the strict 
connection with analytic mechanics also makes sense when considering strong dissipation (see also [6]).

Finally, a comment on the minimization of the cognitive action (4) is in order. In general, the problem makes sense 
whenever the Lagrangian is given all over [t0, t1]. The very nature of the problem results in the explicit time dependence of 
F (·, ·, ·), which, in turn, depends on the information coming from the interactions of the agent with the environment. As a 
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order higher than two will be proven to be of crucial importance 
for “cognitive laws”!

dissipation function: why do we need it?
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Potential energy 
as a loss function

supervised learning

1.1 Why Do Machines Need to Learn? 19

Human

Reinforcement
learning.

learning skills strongly exploit the temporal dimension and assume rel-
evant sequential structure. In particular, humans take actions in the environment so
as to maximize some notion of cumulative reward. These ideas have been exploited
also in machine learning, where this approach to concept acquisition is referred to
as reinforcement learning. The agent is given a certain objective, like interacting
with customers for flight tickets or for reaching the exit of a maze, and it receives
some information that can be used to drive its actions. Learning is often formulated
as a Markov decision process (MDP), and the algorithms typically utilize dynamic
programming techniques. In reinforcement learning neither input/output pairs are
presented, nor suboptimal actions are explicitly corrected.

1.1.5 CONSTRAINT-BASED LEARNING
While most classic methods of machine learning are covered in this book, the em-
phasis is on stimulating the reader towards a broader view of learning that relies on
the unifying concept of constraint. Just like humans, intelligent agents are expected
to live in an environment that imposes the fulfillment of constraints. Human vs math

constraints.
Of course, there

are very sophisticated social translations of this concept that are hard to express into
the world of intelligent agents. However, the metaphor is simple and clear: We want
our machines to be able to satisfy the constraints that characterize their interactions
with the environment. Perceptual data along with their relations, as well as abstract
knowledge granules on the task, are what we intend to express by the mathematical
notion of constraint. Unlike the generic concept used for describing human interac-
tions, we need a unambiguous linguistic description of constraints.

Pointwise
constraints.

Let us begin with supervised learning. It can be regarded just as a way of im-
posing special pointwise constraints. Once we have properly defined the encoding
π and the decoding h functions, the agent is expected to satisfy the conditions ex-
pressed by the training set L = {(x1, y1), . . . , (xℓ, yℓ)}. The perfect satisfaction
of the given pointwise constraints requires us to look for a function f such that
∀κ = 1, . . . , ℓ gives f (xκ ) = yκ . However, neither classification, nor regression
can strictly be regarded as pointwise constraints in that sense. The fundamental fea-
ture of any learning from examples scheme is that of tolerating errors in the training
set, so as the soft-fulfillment of constraints is definitely more appropriate than hard-
fulfillment. Error function (1.1.3) is a possible way of expressing soft-constraints,
that is based on the minimization of an appropriate penalty function. For example,
while error function (1.1.3) is adequate to naturally express classification tasks, in
case of regression, one isn’t happy with functions that satisfy the strong sign agree-
ment. We want to discover f that transforms the points xκ of the training set onto a
value f (xκ) = f(w, xκ ) ≃ yκ . For example, this can be done by choosing a quadratic
loss, so as we want to achieve small values for

E(w) =
ℓ∑

κ=1

(yκ − f(w, xκ ))2. (1.1.8)

Z t1

t0

x = x(t)

Z t1

t0

x

y

t

a degenerate form of time:
what is in between two examples?

V (t, w(t)) =
X̀

=1

(f(w(t), x(t))� y)�(t� t)
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Potential energy 
as a loss function (con’t)

unsupervised learning

x
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ij,y

C

C1

C2

C1
i,x

= '
ij,y

C
j,x�y

Figure 1: Convolutional computation in a deep network. The input is pro-
cessed by convolutional filters which transform C ! C1 ! C2 . Notice that
the features are extracted at di↵erent level on the same pixel x.

as all the involved fields, are defined on the domain D = X ⇥ [0 . . T ]. In
what follows, points on the retina will be represented with two dimensional
vectors x = (x1, x2) on a defined coordinate system on the retina. The
temporal coordinate is usually denoted by t, and, therefore, the video signal
on the pair (x, t) is C(x, t). For further convenience we also define the map
C
t

: X ! Rm so that C
t

(x) ⌘ C(x, t). The color field can be thought of
as a special field that is characterized by the RGB color components of any
single pixel; in this case m = 3.

Now, we are concerned with the problem of extracting visual features
that, unlike the components of the video, express the information associated
with the pair (x, t) and its spatial context. Basically, one would like to
extract visual features that characterize the information in the neighborhood
of pixel x. Kernel-based

computation

feature

extraction.

A possible way of constructing this kind of features is to define1

C1
i

(x, t) =
1

n
+

m�1
X

j=0

Z

X

dy '
ij

(x, y, t)C
j

(y, t) =
1

n
+ ('

t

⇥ C
t

)
i

(x). (1)

Here we assume that n symbols are generated from the m components of
the video. Notice that the kernel '(x, y, t) is responsible of expressing the
spatial dependencies, and that one could also extend the context in the
temporal dimension. However, the immersion in the temporal dimension
that arises from the formulation given in this paper makes it reasonable to

1
Throughout the paper we use the Einstein convention to simplify the equations.
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visual environment

retina

frame

time has a physical meaning here!
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Potential energy 
as a loss function (con’t)

unsupervised learning

mation favors the optimization under causality requirements. Hence,
the theory o↵ers an intriguing interpretation of the role of eye move-
ment and of sleep for the optimal development of visual features. In a
sense, the theory o↵ers a general framework for interpreting the impor-
tance of the day-night rhythm in the development of visual features.
When combined with newborns blurring, it contributes to a relaxation
dynamical process that turns out to be of fundamental importance for
the final purpose of optimization of the visual constraints.

3 Visual constraints

We can provide an interpretation of the processing carried out by our visual
agent in the framework of information theory. The basic idea is that the
agent produces a set of symbols from a given alphabet while processing the
video.

MMI principle. Let us define random variables X and T , which take
into account the spatial and temporal probability distribution, while Y is
used to specify the probability distribution over the possible symbols, and
F to specify the frames. In order to assess the information transfer from
X,T, F to Y we consider the corresponding mutual information I. Clearly,
it is zero whenever random variable Y is independent of X, T and F . The
mutual information can be expressed by

I(Y ;X,T, F ) = S(Y )� S(Y | X,T, F ). (4)

The conditional entropy S(Y | X,T, F ) is given by

S(Y | X,T, F ) = �
Z

⌦

n

X

i=1

dP
X,T,F

p
i

log p
i

(5)

where p
i

is the conditional probability of Y conditioned to the values of X, T
and F , dP

X,T,F

is the joint measure of the variable X,T, F , and ⌦ is a Borel
set in the (X,T, F ) space. The agent generates symbols y

i

, i = 1, . . . , n
along with the corresponding probabilities on the basis of input source that
is based on m symbols that are still given along with their probability. Now,
let us make two fundamental assumptions:

• The conditional probability p
i

(x, t, C), where C is a realization of ran-
dom variable F , is given by the i-th feature field C1

i

(x, t).

18

• Random variables X,T, F follows the ergodic-like assumption, Ergodic

assumption:

probabilistic

indices emerge

while living in

“wild visual

environments”

so as
we can perform the replacement:

Z

⌦
dP

X,T,F

�!
Z

D

dµ.

In what follows we will assume that the measure dµ(x, t) is f(x, t) dx dt.
Moreover, we assume that f(x, t) is factorized according to

f(x, t) = g(x� a(t))h(t), (6)

where a(t) is the trajectory of the focus of attention and h is monotonic
increasing function. This ergodic translation of the probabilistic measure
suggests that we pay attention where the eye is focussing attention, that is
in the neighborhood of a(t): This can be achieved by means of a function
g(x � a(t)) peaked on the focus of attention. Ergodic

translation:

more weight on

pixels of focus

of attention

and on “recent

visual cues.”

Such a trajectory is assumed
to be available but, as pointed out in Section 9, it can also be determined
in the overall framework of the theory presented in this paper. In addition,
ergodicity here means that we pay attention mostly on “recent visual life.”
Clearly, this very much depends on the choice of h. It is quite obvious
that the measure dµ = g(x� a(t))h(t)dxdt only makes sense provided that
the function h does not change significantly during statistically significant
portions of visual environments. Whenever these two assumptions hold, we
can rewrite the conditional entropy defined by Eq. (5) as

S(Y | X,T, F ) = �
Z

D

dµ(x, t)
n

X

i=1

C1
i

(x, t) logC1
i

(x, t). (7)

Similarly for the entropy of the variable Y we can write

S(Y ) = �
n

X

i=1

Pr(Y = y
i

) log Pr(Y = y
i

). (8)

Now, if we use the law of total probability to express Pr(Y = y
i

) in terms
of the conditional probability p

i

and use the above assumptions we get

Pr(Y = y
i

) =

Z

⌦
dP

X,T,F

p
i

=

Z

D

dµ(x, t)C1
i

(x, t). (9)

Then

S(Y ) = �
n

X

i=1

⇣

Z

D

dµ(x, t)C1
i

(x, t)
⌘

log
⇣

Z

D

dµ(x, t)C1
i

(x, t)
⌘

. (10)

19

• Random variables X,T, F follows the ergodic-like assumption, Ergodic

assumption:

probabilistic

indices emerge

while living in

“wild visual

environments”

so as
we can perform the replacement:

Z

⌦
dP

X,T,F

�!
Z

D

dµ.

In what follows we will assume that the measure dµ(x, t) is f(x, t) dx dt.
Moreover, we assume that f(x, t) is factorized according to

f(x, t) = g(x� a(t))h(t), (6)

where a(t) is the trajectory of the focus of attention and h is monotonic
increasing function. This ergodic translation of the probabilistic measure
suggests that we pay attention where the eye is focussing attention, that is
in the neighborhood of a(t): This can be achieved by means of a function
g(x � a(t)) peaked on the focus of attention. Ergodic

translation:

more weight on

pixels of focus

of attention

and on “recent

visual cues.”

Such a trajectory is assumed
to be available but, as pointed out in Section 9, it can also be determined
in the overall framework of the theory presented in this paper. In addition,
ergodicity here means that we pay attention mostly on “recent visual life.”
Clearly, this very much depends on the choice of h. It is quite obvious
that the measure dµ = g(x� a(t))h(t)dxdt only makes sense provided that
the function h does not change significantly during statistically significant
portions of visual environments. Whenever these two assumptions hold, we
can rewrite the conditional entropy defined by Eq. (5) as

S(Y | X,T, F ) = �
Z

D

dµ(x, t)
n

X

i=1

C1
i

(x, t) logC1
i

(x, t). (7)

Similarly for the entropy of the variable Y we can write

S(Y ) = �
n

X

i=1

Pr(Y = y
i

) log Pr(Y = y
i

). (8)

Now, if we use the law of total probability to express Pr(Y = y
i

) in terms
of the conditional probability p

i

and use the above assumptions we get

Pr(Y = y
i

) =

Z

⌦
dP

X,T,F

p
i

=

Z

D

dµ(x, t)C1
i

(x, t). (9)

Then

S(Y ) = �
n

X

i=1

⇣

Z

D

dµ(x, t)C1
i

(x, t)
⌘

log
⇣

Z

D

dµ(x, t)C1
i

(x, t)
⌘

. (10)
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V (t, w(t))

convolutional filter weights

x

x

x

x� y
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ij,y
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C1

C2

C1
i,x

= '
ij,y

C
j,x�y

Figure 1: Convolutional computation in a deep network. The input is pro-
cessed by convolutional filters which transform C ! C1 ! C2 . Notice that
the features are extracted at di↵erent level on the same pixel x.

as all the involved fields, are defined on the domain D = X ⇥ [0 . . T ]. In
what follows, points on the retina will be represented with two dimensional
vectors x = (x1, x2) on a defined coordinate system on the retina. The
temporal coordinate is usually denoted by t, and, therefore, the video signal
on the pair (x, t) is C(x, t). For further convenience we also define the map
C
t

: X ! Rm so that C
t

(x) ⌘ C(x, t). The color field can be thought of
as a special field that is characterized by the RGB color components of any
single pixel; in this case m = 3.

Now, we are concerned with the problem of extracting visual features
that, unlike the components of the video, express the information associated
with the pair (x, t) and its spatial context. Basically, one would like to
extract visual features that characterize the information in the neighborhood
of pixel x. Kernel-based

computation

feature

extraction.

A possible way of constructing this kind of features is to define1

C1
i

(x, t) =
1

n
+

m�1
X

j=0

Z

X

dy '
ij

(x, y, t)C
j

(y, t) =
1

n
+ ('

t

⇥ C
t

)
i

(x). (1)

Here we assume that n symbols are generated from the m components of
the video. Notice that the kernel '(x, y, t) is responsible of expressing the
spatial dependencies, and that one could also extend the context in the
temporal dimension. However, the immersion in the temporal dimension
that arises from the formulation given in this paper makes it reasonable to

1
Throughout the paper we use the Einstein convention to simplify the equations.

5

= U(w, u)
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that resemble laws of physics. The environmental interactions are modeled under
the general framework of constraints on the learning tasks. In the simplest case of
supervised learning we are given the collection L = {(tκ , x(tκ )), yκ }κ∈N of super-
vised pairs (x(tκ ), yκ ) over the temporal sequence {tκ}κ∈N. We assume that those
data are learned by a feedforward neural network characterized by the function
f(·, ·) : Rm × Rd → Rn,f(·, ·) :

Rn × Rd → Rn.
so the input x(t) is mapped to y(t) = f(w(t), x(t)).

Learning affects the synapses by changing the weights w(t) during the agent life tak-
ing place in the horizon T = [0, T ], where T can become pretty large, so that the
condition T → ∞ might be reasonable.

The environmental interactions take place over a temporal manifold, so the per-
ceptual input space X ∈ Rd is “traversed” by the map T → X ⊂ Rd : t → x(t).
The following analysis holds for different types of constraints, including the previous
pointwise constraints of supervised learning where each example xκ can be associ-
ated with the loss

(
V (t, w(t)) = f

(
w(t), x(t)) − yκ

)2 · δ(t − tκ). For example, the
soft-enforcement of a general unilateral constraint ψ̌ can be imposed by keeping as
low as possible the following associated potential function:

V (t, w(t)) = ψ̃
(
x(t), f(w(t), x(t))

)
(6.5.156)

where ψ̃ = (−ψ̌)+. Basically, the potential is the temporal counterpart of the penalty
function of the constraint. When looking at the neural network, we can regard w ∈
Rm as the Lagrangian coordinates of a virtual mechanical system, so the potential of
the system is defined in terms of the Lagrangian coordinates w. In this perspective,
as already noticed, we look for trajectories w(t) that possibly lead to configurations
with small potential energy. Following the duality with mechanics, we also introduce
the notion of kinetic energy. Now we parallel the notion of velocity by considering
how quickly the weights of the connections are changing. We can also dualize the
notion of mass mi > 0 of a certain particle by introducing the mass of a connection
weight. In so doing, the overall system is characterized by the conjugate variables
that correspond with the position wi(t) and velocity ẇi . Then we define the kinetic
energy as

K(ẇ) = 1
2

m∑

i=1

miẇ
2
i . (6.5.157)

Now let us consider a Lagrangian inspired from mechanics, which is split into the
potential V and the kinetic energy as

Fm(t, w, ẇ) =
m∑

i=1

F(t, wi, ẇi) =
m∑

i=1

K(t, ẇi) − V (t, w). (6.5.158)

The Lagrangian Fm has an intriguing meaning that arises when we explore the
underlying cognitive processes. Let us consider

F(t, w, ẇ) := ζ
(
t, ẋ(t)

)
Fm(t, w, ẇ) (6.5.159)

+
�V (t, w)

Cognitive Action

dissipation function  (t) = e✓t

F (t, w, ẇ) =  (t)Fm(t, w, ẇ)

A(w) =

Z t1

t0

F (t, w, Tw)dt

special case
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An action for visual features

A(w) =

Z T

0
e✓t

✓
µ

2
|ẅ|2 + ⌫

2
|ẇ|2 + �ẇẅ +

k

2
|w|2 + U(w, u)

◆
dt

3

sort of discount factor that leads to focus more on recent
information. If we pose µ = ↵+ �22 , ⌫ = �+ �21 , � = �2 · �2,
and ⇠ = 1, then Eq. (1) can be rewritten as

�(q) =

Z
T

0
e✓t

⇣µ
2

|q̈|2+ ⌫

2

|q̇|2+�q̇ · q̈+ k

2

|q|2+U
�
q, u

�⌘
dt.

(2)
The interpretation of learning by means of functional (2) is
especially interesting since, unlike the case of the classic
action in mechanics, it admits a minimum under appropriate
conditions. Of course, this property makes it more attractive
for machine learning.

Theorem 1: If the following coercivity conditions

µ > �22 , ⌫ > �21 , k > 0 (3)

hold true then functional �, defined by Eq. 2, admits a
minimum on the set

K = { q 2 H2
((0, T ),Rn

) | q(0) = q0, q̇(0) = q1 }.

Proof: See Appendix A.
A few qualitative comments are in order to understand this
result. First, we notice that, unlike mechanics, the choice
⇠ = 1 helps the lower boundedness of �. This is immediately
clear when � = 0, but the term q̇q̈ will be proven to
play a fundamental role for the approximation of stochastic
gradient dynamics. Interestingly, its sign contributes to develop
solutions that generate consistent learning trajectories while
minimizing �(q). Suppose the weights are growing, that is
q̇ > 0. Then a trajectory following q̈ < 0 yields a concave
function that clearly contributes to minimize �. Likewise, the
same holds for q̇ < 0 and q̈ > 0 acts coherently while
enforcing convexity of q. At the light of these comments, the
coercivity conditions (3) clearly contribute to impose a lower
bound on �. The reason is that the correspondent choices of
µ and ⌫ leads attribute a relevant weight to the second- and
first-order kinetic terms that, unlike �q̇q̈, are positive.

In order to determine the minimum, we must impose the
conditions for determining stationary points, which require the
fulfillment of the Euler-Lagrange equations. We will perform
the variation of � in the general assumption that µ, ⌫, �, k and
U have an explicit dependence on time. Although this does
not change the structure of the resulting differential equation,
it will turn out to be useful in the remainder of the paper. In
order to simplify the calculations of the variation we use the
following equivalent expression of �:

�(q) =

Z
T

0

⇣ µ̂(t)
2

|q̈(t)|2 + ⌫̂(t)

2

|q̇(t)|2 + �̂(t)q̇(t) · q̈(t)

+

ˆk(t)

2

|q(t)|2 + ˆU
�
t, q(t), u(t)

�⌘
dt;

(4)

where µ̂(t) = e✓tµ, ⌫̂(t) = e✓t⌫, �̂(t) = e✓t�, ˆk(t) = e✓tk,
and ˆU(t, q(t), u(t)) = e✓tU(q(t), u(t)). Now, let us consider
the variation v and define  (s) = �(q + sv), where s 2 R.
In the analysis below, we will repeatedly use the fact that
v(0) = v̇(0) = 0. This corresponds with the assignment of
the initial values q(0) and q̇(0). Since we want to provide a
causal computational framework for q(t), this is in fact the

first step towards this direction. The stationarity condition for
the functional � is  0

(0) = 0, 2

 0
(0) =

⇥
(µ̂q̈ + �̂q̇)v̇ +

�
⌫̂q̇ + �̂q̈ � (µ̂q̈ + �̂q̇)̇

�
v
⇤
t=T

+

Z
T

0

�
(µ̂q̈ + �̂q̇)̈ �

�
⌫̂q̇ + �̂q̈

�
˙ +r

q

ˆU
 
· v = 0.

According to the fundamental lemma of variational calculus,
if q is a minimum, the above expression should hold for all
the allowed variations v, so as we can proceed as follows:

1) Consider only the variations such that v(T ) = v̇(T ) = 0.
In this case  0

(0) = 0 yields the following differential
equations

µ̂q(4)+2

˙µ̂q(3)+(

¨µ̂+ ˙�̂�⌫̂)q̈+(

¨�̂� ˙⌫̂)q̇+ˆkq+r
q

ˆU = 0.
(5)

2) Because of Eq. (5),  0
(0) = 0 reduces to

⇥
(µ̂q̈+ �̂q̇)v̇+�

⌫̂q̇+ �̂q̈� (µ̂q̈+ �̂q̇)̇
�
v
⇤
t=T

= 0. Moreover, since v(T )
and v̇(T ) can be chosen independent one of each other,
then the vanishing of the first variation also implies that

µ̂q̈(T ) + �̂q̇(T ) = 0;

µ̂q(3)(T ) + ˙µ̂q̈(T ) + (

˙�̂ � ⌫̂)q̇(T ) = 0.
(6)

The set of triples (q̇(T ), q(2)(T ), q(3)(T )) that satisfy this
condition is denoted by N

T

. Now, if we restore the explicit
dependence of the coefficients on the term e✓t then Eq. (5)
reads

µq(4) + 2✓µq(3) + (✓2µ+ ✓� � ⌫)q̈ + (✓2� � ✓⌫)q̇

+ kq +r
q

U(q, u) = 0.
(7)

These equations are referred to as the Cognitive Action Laws
(CAL) of learning. Notice that the eventual non-linearity in
this differential equation resides entirely in the gradient term;
the remaining part is a linear ODE. When joining the result
stated by Theorem 1 and the above analysis, we can state the
following theorem:

Theorem 2: If the weight function q? 2 K that satisfies
the CAL equations (7) is consistent with the right-boundary
conditions (6) then it is the argument of the minimum of �(q).

Notice that the two initial conditions on q(0) = q0, q̇(0) = q1,
along with the right-boundary conditions (6), guarantee the
existence of the minimum. While this is an interesting result,
unfortunately, Theorem 2 does not offer a direct computational
scheme for determining the minimum. There is in fact the
typical causality issue that arises whenever one wants to
optimize over time. Basically, the additional Neumann-like
conditions (6) may be in conflict with the Cauchy conditions
to be used for a causal solution. As pointed out in the
introduction, this was in fact one of important problem left
unsolved in [7]. In the next section, however, we will show
that a careful modulation of the input signal u(t), that does not
change the nature of the learning and inference task, allows us
to establish a causal computational scheme that verifies, with
an arbitrary degree of precision, the conditions (6).

2Here and in the rest of the paper, we sometimes simplify the notation by
removing the explicit dependence on time.

coercivity conditions

minimum under initial conditions w(0) = w0, ẇ = w1

Theorem (Betti et al, arxiv 2018)

intuition …

� = �1�2
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Table 6.3 Links between the natural learning theory and classical mechanics.

Natural Learning Theory ! Mechan-
ics

Remarks

wi ! qi Weights are interpreted as generalized coor-
dinates.

ẇi ! q̇i Weights variations are interpreted as gener-
alized velocities.

υi ! pi The conjugate momentum to the weights is
defined by using the machinery of Legendre
transforms.

A(w) ! S(q) The cognitive action is the dual of the action
in mechanics.

F(t, w, ẇ) ! L(t, q, q̇) The Lagrangian F is associated with the
classic Lagrangian L in mechanics.

H(t, w, υ) ! H(t, q, p) When using w and υ, we can define the
Hamiltonian, just like in mechanics.

As it will be shown later, these conditions can be guaranteed if we assume that long-life learn-
ing undergoes a day–night rhythm scheme. Such a scheme follows the corresponding human
metaphor: The perceptual information is only provided during the day, while the agent “sleeps”
at night without receiving any perceptual information, which is translated into the condition
ẋ = 0. We assume to undergo a long-life learning scheme which repeats days of life according
to the above rhythmic scheme. Before discussing this assumption, we start noticing that in per-
ceptual tasks, the day-night rhythm doesn’t alter the semantics that can be captured from the
environmental information flow. Hence, just like an uninterrupted flow, this rhythmic interac-
tion keeps the semantics, but favors the simplicity and the effectiveness of learning processes,
since the lack of night stimulus facilitates the verification of the condition (6.5.162) on the
right border. Unlike an uninterrupted flow, the day–night rhythm allows us small weight up-
dates from consecutive days. Hence, if w(tκ ) is the weight vector at the end of day κ , the
day after, the weight w(tκ+1) ≃ w(tκ ), which facilitates the approximation of the condition
ẇ(t = tκ+2) = 0. Now let’s write the equations of the weights wi(t) of the synaptic connec-
tions.

If we pose D = d/dt then the Euler–Lagrange equation DF ′
wi

−F ′
i = 0 becomes

miẅi + ζ̇

ζ
ẇi + V ′

wi
= 0. (6.5.163)

As we can see, the developmental function ζ , which is always positive, strongly af-
fects the neurodynamics. In order to start understanding its effect, suppose that there
is no focus of attention, that is, dϕ(ẋ(t))/dt := ϕ̇ = 0. In this case the above equation
reduces to

miẅi + ρ̇

ρ
ẇi + V ′

wi
= miẅi + θẇi + V ′

wi
= 0, (6.5.164)

Natural laws of cognition
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consequence, if there is no restriction on the nature of this interaction then the optimization problem does require all the 
information coming in the [t0, t1] interval. However, the environmental interactions that are of interest in this paper are 
those that are typically associated with learning processes, where after the agent has inspected a certain amount of infor-
mation, it makes sense to involve it in predictions on the future. Hence, whenever we deal with a truly learning environment, 
in which the agent is expected to capture regularities in the inspected data, as it will be shown, the minimization problem 
becomes well-posed and nicely fits in the context of on-line learning.

3. Euler–Lagrange laws of learning

Let us consider the minimization of functional A[·] defined by equation (4). Throughout the paper, we assume that 
the linear operators T admits the adjoint T ⋆ . As stated in the following proposition, the coefficients of T ⋆ come directly 
from T ’s.

Proposition 3.1. Given the linear differential operator T of degree ℓ, defined by (1), its adjoint operator is also a linear differential 
operator of the same degree with coefficients

βκ (t) =
∑

j≥κ

(−1) j
(

j
κ

)
α( j−κ)

j (t) (5)

Proof. If we use Leibniz formula, we have

d j

dt j
(α j(t) · χ(t)) =

j∑

κ=0

(
j
κ

)
α( j−κ)

j (t)
dκχ

dtκ
(t).

From the definition of adjoint operator, we can easily see that, if we pose D j := d j/dt j , then its adjoint is (D j)⋆ = (−1) j D j . 
Then we get

T ⋆(t) =
ℓ∑

j=0

(−1) j
j∑

κ=0

(
j
κ

)
α( j−κ)

j (t)
dκ

dtκ

=
ℓ∑

κ=0

∑

j≥κ

(−1) j
(

j
κ

)
α( j−κ)

j (t)
dκ

dtκ
≡

ℓ∑

k=0

βk(t)
dk

dtk

from which the thesis follows. ✷

Let us calculate the variation of the functional (4), in the case n = 1, over the interval [t0, t1] by assuming that2 the sta-
tionary point w(·) has end-points (t0, w(κ)(t0)) and (t1, w(κ)(t1)) with κ = 0, . . . , ℓ −1. Let us consider w̌(t) = w(t) + ϵξ(t), 
where ξ(·) is a variation and ϵ ∈ R. Clearly, the conditions on the boundaries on w(κ) yield corresponding conditions on 
the variation

ξ (κ)(t0) = ξ (κ)(t1) = 0, κ = 0, . . . ,ℓ − 1. (6)

Then we have

δA = A[w̌] − A[w]

=
t1∫

t0

[F (t, w + ϵξ, T w + ϵT ξ) − F (t, w, T w)]dt

= ϵ ·
t1∫

t0

[F w · ξ + F T w · T ξ ]dt + O(ϵ2).

Now, because of conditions (6), the second term can be expressed by

t1∫

t0

F T w · T ξ dt =
t1∫

t0

(T ⋆ F T w) · ξ dt.

2 Here, we use the κ-order derivative notation Dκ w := w(κ) and, for κ = 0, we assume w0 := w .
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Hence, we get

δA = ϵ ·
t1∫

t0

[F w + T ⋆ F T w ] · ξ dt.

When imposing the stationary condition δA = 0, because of the fundamental lemma of variational calculus we get

F w + T ⋆ F T w = 0. (7)

Now we can easily see that the above result can be generalized to the set of variables wi , i = 1, . . . , n. Let us consider 
the general case in which we use an operator Ti for each variable wi . In this case the variation turns out to be

δA = ϵ ·
t2∫

t1

n∑

i=1

(F wi + T ⋆
i F Ti wi ) · ξi dt.

Finally, this analysis leads to a necessary condition for the stationary of functional A, that is given in the following theorem.

Theorem 3.1. Let us assume that we are given the values of w(κ)(t0) and w(κ)(t1) with κ = 0, . . . , ℓ − 1. Then functional (4) admits 
a stationary point wi, i = 1, . . . , n, provided that

F wi + T ⋆
i F Ti wi = 0 i = 1, . . . ,n. (8)

Remark 3.1. The proof of the theorem follows the classic principles of variational calculus to determine stationary points 
(see e.g. [7,8]). The only specific issue that arises in the given result concerns the presence of operators Ti instead of the 
single derivatives, which plays an important role in the reminder of the paper.

Remark 3.2. In the formulation of learning, one cannot typically rely on the boundary conditions that are assumed in 
the theorem, whereas it makes sense to make assumptions on the initial conditions w(κ)(t0), κ = 0, . . . , 2ℓ − 1 (Cauchy 
conditions). Interestingly, in case in which the Euler–Lagrange equations (8) are asymptotically stable, the effect of the 
initial condition vanishes as t → ∞. In this paper we are mostly interested in exploring the environmental interactions of 
the agent under asymptotic stability.

Remark 3.3. Equations (8) have been derived under the assumption that we are given the end-points (t0, wκ (t0)) and 
(t1, wκ (t1)) with κ = 0, . . . , ℓ − 1. While they represent a necessary condition for stationarity, their integration requires 
the knowledge of the boundary condition, which leads to a batch-mode formulation of learning. This is related to the 
comments at the end of Section 2 concerning the on-line formulation of learning. However, if the learning environment is 
periodic with period τ and nτ pairs in each period, that is if (u(ti), si) = (u(ti + τ ), si+nτ ), there is experimental evidence 
to claim that the causality issue raised at the end of Section 2 disappears [9]. Basically, the on-line learning on periodic 
learning environment returns a solution that very well approximates the one corresponding to the batch-mode. A more 
interesting case, that is worth investigating, is the one of almost periodic [10] environments in which, roughly speaking, 
τ can depend on t . The restriction to truly learning online environments, in which the regularities can be captured because 
of underlining statistical assumptions, might be better captured by boundary conditions different with respect to those 
expressed by equations (6). For example, in the simplest case of T = D , one can impose that the weights converge over large 
intervals, which corresponds with the transversality condition [8] on the right border F T wi

(t, wi, T wi)|t=t1 ≃ 0. However, in 
this paper, we do not address this issue, whereas we explore the behavior of equations (8) by means of an analysis based 
on “energy balance”.

Finally, it is also worth mentioning that the given Euler–Lagrange equations get to stationary points and, therefore, 
depending the learning task, the actual minimization of the cognitive action might not be achieved. This is somewhat related 
to the classic framework of supervised learning, where the discovering of optimal solutions also in finite-dimensional spaces 
may led to suboptimal solutions [11].

In the case of the cognitive action defined by the Lagrangian of equation (3) we have

T ⋆
i (ψTi wi) + γ V wi = 0 i = 1, . . . ,n. (9)

JID:TCS AID:10299 /FLA Doctopic: Theory of natural computing [m3G; v1.157; Prn:9/07/2015; 15:27] P.5 (1-17)

A. Betti, M. Gori / Theoretical Computer Science ••• (••••) •••–••• 5

Hence, we get

δA = ϵ ·
t1∫

t0

[F w + T ⋆ F T w ] · ξ dt.

When imposing the stationary condition δA = 0, because of the fundamental lemma of variational calculus we get

F w + T ⋆ F T w = 0. (7)

Now we can easily see that the above result can be generalized to the set of variables wi , i = 1, . . . , n. Let us consider 
the general case in which we use an operator Ti for each variable wi . In this case the variation turns out to be

δA = ϵ ·
t2∫

t1

n∑

i=1

(F wi + T ⋆
i F Ti wi ) · ξi dt.

Finally, this analysis leads to a necessary condition for the stationary of functional A, that is given in the following theorem.

Theorem 3.1. Let us assume that we are given the values of w(κ)(t0) and w(κ)(t1) with κ = 0, . . . , ℓ − 1. Then functional (4) admits 
a stationary point wi, i = 1, . . . , n, provided that

F wi + T ⋆
i F Ti wi = 0 i = 1, . . . ,n. (8)

Remark 3.1. The proof of the theorem follows the classic principles of variational calculus to determine stationary points 
(see e.g. [7,8]). The only specific issue that arises in the given result concerns the presence of operators Ti instead of the 
single derivatives, which plays an important role in the reminder of the paper.

Remark 3.2. In the formulation of learning, one cannot typically rely on the boundary conditions that are assumed in 
the theorem, whereas it makes sense to make assumptions on the initial conditions w(κ)(t0), κ = 0, . . . , 2ℓ − 1 (Cauchy 
conditions). Interestingly, in case in which the Euler–Lagrange equations (8) are asymptotically stable, the effect of the 
initial condition vanishes as t → ∞. In this paper we are mostly interested in exploring the environmental interactions of 
the agent under asymptotic stability.

Remark 3.3. Equations (8) have been derived under the assumption that we are given the end-points (t0, wκ (t0)) and 
(t1, wκ (t1)) with κ = 0, . . . , ℓ − 1. While they represent a necessary condition for stationarity, their integration requires 
the knowledge of the boundary condition, which leads to a batch-mode formulation of learning. This is related to the 
comments at the end of Section 2 concerning the on-line formulation of learning. However, if the learning environment is 
periodic with period τ and nτ pairs in each period, that is if (u(ti), si) = (u(ti + τ ), si+nτ ), there is experimental evidence 
to claim that the causality issue raised at the end of Section 2 disappears [9]. Basically, the on-line learning on periodic 
learning environment returns a solution that very well approximates the one corresponding to the batch-mode. A more 
interesting case, that is worth investigating, is the one of almost periodic [10] environments in which, roughly speaking, 
τ can depend on t . The restriction to truly learning online environments, in which the regularities can be captured because 
of underlining statistical assumptions, might be better captured by boundary conditions different with respect to those 
expressed by equations (6). For example, in the simplest case of T = D , one can impose that the weights converge over large 
intervals, which corresponds with the transversality condition [8] on the right border F T wi

(t, wi, T wi)|t=t1 ≃ 0. However, in 
this paper, we do not address this issue, whereas we explore the behavior of equations (8) by means of an analysis based 
on “energy balance”.

Finally, it is also worth mentioning that the given Euler–Lagrange equations get to stationary points and, therefore, 
depending the learning task, the actual minimization of the cognitive action might not be achieved. This is somewhat related 
to the classic framework of supervised learning, where the discovering of optimal solutions also in finite-dimensional spaces 
may led to suboptimal solutions [11].

In the case of the cognitive action defined by the Lagrangian of equation (3) we have

T ⋆
i (ψTi wi) + γ V wi = 0 i = 1, . . . ,n. (9)
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consequence, if there is no restriction on the nature of this interaction then the optimization problem does require all the 
information coming in the [t0, t1] interval. However, the environmental interactions that are of interest in this paper are 
those that are typically associated with learning processes, where after the agent has inspected a certain amount of infor-
mation, it makes sense to involve it in predictions on the future. Hence, whenever we deal with a truly learning environment, 
in which the agent is expected to capture regularities in the inspected data, as it will be shown, the minimization problem 
becomes well-posed and nicely fits in the context of on-line learning.

3. Euler–Lagrange laws of learning

Let us consider the minimization of functional A[·] defined by equation (4). Throughout the paper, we assume that 
the linear operators T admits the adjoint T ⋆ . As stated in the following proposition, the coefficients of T ⋆ come directly 
from T ’s.

Proposition 3.1. Given the linear differential operator T of degree ℓ, defined by (1), its adjoint operator is also a linear differential 
operator of the same degree with coefficients

βκ (t) =
∑

j≥κ

(−1) j
(

j
κ

)
α( j−κ)

j (t) (5)

Proof. If we use Leibniz formula, we have

d j

dt j
(α j(t) · χ(t)) =

j∑

κ=0

(
j
κ

)
α( j−κ)

j (t)
dκχ

dtκ
(t).

From the definition of adjoint operator, we can easily see that, if we pose D j := d j/dt j , then its adjoint is (D j)⋆ = (−1) j D j . 
Then we get

T ⋆(t) =
ℓ∑

j=0

(−1) j
j∑

κ=0

(
j
κ

)
α( j−κ)

j (t)
dκ

dtκ

=
ℓ∑

κ=0

∑

j≥κ

(−1) j
(

j
κ

)
α( j−κ)

j (t)
dκ

dtκ
≡

ℓ∑

k=0

βk(t)
dk

dtk

from which the thesis follows. ✷

Let us calculate the variation of the functional (4), in the case n = 1, over the interval [t0, t1] by assuming that2 the sta-
tionary point w(·) has end-points (t0, w(κ)(t0)) and (t1, w(κ)(t1)) with κ = 0, . . . , ℓ −1. Let us consider w̌(t) = w(t) + ϵξ(t), 
where ξ(·) is a variation and ϵ ∈ R. Clearly, the conditions on the boundaries on w(κ) yield corresponding conditions on 
the variation

ξ (κ)(t0) = ξ (κ)(t1) = 0, κ = 0, . . . ,ℓ − 1. (6)

Then we have

δA = A[w̌] − A[w]

=
t1∫

t0

[F (t, w + ϵξ, T w + ϵT ξ) − F (t, w, T w)]dt

= ϵ ·
t1∫

t0

[F w · ξ + F T w · T ξ ]dt + O(ϵ2).

Now, because of conditions (6), the second term can be expressed by

t1∫

t0

F T w · T ξ dt =
t1∫

t0

(T ⋆ F T w) · ξ dt.

2 Here, we use the κ-order derivative notation Dκ w := w(κ) and, for κ = 0, we assume w0 := w .
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Hence, we get

δA = ϵ ·
t1∫

t0

[F w + T ⋆ F T w ] · ξ dt.

When imposing the stationary condition δA = 0, because of the fundamental lemma of variational calculus we get

F w + T ⋆ F T w = 0. (7)

Now we can easily see that the above result can be generalized to the set of variables wi , i = 1, . . . , n. Let us consider 
the general case in which we use an operator Ti for each variable wi . In this case the variation turns out to be

δA = ϵ ·
t2∫

t1

n∑

i=1

(F wi + T ⋆
i F Ti wi ) · ξi dt.

Finally, this analysis leads to a necessary condition for the stationary of functional A, that is given in the following theorem.

Theorem 3.1. Let us assume that we are given the values of w(κ)(t0) and w(κ)(t1) with κ = 0, . . . , ℓ − 1. Then functional (4) admits 
a stationary point wi, i = 1, . . . , n, provided that

F wi + T ⋆
i F Ti wi = 0 i = 1, . . . ,n. (8)

Remark 3.1. The proof of the theorem follows the classic principles of variational calculus to determine stationary points 
(see e.g. [7,8]). The only specific issue that arises in the given result concerns the presence of operators Ti instead of the 
single derivatives, which plays an important role in the reminder of the paper.

Remark 3.2. In the formulation of learning, one cannot typically rely on the boundary conditions that are assumed in 
the theorem, whereas it makes sense to make assumptions on the initial conditions w(κ)(t0), κ = 0, . . . , 2ℓ − 1 (Cauchy 
conditions). Interestingly, in case in which the Euler–Lagrange equations (8) are asymptotically stable, the effect of the 
initial condition vanishes as t → ∞. In this paper we are mostly interested in exploring the environmental interactions of 
the agent under asymptotic stability.

Remark 3.3. Equations (8) have been derived under the assumption that we are given the end-points (t0, wκ (t0)) and 
(t1, wκ (t1)) with κ = 0, . . . , ℓ − 1. While they represent a necessary condition for stationarity, their integration requires 
the knowledge of the boundary condition, which leads to a batch-mode formulation of learning. This is related to the 
comments at the end of Section 2 concerning the on-line formulation of learning. However, if the learning environment is 
periodic with period τ and nτ pairs in each period, that is if (u(ti), si) = (u(ti + τ ), si+nτ ), there is experimental evidence 
to claim that the causality issue raised at the end of Section 2 disappears [9]. Basically, the on-line learning on periodic 
learning environment returns a solution that very well approximates the one corresponding to the batch-mode. A more 
interesting case, that is worth investigating, is the one of almost periodic [10] environments in which, roughly speaking, 
τ can depend on t . The restriction to truly learning online environments, in which the regularities can be captured because 
of underlining statistical assumptions, might be better captured by boundary conditions different with respect to those 
expressed by equations (6). For example, in the simplest case of T = D , one can impose that the weights converge over large 
intervals, which corresponds with the transversality condition [8] on the right border F T wi

(t, wi, T wi)|t=t1 ≃ 0. However, in 
this paper, we do not address this issue, whereas we explore the behavior of equations (8) by means of an analysis based 
on “energy balance”.

Finally, it is also worth mentioning that the given Euler–Lagrange equations get to stationary points and, therefore, 
depending the learning task, the actual minimization of the cognitive action might not be achieved. This is somewhat related 
to the classic framework of supervised learning, where the discovering of optimal solutions also in finite-dimensional spaces 
may led to suboptimal solutions [11].

In the case of the cognitive action defined by the Lagrangian of equation (3) we have

T ⋆
i (ψTi wi) + γ V wi = 0 i = 1, . . . ,n. (9)
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Hence, we get

δA = ϵ ·
t1∫

t0

[F w + T ⋆ F T w ] · ξ dt.

When imposing the stationary condition δA = 0, because of the fundamental lemma of variational calculus we get

F w + T ⋆ F T w = 0. (7)

Now we can easily see that the above result can be generalized to the set of variables wi , i = 1, . . . , n. Let us consider 
the general case in which we use an operator Ti for each variable wi . In this case the variation turns out to be

δA = ϵ ·
t2∫

t1

n∑

i=1

(F wi + T ⋆
i F Ti wi ) · ξi dt.

Finally, this analysis leads to a necessary condition for the stationary of functional A, that is given in the following theorem.

Theorem 3.1. Let us assume that we are given the values of w(κ)(t0) and w(κ)(t1) with κ = 0, . . . , ℓ − 1. Then functional (4) admits 
a stationary point wi, i = 1, . . . , n, provided that

F wi + T ⋆
i F Ti wi = 0 i = 1, . . . ,n. (8)

Remark 3.1. The proof of the theorem follows the classic principles of variational calculus to determine stationary points 
(see e.g. [7,8]). The only specific issue that arises in the given result concerns the presence of operators Ti instead of the 
single derivatives, which plays an important role in the reminder of the paper.

Remark 3.2. In the formulation of learning, one cannot typically rely on the boundary conditions that are assumed in 
the theorem, whereas it makes sense to make assumptions on the initial conditions w(κ)(t0), κ = 0, . . . , 2ℓ − 1 (Cauchy 
conditions). Interestingly, in case in which the Euler–Lagrange equations (8) are asymptotically stable, the effect of the 
initial condition vanishes as t → ∞. In this paper we are mostly interested in exploring the environmental interactions of 
the agent under asymptotic stability.

Remark 3.3. Equations (8) have been derived under the assumption that we are given the end-points (t0, wκ (t0)) and 
(t1, wκ (t1)) with κ = 0, . . . , ℓ − 1. While they represent a necessary condition for stationarity, their integration requires 
the knowledge of the boundary condition, which leads to a batch-mode formulation of learning. This is related to the 
comments at the end of Section 2 concerning the on-line formulation of learning. However, if the learning environment is 
periodic with period τ and nτ pairs in each period, that is if (u(ti), si) = (u(ti + τ ), si+nτ ), there is experimental evidence 
to claim that the causality issue raised at the end of Section 2 disappears [9]. Basically, the on-line learning on periodic 
learning environment returns a solution that very well approximates the one corresponding to the batch-mode. A more 
interesting case, that is worth investigating, is the one of almost periodic [10] environments in which, roughly speaking, 
τ can depend on t . The restriction to truly learning online environments, in which the regularities can be captured because 
of underlining statistical assumptions, might be better captured by boundary conditions different with respect to those 
expressed by equations (6). For example, in the simplest case of T = D , one can impose that the weights converge over large 
intervals, which corresponds with the transversality condition [8] on the right border F T wi

(t, wi, T wi)|t=t1 ≃ 0. However, in 
this paper, we do not address this issue, whereas we explore the behavior of equations (8) by means of an analysis based 
on “energy balance”.

Finally, it is also worth mentioning that the given Euler–Lagrange equations get to stationary points and, therefore, 
depending the learning task, the actual minimization of the cognitive action might not be achieved. This is somewhat related 
to the classic framework of supervised learning, where the discovering of optimal solutions also in finite-dimensional spaces 
may led to suboptimal solutions [11].

In the case of the cognitive action defined by the Lagrangian of equation (3) we have

T ⋆
i (ψTi wi) + γ V wi = 0 i = 1, . . . ,n. (9)

Cognitive Action Laws as Euler-Lagrange equations
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Hence, we get

δA = ϵ ·
t1∫

t0

[F w + T ⋆ F T w ] · ξ dt.

When imposing the stationary condition δA = 0, because of the fundamental lemma of variational calculus we get

F w + T ⋆ F T w = 0. (7)

Now we can easily see that the above result can be generalized to the set of variables wi , i = 1, . . . , n. Let us consider 
the general case in which we use an operator Ti for each variable wi . In this case the variation turns out to be

δA = ϵ ·
t2∫

t1

n∑

i=1

(F wi + T ⋆
i F Ti wi ) · ξi dt.

Finally, this analysis leads to a necessary condition for the stationary of functional A, that is given in the following theorem.

Theorem 3.1. Let us assume that we are given the values of w(κ)(t0) and w(κ)(t1) with κ = 0, . . . , ℓ − 1. Then functional (4) admits 
a stationary point wi, i = 1, . . . , n, provided that

F wi + T ⋆
i F Ti wi = 0 i = 1, . . . ,n. (8)

Remark 3.1. The proof of the theorem follows the classic principles of variational calculus to determine stationary points 
(see e.g. [7,8]). The only specific issue that arises in the given result concerns the presence of operators Ti instead of the 
single derivatives, which plays an important role in the reminder of the paper.

Remark 3.2. In the formulation of learning, one cannot typically rely on the boundary conditions that are assumed in 
the theorem, whereas it makes sense to make assumptions on the initial conditions w(κ)(t0), κ = 0, . . . , 2ℓ − 1 (Cauchy 
conditions). Interestingly, in case in which the Euler–Lagrange equations (8) are asymptotically stable, the effect of the 
initial condition vanishes as t → ∞. In this paper we are mostly interested in exploring the environmental interactions of 
the agent under asymptotic stability.

Remark 3.3. Equations (8) have been derived under the assumption that we are given the end-points (t0, wκ (t0)) and 
(t1, wκ (t1)) with κ = 0, . . . , ℓ − 1. While they represent a necessary condition for stationarity, their integration requires 
the knowledge of the boundary condition, which leads to a batch-mode formulation of learning. This is related to the 
comments at the end of Section 2 concerning the on-line formulation of learning. However, if the learning environment is 
periodic with period τ and nτ pairs in each period, that is if (u(ti), si) = (u(ti + τ ), si+nτ ), there is experimental evidence 
to claim that the causality issue raised at the end of Section 2 disappears [9]. Basically, the on-line learning on periodic 
learning environment returns a solution that very well approximates the one corresponding to the batch-mode. A more 
interesting case, that is worth investigating, is the one of almost periodic [10] environments in which, roughly speaking, 
τ can depend on t . The restriction to truly learning online environments, in which the regularities can be captured because 
of underlining statistical assumptions, might be better captured by boundary conditions different with respect to those 
expressed by equations (6). For example, in the simplest case of T = D , one can impose that the weights converge over large 
intervals, which corresponds with the transversality condition [8] on the right border F T wi

(t, wi, T wi)|t=t1 ≃ 0. However, in 
this paper, we do not address this issue, whereas we explore the behavior of equations (8) by means of an analysis based 
on “energy balance”.

Finally, it is also worth mentioning that the given Euler–Lagrange equations get to stationary points and, therefore, 
depending the learning task, the actual minimization of the cognitive action might not be achieved. This is somewhat related 
to the classic framework of supervised learning, where the discovering of optimal solutions also in finite-dimensional spaces 
may led to suboptimal solutions [11].

In the case of the cognitive action defined by the Lagrangian of equation (3) we have
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reduction to mechanics

Let us assume that ∀i = 1, . . . , n : Ti = T = D be, and let γ = −1 be. Then we consider the Lagrangian

F (t, w, T w) = 1
2
ψ

n∑

i=1

mi(D wi)
2 − ψ V (w)

where ψ = eθt . Then the Euler–Lagrange equations (see Theorem 3.1) become

D2 wi + θ D wi + V wi = 0 i = 1, . . . ,n, (10)

which corresponds with damping oscillators in classic mechanics. Here we can promptly see the role of function ψ(·) in 
the birth of dissipation. Moreover, the role of γ = −1 becomes clear in order to attach the classic meaning of potential to 
function V . In addition, this is fully coherent with the definition of action, where the Lagrangian is L = K − V .

even-order γ sign flip

Let us consider the case T = αo + α1 D + α2 D2 and ψ(t) = eθt .
From Proposition 3.1, we have T ⋆ = αo − α1 D + α2 D2 and we can easily see that the EL-equations becomes

D4 wi + β3 D3 wi + β2 D2 wi + β1 D wi + βo wi + γ

α2
2mi

V wi = 0 (11)

where

βo := αoα2θ
2 − αoα1θ + α2

o

α2
2

β1 := α1α2θ
2 + (2αoα2 − α2

1)θ

α2
2

β2 := α2
2θ2 + α1α2θ + 2αoα2 − α2

1

α2
2

β3 := 2θ .

The comparison with equation (10) reveals and interesting difference which involves the role of the sign of γ in stability. 
While in mechanics we have γ = −1, when involving the second-order differential operator of this example, in order to get 
stability, from Routh–Hurwitz stability criterion we immediately conclude that γ > 0 is a necessary condition. This can be 
straightforwardly extended to any even order of T . In this paper, this property is referred to as γ sign flip, and motivates 
the study of high-order operators.

4. Dissipative Hamiltonian formulation of learning

Now we use Legendre transform in order to obtain the Hamiltonian formulation of the problem. We introduce the 
notations ḟ i := Ti f i and f̊ i := T ⋆

i f i , so as equations (8) can be re-written as

F wi + F̊ ẇi = 0 i = 1,2, . . . ,n. (12)

Now, let us introduce the conjugate momentum υi

υi := ∂ F
∂ ẇi

. (13)

Likewise, we define the Hamiltonian as

H(t, w,υ) :=
n∑

i=1

υi ẇ i − F (t, w, ẇ), (14)

where ẇi must be thought of as functions of wi and υi .

Theorem 4.1. The Euler–Lagrange equations (8) are equivalent to the 2n Hamilton equations

ẇi = ∂ H
∂υi

, (15)

υ̊i = ∂ H
∂ wi

. (16)

C
auchy and boundary conditions: causality issues strong dissipation corresponds with gradient descent!

Betti & Gori, TCS-2016
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Figure 2: (a) Time spacing of inputs in the low dissipation configuration. The supervisions are close one to
the other and the system reacts to several impulses almost independently. (b) Time spacing of two consec-
utive inputs in the high dissipation configuration. Impulses come after the system has had already time to
respond to the previous ones, such that the value of the weights at (K + 1)⌧ significantly depends on the
impulse at K⌧ .

root is chosen to have a negative real part close to the origin, so as to guarantee memory

for the weights, i.e. �1 = �1 · 10�8. The order `=2 requires to verify the condition

2✓ = �(�1 + �2 + �3 + �4), that can be satisfied by �2 = �0.6, �3 = �0.65 and

�4 ⇡ �0.749, where |�1| + |�4| = 0.75

6. Since the model is defined by specifying

the roots, we can assume that the term ↵2, appearing in the learning rate ⌘, is equal to220

one.

Starting from null Cauchy conditions, that can be arbitrarily chosen because of the

asymptotic stability assumption, we update the weights with the procedure described

in Algorithm 1, that implements the discretized system of eq. (17). We assume a pe-

riodic repetition of the input trajectory for a given number of times (epochs). Each225

supervision is assumed to be placed in the middle of the sampling interval, such that

the corresponding values of the parameters mtmp
, btmp in the learning trajectory are

computed and used to evaluate the loss function. In this experimental setting and in the

following, we exploited a quadratic loss function for V (·, ·).

As shown in Figure 3, the two weights converge to their true values in the target230

6We just choose a memory root, then we split the quantity 2✓ almost equally among the others roots,
avoiding them to be too close which typically lead to numerical error.
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reduction to mechanics

Let us assume that ∀i = 1, . . . , n : Ti = T = D be, and let γ = −1 be. Then we consider the Lagrangian

F (t, w, T w) = 1
2
ψ

n∑

i=1

mi(D wi)
2 − ψ V (w)

where ψ = eθt . Then the Euler–Lagrange equations (see Theorem 3.1) become

D2 wi + θ D wi + V wi = 0 i = 1, . . . ,n, (10)

which corresponds with damping oscillators in classic mechanics. Here we can promptly see the role of function ψ(·) in 
the birth of dissipation. Moreover, the role of γ = −1 becomes clear in order to attach the classic meaning of potential to 
function V . In addition, this is fully coherent with the definition of action, where the Lagrangian is L = K − V .

even-order γ sign flip

Let us consider the case T = αo + α1 D + α2 D2 and ψ(t) = eθt .
From Proposition 3.1, we have T ⋆ = αo − α1 D + α2 D2 and we can easily see that the EL-equations becomes

D4 wi + β3 D3 wi + β2 D2 wi + β1 D wi + βo wi + γ

α2
2mi

V wi = 0 (11)

where

βo := αoα2θ
2 − αoα1θ + α2

o

α2
2

β1 := α1α2θ
2 + (2αoα2 − α2

1)θ

α2
2

β2 := α2
2θ2 + α1α2θ + 2αoα2 − α2

1

α2
2

β3 := 2θ .

The comparison with equation (10) reveals and interesting difference which involves the role of the sign of γ in stability. 
While in mechanics we have γ = −1, when involving the second-order differential operator of this example, in order to get 
stability, from Routh–Hurwitz stability criterion we immediately conclude that γ > 0 is a necessary condition. This can be 
straightforwardly extended to any even order of T . In this paper, this property is referred to as γ sign flip, and motivates 
the study of high-order operators.

4. Dissipative Hamiltonian formulation of learning

Now we use Legendre transform in order to obtain the Hamiltonian formulation of the problem. We introduce the 
notations ḟ i := Ti f i and f̊ i := T ⋆

i f i , so as equations (8) can be re-written as

F wi + F̊ ẇi = 0 i = 1,2, . . . ,n. (12)

Now, let us introduce the conjugate momentum υi

υi := ∂ F
∂ ẇi

. (13)

Likewise, we define the Hamiltonian as

H(t, w,υ) :=
n∑

i=1

υi ẇ i − F (t, w, ẇ), (14)

where ẇi must be thought of as functions of wi and υi .

Theorem 4.1. The Euler–Lagrange equations (8) are equivalent to the 2n Hamilton equations

ẇi = ∂ H
∂υi

, (15)

υ̊i = ∂ H
∂ wi

. (16)

stability and “sign flip”

Interpretation as a minimum 
Consistent boundary condition under stability (sign flip issue)



ACDL 2018

CAUSALITY AND
CONTROL OF INFORMATION OVERLOADING
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Causality Issues
think of 

• Backpropagation

• Bellman’s dynamic programming

• Optimal control

• … physical problems typically involves boundary conditions
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An action for visual features

A(w) =

Z T

0
e✓t

✓
µ

2
|ẅ|2 + ⌫

2
|ẇ|2 + �ẇẅ +

k

2
|w|2 + U(w, u)

◆
dt

Euler-Lagrange Equations

µw(4) + 2✓µw(3) + (✓2µ+ ✓� � ⌫)w(2) + (✓2� � ✓⌫)w(1) + kw +rwU(w, u) = 0

w(0) = w0, ẇ = w1

µ̂ẅ(T ) + �̂ẇ(T ) = 0

µ̂w(3)(T ) + ˙̂µq̈(T ) + ( ˙̂� � ⌫̂)ẇ(T ) = 0

boundary conditions 

initial conditions

consistency needed

ẅ(0) = w2, w(3)(0) = w3,
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Controlling information overloading 

• Filtering the input - blurring in newborns, it’s not only a matter of 
choosing the learning rate properly! What if humans are given a video with 
300 frames/sec?

• Reset of system dynamics - saccadic movements

w(0), ẇ(0) = 0

w(1)(T ) = 0, w(2)(T ) = 0, w(3)(T ) = 0

they correspond with the presence of null input

… during learning
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ENERGY BALANCE
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organized as follows: In the next section we introduce the cognitive action laws of learning while in40

Section3 we introduce the corresponding energy balance. In Section 4 we present the main results of41

the paper concerning the convergence and in Section 5 some conclusions are drawn.42

2 Cognitive action laws of learning43

In most challenging and interesting learning tasks taking place in humans, unlike machines, the44

underlying computational processes does not seem to offer a neat distinction between the training45

and the test set. As time goes by, humans react surprisingly well to new stimuli, while keeping past46

acquired skills, which seems to be hard to reach with nowadays intelligent agents. This suggests us to47

look for alternative foundations of learning, which are not necessarily based on statistical models48

of the whole agent life. We can think of learning as the outcome of laws of nature that govern the49

interactions of intelligent agents with their own environment, regardless of their nature. We reinforce50

the underlying principle that the acquisition of cognitive skills by learning obeys information-based51

laws on these interactions, which hold regardless of biology.52

The notion of time is ubiquitous in laws of nature. Surprisingly enough, most studies on machine53

learning have relegated time to the related notion of iteration step. From one side the connection is54

pertinent and apparently sound, since it involves the computational effort, that is also observed in55

nature. From the other side, notice that time acts as an index of any human perceptual input. Now,56

while the iteration steps in machine learning somewhat parallel this idea, most algorithms neglect57

the smoothness of the temporal information flow. As a consequence, we pass through the inputs of58

the training set that, however, turn out to be an unrelated picture of artificial life, since the temporal59

relations are lost. This might be one the main reasons of current performance gap in challenging60

tasks of speech and vision understanding with respect to humans.61

Here we discuss how to express and incorporate time in its truly continuous nature, so as the62

evolution of the weights of the neural synapses follows equations that resemble laws of physics.63

The environmental interactions are modeled under the general framework of constraints on the64

learning tasks. In the simplest case of supervised learning, we are given the collection L =65

{(t


, x(t


)), y


}
2N of supervised pairs (x(t



), y


) over the temporal sequence {t


}
2N. We66

assume that those data are learned by a feedforward neural network characterized by the function67

f(·, ·) : Rm ⇥Rd ! Rn, so as the input x(t) is mapped to y(t) = f(w(t), x(t)). Learning affects the68

synapses by changing the weights w(t) during the agent life taking place in the horizon T = [0, T ],69

where T can become pretty large, so as the condition T ! 1 might be reasonable.70

The environmental interactions take place over a temporal manifold, so as the perceptual input space71

X 2 Rd is “traversed” by the map T ! X ⇢ Rd

: t ! x(t). The following analysis holds for72

different types of constraints, including the previous pointwise constraints of supervised learning73

where, each example x


can be associated with the loss V (t, w(t)) = kf(w(t), x(t))�y


��2 ·�(t�t


).74

When looking at the neural network we can regard w 2 Rm as the Lagrangian coordinates of a75

virtual mechanical system, so as the potential of the system is defined by over the Lagrangian76

coordinates w. In this perspective, as already noticed, we look for trajectories w(t) that possibly77

lead to configurations with small potential energy. Following the duality with mechanics, we also78

introduce the notion of kinetic energy. Now, we parallel the notion of velocity, by considering how79

quickly the weights of the connections are changing. We can also dualize the notion of mass m
i

> 080

of a certain particle by introducing the mass of a connection weight. In so doing, the overall system81

is characterized by the conjugate variables that correspond with the position w
i

(t) and the velocity82

ẇ
i

. Then, we define the kinetic energy as83

K(ẇ) =
1

2

mX

i=1

m
i

ẇ2
i

. (1)

Now, let us consider a Lagrangian inspired from mechanics, which is split into the potential V (·, ·)84

and the kinetic energy as85

F
m

(t, w, ẇ) =
mX

i=1

K(t, ẇ
i

)� V (t, w). (2)
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The Lagrangian F
m

has an intriguing meaning that arises when we explore the underlying cognitive86

processes. Let us consider87

F (t, w, ẇ) :=  (t) F
m

(t, w, ẇ) (3)
and define  (t) as the dissipation function of the agent. The reason of the name will be captured88

later on when discussing energetic issues behind the emergence of learning. We are now ready to89

reformulate learning in the general framework of environmental constraints. The living agent is90

characterized by a neural network whose weight w(·) vector is the one for which �A|= 0, where91

A(w) =
1

T

Z
T

0
F (t, w, ẇ) dt (4)

is the cognitive action of the system. A comment on the optimization of the cognitive action (4) is in92

order. In general, the problem makes sense whenever the Lagrangian is given all over [0, T ]. The93

very nature of the problem results in the explicit time dependence of F (·, ·, ·), which, in turn, depends94

on the information coming from the interactions of the agent with the environment. The underlying95

assumption in learning processes is that after the agent has inspected a certain amount of information,96

it will be able to make predictions on the future. Hence, whenever we deal with a truly learning97

environment, in which the agent is expected to capture regularities in the inspected data, we can make98

the assumption that the weight trajectory converges to an end-point that somewhat expresses the99

saturation of the agent learning capabilities. Hence, we make the following border assumptions:100

lim

t!0+
ẇ

i

(t) = 0, lim

t!T

�
ẇ

i

(t) = 0. (5)

As it will be shown later, these conditions can be guaranteed if we assume that long-life learning101

undergoes a day-night rhythm scheme. Such a scheme follows the corresponding human metaphor:102

The perceptual information is only provided during the day, while the agent “sleeps” at night without103

receiving any perceptual information, which is translated into the condition ẋ = 0. We assume to104

undergo a long-life learning scheme which repeats days of life according to the above rhythmic105

scheme. Before discussing this assumption, we start noticing that in perceptual tasks, the day-night106

rhythm doesn’t alter the semantics that can be captured from the environmental information flow.107

Hence, just like an uninterrupted flow, this rhythmic interaction keeps the semantics, but favors the108

simplicity and the effectiveness of learning processes, since the lack of night stimulus facilitates the109

verification of the condition (5) on the right border. Unlike an uninterrupted flow, the day-night rhythm110

allows us small weight updates from consecutive days. Hence, if w(t


) is the weight vector at the111

end of day , the day after, the weight w(t
+1) ' w(t



), which means facilitates the approximation112

of the condition ẇ(t = t
+2) = 0. Now, let’s write the the equations of the weights w

i

(t) of the113

synaptic connections. If we pose D = d/dt be then the Euler-Lagrange equations DF
ẇi � F

wi = 0114

becomes115

m
i

ẅ
i

+

˙ 

 
ẇ

i

+ V
wi = 0. (6)

As we can see the dissipation function  , which is always positive, strongly affects the neurodynamics.116

In this case the above equation reduces to117

m
i

ẅ
i

+

˙ 

 
ẇ

i

+ V 0
wi

= m
i

ẅ
i

+ ✓ẇ
i

+ V
wi = 0, (7)

where the last reduction comes from choosing the dissipation function  (t) = e✓t. Notice that when118

m
i

! 0 the above differential equation reproduces gradient descent, indeed in this limit the Euler119

approximation of the resulting equation is w(k + 1) = w(k)� ⌘V
w

.120

3 Energy balance121

Let U(t) := V (t, w(t)) +K(ẇ(t)) be the internal energy of the agent and let us define122

Z(T ) :=
mX

i=1

Z
T

0

˙ 

 
ẇ2

i

dt, E(T ) :=

Z
T

0
@
t

V (⌧, w(t))dt. (8)

For reasons that will become clear in the following, the term Z(T ) is referred to as the dissipated123

energy, while E(T ) is referred to as the environmental energy. The following theorem states a124

fundamental invariance property of any learning agent based on Eq. (6).125
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F (t, w, ẇ) dt (4)

is the cognitive action of the system. A comment on the optimization of the cognitive action (4) is in92

order. In general, the problem makes sense whenever the Lagrangian is given all over [0, T ]. The93

very nature of the problem results in the explicit time dependence of F (·, ·, ·), which, in turn, depends94

on the information coming from the interactions of the agent with the environment. The underlying95

assumption in learning processes is that after the agent has inspected a certain amount of information,96

it will be able to make predictions on the future. Hence, whenever we deal with a truly learning97

environment, in which the agent is expected to capture regularities in the inspected data, we can make98

the assumption that the weight trajectory converges to an end-point that somewhat expresses the99

saturation of the agent learning capabilities. Hence, we make the following border assumptions:100

lim

t!0+
ẇ
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i

+ V
wi = 0, (7)

where the last reduction comes from choosing the dissipation function  (t) = e✓t. Notice that when118

m
i

! 0 the above differential equation reproduces gradient descent, indeed in this limit the Euler119

approximation of the resulting equation is w(k + 1) = w(k)� ⌘V
w

.120

3 Energy balance121
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undergo a long-life learning scheme which repeats days of life according to the above rhythmic105

scheme. Before discussing this assumption, we start noticing that in perceptual tasks, the day-night106

rhythm doesn’t alter the semantics that can be captured from the environmental information flow.107

Hence, just like an uninterrupted flow, this rhythmic interaction keeps the semantics, but favors the108

simplicity and the effectiveness of learning processes, since the lack of night stimulus facilitates the109

verification of the condition (5) on the right border. Unlike an uninterrupted flow, the day-night rhythm110

allows us small weight updates from consecutive days. Hence, if w(t


) is the weight vector at the111

end of day , the day after, the weight w(t
+1) ' w(t



), which means facilitates the approximation112

of the condition ẇ(t = t
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Resembling mechanics …

looking for constant solutions
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Theorem 1 The system dynamics described by Eq. (6) obeys the invariant126
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ẇ

i

= 0.

Now, we have DK(ẇ(t)) = D
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ẇ2
i

�
=

P
m

i=1 mi

ẅ
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ẇ

ò

w=w̄

+

@V

@t
=

@V

@t
= 0, (10)

and, therefore, E = 0. On the opposite, suppose that beginning from the previous configuration, the142

neural network is fed with an input x(t) in [0, T ] such that V (T, w̄) = V(x(T ), w̄) > 0. Basically,143

in this case, the input x(t), yields an error with respect to the chosen loss function. It turns out that144

the configuration defined by the weight vector w̄ does not incorporate the additional information145

coming from the environment yet. For this reason, E is referred to as environmental information.146

Interestingly, E captures the generalization quality of the underlying learning process, so as when147

E approaches the null value we are definitely in front of good generalization. When looking at the148

variations of V , while @
w

V expresses the synaptic changes of the neural network during the learning,149

the term @
t

V , integrated over [0, T ] is a nice index of the progress of generalization.150

From Theorem 1 we immediately end up into the following corollary.151

Corollary 1 The variation of the internal energy is bounded by the environmental energy �U  E.152

This statement is especially interesting in the case in which the energy balance is applied when153

K(0) = K(T ) = 0, since in this case the variation of the internal energy becomes �U = V (T )�154

V (0).155

4 Quasi-periodic environments156

According to the previous discussion on the environmental energy, the learning of the environmental157

information over the interval [0, T
L

] with T
L

< T requires the satisfaction of Eq. (10) in [0, T
L

]. A158

possible way of achieving this stationary condition is that of processing over an environment created159

by repeating the temporal segment [0, T
L

]. Clearly this condition corresponds with stating that the160

4

Theorem 1 The system dynamics described by Eq. (6) obeys the invariant126

Z +�U � E = 0, (9)

where �U = U(T )� U(0)127

Proof: From Eq. (6) we get128

mX

i=1

m
i

ẅ
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ẇ

i

= 0.

Now, we have DK(ẇ(t)) = D
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ẇ
i

+

˙ 

 

mX

i=1

ẇ2
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The Lagrangian F
m

has an intriguing meaning that arises when we explore the underlying cognitive86

processes. Let us consider87

F (t, w, ẇ) :=  (t) F
m

(t, w, ẇ) (3)
and define  (t) as the dissipation function of the agent. The reason of the name will be captured88

later on when discussing energetic issues behind the emergence of learning. We are now ready to89

reformulate learning in the general framework of environmental constraints. The living agent is90

characterized by a neural network whose weight w(·) vector is the one for which �A|= 0, where91

A(w) =
1

T

Z
T

0
F (t, w, ẇ) dt (4)

is the cognitive action of the system. A comment on the optimization of the cognitive action (4) is in92

order. In general, the problem makes sense whenever the Lagrangian is given all over [0, T ]. The93

very nature of the problem results in the explicit time dependence of F (·, ·, ·), which, in turn, depends94

on the information coming from the interactions of the agent with the environment. The underlying95

assumption in learning processes is that after the agent has inspected a certain amount of information,96

it will be able to make predictions on the future. Hence, whenever we deal with a truly learning97

environment, in which the agent is expected to capture regularities in the inspected data, we can make98

the assumption that the weight trajectory converges to an end-point that somewhat expresses the99

saturation of the agent learning capabilities. Hence, we make the following border assumptions:100
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As it will be shown later, these conditions can be guaranteed if we assume that long-life learning101

undergoes a day-night rhythm scheme. Such a scheme follows the corresponding human metaphor:102

The perceptual information is only provided during the day, while the agent “sleeps” at night without103

receiving any perceptual information, which is translated into the condition ẋ = 0. We assume to104

undergo a long-life learning scheme which repeats days of life according to the above rhythmic105

scheme. Before discussing this assumption, we start noticing that in perceptual tasks, the day-night106

rhythm doesn’t alter the semantics that can be captured from the environmental information flow.107

Hence, just like an uninterrupted flow, this rhythmic interaction keeps the semantics, but favors the108

simplicity and the effectiveness of learning processes, since the lack of night stimulus facilitates the109

verification of the condition (5) on the right border. Unlike an uninterrupted flow, the day-night rhythm110

allows us small weight updates from consecutive days. Hence, if w(t


) is the weight vector at the111

end of day , the day after, the weight w(t
+1) ' w(t



), which means facilitates the approximation112

of the condition ẇ(t = t
+2) = 0. Now, let’s write the the equations of the weights w
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As we can see the dissipation function  , which is always positive, strongly affects the neurodynamics.116
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where the last reduction comes from choosing the dissipation function  (t) = e✓t. Notice that when118
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! 0 the above differential equation reproduces gradient descent, indeed in this limit the Euler119
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For reasons that will become clear in the following, the term Z(T ) is referred to as the dissipated123

energy, while E(T ) is referred to as the environmental energy. The following theorem states a124

fundamental invariance property of any learning agent based on Eq. (6).125
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Energy balance (con’t)
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ẇ2

i

dt, E(T ) :=

Z
T

0
@
t

V (⌧, w(t))dt. (8)

For reasons that will become clear in the following, the term Z(T ) is referred to as the dissipated123

energy, while E(T ) is referred to as the environmental energy. The following theorem states a124

fundamental invariance property of any learning agent based on Eq. (6).125
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Theorem 1 The system dynamics described by Eq. (6) obeys the invariant126

Z +�U � E = 0, (9)

where �U = U(T )� U(0)127

Proof: From Eq. (6) we get128
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ẇ2
i

+

mX

i=1

V 0
wi
ẇ
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DV (t, w(t))� @
t
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V 0
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If we plug these identities into the above balancing equation and integrate over the domain [0, T ] we130
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Z
T

0

˙ 

 
ẇ2

i

dt+

Z
T

0
DV �

Z
T

0
@
t

V (t, w(t))dt = 0

from which the thesis immediately follows.132

⇤133

This balance offers a deep interpretation of the learning process. The internal energy U reduces134

to the potential energy in case of stationary points with no kinetic energy. Clearly, its reduction135

�U < 0 is the sign of a learning process that has produced an ordered configuration. When choosing136

a monotonic non-decreasing developmental function  then ˙ / � 0 and, if  is not constant then137

the energy term Z is positive. This represents the energy that is dissipated during the learning process138

in the interval [0, t]. In order to grasp the meaning of the energy term E, suppose we begin for t = 0139

from a configuration defined by weights w = w̄ such that for the subsequent input x(t), t 2 (0, T ]140

we have V (t, w̄) = 0. Clearly,141

dV
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w=w̄
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=
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@t
= 0, (10)

and, therefore, E = 0. On the opposite, suppose that beginning from the previous configuration, the142

neural network is fed with an input x(t) in [0, T ] such that V (T, w̄) = V(x(T ), w̄) > 0. Basically,143

in this case, the input x(t), yields an error with respect to the chosen loss function. It turns out that144

the configuration defined by the weight vector w̄ does not incorporate the additional information145

coming from the environment yet. For this reason, E is referred to as environmental information.146

Interestingly, E captures the generalization quality of the underlying learning process, so as when147

E approaches the null value we are definitely in front of good generalization. When looking at the148

variations of V , while @
w

V expresses the synaptic changes of the neural network during the learning,149

the term @
t

V , integrated over [0, T ] is a nice index of the progress of generalization.150

From Theorem 1 we immediately end up into the following corollary.151

Corollary 1 The variation of the internal energy is bounded by the environmental energy �U  E.152

This statement is especially interesting in the case in which the energy balance is applied when153

K(0) = K(T ) = 0, since in this case the variation of the internal energy becomes �U = V (T )�154

V (0).155

4 Quasi-periodic environments156

According to the previous discussion on the environmental energy, the learning of the environmental157

information over the interval [0, T
L

] with T
L

< T requires the satisfaction of Eq. (10) in [0, T
L

]. A158

possible way of achieving this stationary condition is that of processing over an environment created159

by repeating the temporal segment [0, T
L

]. Clearly this condition corresponds with stating that the160
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�
1/2

P
m

i=1 mi

ẇ2
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Learning yields ordered configurations 
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6. LEARNING AND REASONING WITH CONSTRAINTS

of the agent. A straightforward interpretation in this direction comes out when
inspecting Eq. (5.162), which is in fact a generalized damped oscillator. The
attracting behavior depends in fact by the structure of the potential V , while
the dissipation strongly characterizes the dynamics. For large values of ◊ with
respect to the virtual masses mi, Eq. (5.162) reduces to classic gradient descent
trajectories

ẇi = ≠mi

◊
V Õ

wi
. (5.173)

The dynamics dictated by Eq. (5.162) is richer than gradient descent. The
damped oscillation might results in a virtuous process for getting around local
minima or any configuration with small gradient. We must bear in mind that we
are addressing the dynamics deriving from the choice fl(t) = e◊t. For di�erent
choices the dynamics and the corresponding energy balancing equations can
be remarkably di�erent. In Exercise 1 we also parallel the analysis for the
dissipation function fl(t) = e◊t to other interesting cases.

6.5.3. Focus of attention, teaching, and active learning
The developmental function introduced in the previous section returns values

’(t, ẋ) that are independent of x. We can extend it to return a value ’(t, x, ẋ)
that also depends on the specific input. A discussion on this issue is invited in
exercise 12. This extension still relies on the factorization ’(t, x, ẋ) = fl(t)„(x, ẋ), thus
keeping the same role for the dissipation function, while enriching the focus function
„. The developmental function presents some intriguing analogies with Lagrangian
multipliers and probability density. However, one shouldn’t be betrayed by the shared
mathematical structure, since there’s something that deeply characterizes function ’.
Basically, it is not simply the outcome of the class of optimization problems considered
so far. In case of hard constraints, the Lagrangian multipliers come out from the
problem at hand, while for soft-constraints, we typically assume that the probability
density comes with the availability of the training set. Easy-first

focussing policy
Function ’ requires us choose

the pair fl, „. Apart from the dissipation issues connected with fl function, the choice
of „(x, ẋ) requires some more careful analyses. As already pointed out, it makes sense
to exploit ẋ to drive attention on quickly changing events. In addition, the dependence
on x can drive the focus of attention on “easy” patterns. Basically, we can face the
nerd paradox sketched in Section 1.2.4 by adopting the easy first focussing policy (see
exercise 13). This is extremely useful in highly-structured tasks. In these cases, one
expects the focussing function „(x, ẋ) to be pretty small at the beginning of learning
on “di�cult patterns” x. This favors learning on easy patterns that allows the agent to
conquer intermediate structures that will likely help in subsequent inferences on more
complex patterns. Interesting, the developmental function ’ might not only be the
translation of dissipation and focus of attention. One could be regarded ’(t, x, ẋ) as
a task carried out by an agent di�erent from the one that is learning — for example

494

6.5. Life-long learning agents

border. Unlike an uninterrupted flow, the day-night rhythm allows us small weight
updates from consecutive days. Hence, if w(tŸ) is the weight vector at the end of day
Ÿ, the day after, the weight w(tŸ+1

) ƒ w(tŸ), which means facilitates the approximation
of the condition ẇ(t = tŸ+2

) = 0. Now, let’s write the the equations of the weights
wi(t) of the synaptic connections.

If we pose D = d/dt be then the Euler-Lagrange equations DF Õ
wi

≠ F Õ
i = 0

becomes

miẅi + ’̇

’
ẇi + V Õ

wi
= 0. (5.161)

As we can see the developmental function ’, which is always positive, strongly
a�ects the neurodynamics. In order to start understanding its e�ect, suppose
that there is no focus of attention, that is dÏ(ẋ(t))/dt := Ï̇ = 0. In this case the
above equation reduces to

miẅi + fl̇

fl
ẇi + V Õ

wi
= miẅi + ◊ẇi + V Õ

wi
= 0, (5.162)

where the last reduction comes from choosing the dissipation function fl(t) = e◊t.
Exercise 1 proposes a di�erent dissipation function, which results in a remarkably
di�erent asymptotic behavior. The integration of the Euler-Lagrange equation
does require to know, for each weight, a couple of conditions. One could simply
assume that the agent has a “gestation period” in which it does not receive any
stimulus, so as ẇi = 0 and that we depart from random values of wi. This results
into a Cauchy problem which is well-posed: The Euler-Lagrange equations can
be directly integrated by classic numerical analysis algorithms.

The two border day-night environmental conditions are quite di�erent, but they
require quite an unusual analysis with respect to related classic developments

in physics. Whenever the Euler-Lagrange equations are asymptotically stable, if we
start with the Cauchy initialization scheme and enforce the day-night environment, the
condition ẇi(T ) = 0 can be arbitrarily approximated at night. As a matter of fact, its
fulfillment is facilitated when using “short days.” For the daily incremental learning to
make sense, we need to retain, during the night, what has been learned during the day.
Now the potential switches from day t œ Td to night t œ Tn as

V (t, w(t)) =
;

’t œ Td : Ẫ
!
x(t), f(w(t), x(t))

"
’t œ Tn : Ẫ

!
0, f(w(t), 0)

"
.

(5.163)

Hence, at night we have

Mẅ + ’̇
’

ẇ + Ẫ
!
0, f(w, 0)

"
= 0, (5.164)

491

Back to Gradient Descent: 
Strong Dissipation

strong dissipation

wi(+ 1)� wi()

⌧
= �mi

✓
V 0
wi

wi(+ 1) = wi()�
mi⌧

✓
V 0
wi
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(t
i�1, ti), Bi

= (t
i

, t
i+1). It is always possible to choose the

coefficients in Eq. (12) such that 8✏ > 0, if we choose

⇢ > [(9C/✏) ·max

k

|q(k)(t
i

)|]1/2 > 1

we have |q(t
i+1)� q(t

i

)| < ✏, where |⇤
kj

|  C for all k and
j = 1, 2, 3.

Proof: See Appendix A.
This theorem enables the replacement of the solution of
Eq (12) with the enforcement of a reset as it is described in
Section V. Basically, the information overloading associated
with the temporal presentation of the source can be properly
controlled by resetting all derivatives of the weights, while
keeping their value. The corresponding solution keeps all the
discussed properties and, particularly, makes Cauchy initializa-
tion consistent with the boundary conditions, an issue which
was left open in [7]. The conclusion that can be drawn from
Theorems 3 and 4 is quite surprising, since the reset of the
derivatives turns out to be fully consistent with the causality
of the problem.

IV. CAL DYNAMICS

In this section we discuss the dynamics behind the cognitive
action laws stated by Eq. (7). This is important for the
appropriate set up of the parameters in the application to
any cognitive task, like the one of vision described in the
following experimental section. In particular, we will focus on
case in which u ⌘ 0, where the free dynamics is driven by the
kinetic term only. We also address the relationships of CAL
dynamics with classic stochastic gradient and prove that it can
be reproduced under appropriate choices of the parameters.

A. Free dynamics

On null input, since we assume that U(q, 0) = 0, Eq. (7)
becomes q(4) + bq(3) + cq̈ + dq̇ + eq = 0, where we assume
µ 6= 0 and use the notation b = 2✓, c = (✓2µ+✓��⌫)/µ, d =

(✓2��✓⌫)/µ, and e = k/µ. The solution is fully characterized
by the nature of the roots of the characteristic polynomial
�(x) = x4

+ bx3
+ cx2

+ dx + e. In particular the behavior
of the solution is mainly affected by the negativeness of the
real part of the roots and by their imaginary part. The first
condition ensure the asymptotic stability of the solution, while
the violation of the second one prevents oscillatory behavior.

Lemma 1: The characteristic polynomial �(x) with real
coefficients is asymptotically stable if and only if

b > 0, c > 0, 0 < d < bc, 0 < e <
bcd� d2

b2
. (13)

Proof: The proof is gained by the straightforward appli-
cation the Routh-Hurwitz criterion (see for example [12]).
If we replace x = z�b/4 with �(x) then we obtain the reduced
quartic equation ⇣(z) := �(z� b/4) = z4+ qz2+ rz+ s = 0,
where q = c� 3b2/8, r = b3/8� bc/2+ d, s = b2c/16�
3/256b4 � bd/4 + e.

Lemma 2: The characteristic polynomial ⇣(z) with real
coefficients q, r, s and with discriminant � has only real roots
if:

1) q < 0, 4s� q2 < 0 and � > 0 (4 distinct real roots);
2) �q2/12 < s < q2/4 and � = 0 (roots real, only two

equal);
3) q < 0, s = q2/4 and � = 0 (two pair of equal real

roots);
4) q < 0, s = �q2/12 and � = 0 (all roots real, three

equal);
5) q = 0, s = 0 and � = 0.

Proof: See [13].
Proposition 1: If we choose ✓, µ, ⌫, �1, �2, k such that ✓ > 0

and:

µ < �2
2 , ⌫ < �2

1 , ⌫ < ✓�1�2, 0 < k <
(⌫ � ✓�1�2)

2

4µ

�1 < 0, �2 <
�1
✓

or �1 > 0, �2 >
�1
✓
.

(14)

then the following conditions are jointly verified:
1) � admits a minimum in K ;
2) the homogeneous equation associated with Eq. (7) has

the following two properties:
i. it is asymptotically stable;
ii. it yields aperiodic dynamics (the roots of the

characteristic polynomial are real).
Proof: The proof follows of 1 on the admission of a

minimum comes from Theorem 1 when considering that, under
the given assumptions, conditions (3) hold true. As for the
statements 2, the proof of i comes from Lemma 1 (stability)
and from Lemma (2) (aperiodicity).

B. Reproducing gradient flow

Let us consider Eq. (7) with µ = ⌫ ⌘ 0 and � = 1/✓2.
Then this equation reduces to

✓�1q̈(t) + q̇(t) = �kq(t)�r
q

U(q(t), u(t)). (15)

We can promptly see that as ✓ ! 1 the CAL equation (7)
restores the classic gradient flow with potential k/2|q|2 +

U(q, u). As anticipated in Section II, gradient flow arises
from the term q̇q̈, whose intuitive contribution to the system
dynamics was already given. The choice of the parameters
that reduces CAL dynamics to a gradient flow transforms the
boundary conditions (6) into q̇(T ) = 0. This is in fact the
ordinary condition that one expect to be matched at the end
of gradient-driven learning processes, namely that the weights
converge to a constant value. Clearly, for such a convergence
we tacitly assume that the learning task presents some form
of regularity to be induced. A recent result in this direction is
given in [14].

Notice that gradient flow is also recovered from the action
of analytic mechanic with strong dissipation. This correspond
with choosing ⇠ = �1, µ = � = 0 and ⌫ = 1/✓. In this case
the Euler Lagrange Equation reduces to

� ✓�1q̈(t)� q̇(t)� kq(t)�r
q

U(q(t), u(t)) = 0. (16)

Like Eq. (15), as ✓ ! 1, also the above equation indeed
returns a gradient flow. Thus in both cases the Euler approxi-
mation is q(k + 1) = q(k)� kq(k)�r

q

U(q(k), u(k)).

µw(4) + 2✓µw(3) + (✓2µ+ ✓� � ⌫)w(2) + (✓2� � ✓⌫)w(1) + kw +rwU(w, u) = 0

✓�1w(2) + w(1) + kw +rwU = 0

✓ ! 1

Back to Gradient Descent: 
Strong Dissipation



ACDL 2018

Convergence analysis

environmental energy over [0, T
L

] is null and, moreover, this enables us to associate the environmental161

energy on any temporal segment to the accuracy. Clearly, the two notions only matches in the case in162

which V(x(t), w̄) = 0, where V(x(t), w(t)) := V (t, w(t)). As usual, the satisfaction of the above163

learning condition does not necessarily indicate an appropriate learning process, since one must also164

know the agent behavior when generalizing to new consistent information. We propose to characterize165

this consistency by introducing a notion that is very related to typical statistical machine learning166

assumptions. Regardless of the specific probability distribution that characterizes the environmental167

data, when focussing on x(t) one can reasonable expect that a similar pattern had already appeared168

in the past. Moreover, it makes sense to assume that such a property take place uniformly in the169

temporal domain, and that for any t 2 [0, T ], at least one pattern in the past, at time t, be similar170

in the metric sense, that is kx(t) � x(¯t)k is small. Of course, as T ! 1 one can also reasonably171

expect that kx(t) � x(¯t)k! 0. Let us consider the framework dictated by the following specific172

asymptotical definition.173

Definition 1 An environment is quasi-periodic in [0, T ] of order p 2 R if there exist ↵ > 0, ✏ > 0174

and a positive differentiable function ⌧ : [0, T ] ! (0,1] with ⌧(t) > 0 such that �(t) := t+ ⌧(t),175

satisfies �0
(t) > 1 and176

8t 2 [0, T ] we have kx(t)� x(�(t))k ✏

(↵+ t)p
. (11)

In the simplest case in which ⌧(t) ⌘ ⌧ the above definition reduces to an extended notion of177

periodicity in which we are “tolerant” with respect to the match induced by the period. In general it178

is interesting to pick up ⌧ from functional spaces equipped with classic analytic properties. Now, we179

will show that the assumption on quasi-periodic environments has important consequences on the180

learning process. In particular, we start studying its asymptotic behavior by analyzing the system181

dynamics defined by Eq. (7)182

Given two points vectors x(t) and w(t) we define the matrices (Jw

(⇠(t)))
ij

= @
wjVwi(⌘i(t), ⇣i(t))183

and (Jx

(⇠(t)))
ij

= @
xjVwi(⌘i(t), ⇣i(t)) where ⇠

i

(t) = (⌘(t), ⇣
i

(t)) 2 Rd+m. Similarly for V
x

we184

can define the corrisponding matrices Kw

(⇠(t)) and Kx

(⇠(t))185

Theorem 2 Let us consider the dynamical system described by Eq. (7) and assume that the following186

conditions hold true187

i. positiveness of the spectrum of Jw: �
m

= min

i

inf

�2[0,1] �i

(⇠(t)) > 0 for all point ⇠(t)188

that lies in the segment joining (x(t), w(t)) and (x(�(t)), w(�(t))) where �
i

(⇠(t)), with189

i = 1, . . . , n, is one of the n eigenvalues of Jw.190

ii. Quasi-periodicity: The environment is quasi-periodic of order p > 0, p 6= 1/2.191

Then there exists B
w

> 0 such that the weight variation over the pseudo-period ⌧(t) is bounded by192

kw(t)� w(�(t))k  B
w

(↵+ t)p�1/2
. (12)

193

Proof: Let us consider the dynamics at t and �(t) = t� ⌧(t):194

ẅ(t) + ✓ẇ(t) + V
w

(x(t), w(t)) = 0

ẅ(�(t)) + ✓ẇ(�(t)) + V
w

(x(�(t)), w(�(t))) = 0.
(13)

Now, if we pose !(t) := w(t) � w(�(t)), from the mean value theorem, we know that for each195

t 2 [0, T ] there exists a point ⇠(t) in Rd+m in the segment joining (x(�(t)), w(�(t)) and (x(t), w(t))196

such that197

V
w

(x(t), w(t))� V
w

(x(�(t)), w(�(t))) = Jw

(⇠(t))!(t) + Jx

(⇠(t))(x(t)� x(�(t))).

We shall assume that t 7! ⇠(t) sufficiently regular. Then, from Eq. (13) we get198

!̈(t) + ✓!̇(t) + Jw

(⇠(t))!(t) + Jx

(⇠(t))(x(�(t))� x(t)) = 0. (14)

5

lim
t!1

w(t) = w
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t �(t)

based on energy balance

https://128.84.21.199/abs/1807.05343


ACDL 2018

NEXT:

NEW CONVOLUTIONAL NETS




