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Analysis of large networks

Graphs and networks
Definition (Graph)
G = (V ,E), where V = {v1,… , vN} — vertexes, E ⊆ V × V — edges.

Eve

Alice Bob

Social networks : edges represent friendships (e.g.
Facebook, YouTube, LiveJournal).

Infrastructure : vertexes represent physical
locations, edges represent links (e.g.
Euroroad, US power grid).

Questions
Is the graph connected?

If not, is there a giant component?
Which nodes are the most important (centrality)?
What is the average degree (number of links of a node)?
What is the average distance between nodes (shortest path length)?
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Analysis of large networks

Degree Sequence

Definition (Degree sequence)
Function N ∶ ℕ → ℕ ∪ {0} representing the nuber N(k) of vertexes v ∈ V
with degree k (number of edges (v, ⋅) or (⋅, v) ∈ E ⊆ V × V):

N(k) ∶= |{v ∈ V ∶ deg(v) = k}|

Normalized N(k) is the degree distribution

P(k) = N(k)
N
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Analysis of large networks
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Analysis of large networks
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Analysis of large networks
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Analysis of large networks
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Analysis of large networks
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Analysis of large networks
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The power-law degree sequence

Power-Law

lnN(k) = � − � ln k
� — intercept
� — slope or exponent

P(k) = k−�
∑N

k=1 k−�

Almost surely connected for � < 1, and a.s. disconnected for � > 1 (?, ?, ?).

A giant componnent almost surely exists if Q ∶= EP{k2} − 2EP{k} ≥ 0 (?, ?).

For power-law with N →∞ (
∑N

k=1 k−� → � (�)) this becomes
� (� − 2) − 2� (� − 1) = 0, which guves the value �0 ≈ 3.47875 (?, ?, ?).

Generated by preferential attachment (?, ?):

P[(i, j) ∈ E ∣ ki] =
ki



∑N
ki=1 ki
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The power-law degree sequence

Properties of power-law graphs and networks

Small world : relatively short average path length (distance) between any
pair of nodes.

High clustering : many more cliques are formed compared to a random
graph (?, ?).

High robustness : error and attack tolerance (e.g. random edge or node
removal).
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Power-law and maximum entropy

Power-Law and maximum entropy
Exponential family
Changing k−� = e−� ln k let us write

P(k) = k−�
Z(�)

Maximum entropy
P(k) = e−� ln k∕Z(�) is the solution to:

where H(P) is the entropy of P(k):

H(P) = −
N
∑

k=1
[lnP(k)]P(k)
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P(k) = e−� ln k∕Z(�) is the solution to:
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Power-law and maximum entropy

Solution using Lagrange multipliers

Lagrange function

K(P, �, 
) = −
N
∑

k=1
[lnP(k)]P(k)+�

[

� −
N
∑

k=1
(ln k)P(k)

]

+


[

1 −
N
∑

k=1
P(k)

]

Necessary and sufficient conditions:

)
)P

K(P, �, 
) = − lnP(k) − 1 − � ln k + 
 = 0 ⇒ P(k) = e−� ln k−Γ(�)

)
)�

K(P, �, 
) = � −
N
∑

k=1
(ln k)P(k) = 0 ⇒

N
∑

k=1
(ln k)P(k) = �

)
)


K(P, �, 
) = 1 −
N
∑

k=1
P(k) = 0 ⇒ Γ(�) = ln

N
∑

k=1
e−� ln k
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Power-law and maximum entropy

Average path length (distance)

d(i, j) — distance between nodes i, j:

l ∶= EP{d(i, j)}

Let zm denote the average number of neighbours at d(i, j) = m:

z0 = 1, z1 = EP{k}, z2 = EP{k(k − 1)}, … , zm+1 =
z2
z1

zm

For graph size N ≫ z1 and z2 ≫ z1 one can assume

N

This leads to
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Power-law and maximum entropy

Average path length (distance)
d(i, j) — distance between nodes i, j:

l ∶= EP{d(i, j)}

Let zm denote the average number of neighbours at d(i, j) = m:

z0 = 1, z1 = EP{k}, z2 = EP{k(k − 1)}, … , zm+1 =
z2
z1

zm

For graph size N ≫ z1 and z2 ≫ z1 one can assume

N ≈ 1 +
[

z2
z1

]l−1
z1

This leads to

l(ki) ∼ − ln ki
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Power-law and maximum entropy

Optimal communication
Let c(xi, yj) be some cost function for xi, yj ∈ V:

minimize EP{c(xi, yj)} subject to I(xi, yj) ≤ �

where I is Shannon’s mutual information:

I(xi, yj) ∶=
∑

(xi,yj)∈X×Y

[

ln
P(xi, yj)

P(xi)P(yj)

]

P(xi, yj)

=H{x} − H{x ∣ y} = H{y} − H{y ∣ x}

Solution
P(yi ∣ xi) = e−�c(xi,yj)−Γ(�,xi) P(yj)

c(xi, yj) = l(ki) − 1 ∼ − ln ki yields preferential attachment:

P[(i, j) ∈ E ∣ ki] =
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Power-law and maximum entropy

Duality

Power-law

P(k) = k−�
∑N

k=1 k−�

Solution to

maximize H(P) subject to EP{ln k} ≤ �

Preferential attachment

P[(i, j) ∈ E ∣ ki)] =
ki



∑N
k=1 ki




Solution to

minimize EP{− ln k} subject to H{x} − H{x ∣ y} ≤ �
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Power-law exponent (inverse temperature)

Analysis of large networks

The power-law degree sequence

Power-law and maximum entropy

Power-law exponent (inverse temperature)

Free energy and phase transition
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Power-law exponent (inverse temperature)

Exponent as slope
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Power-law exponent (inverse temperature)

Maximum likelihood estimation

Treating k as continuous, the m.l.e is (?, ?)

� = 1 + 1
EP{ln k} − ln k0

where k0 is the smallest degree corresponding to power-law behaviour
(i.e. P(k0) = maxP(k)).

Degree k is discrete.
What about � < 1 (possible for N <∞)?
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Power-law exponent (inverse temperature)

Variational approach
Recall that P(k) = exp{−� ln k −Γ(�)} is the solution to the maximum
entropy problem, where � ≥ 0 is the Lagrange multiplier such that the
constraint EP{ln k} ≤ � (or H(P) ≥ lnN − �) is satisfied with equality:

EP{ln k} = −Γ′(�)
H(P) = Γ(�) − � Γ′(�)

This leads to
� =

H(P) − Γ(�)
EP{ln k}

We can estimate EP{ln k}, H(P).
Observe that Γ(�) = − lnP(k = 1).
Making the transofrmation k ↦ k∕k0 leads to

� =
H(P) + lnP(k0)
EP{ln k} − ln k0
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Power-law exponent (inverse temperature)

Exponent (inverse temperature)

Recall the Lagrangian

K(P, �, 
) = H(P) + �[� − EP{ln k}] + 

[

1 −
∑

P(k)
]

= H(�)

Its value at P(k) = exp{−� ln k − Γ(�)} is the maximum entropy,
which depends on the constraint � = EP{ln k}.
Differentiation gives:

� =
)H(�)
)�

Compare with our formula

� =
H(P) − lnP−1(k0)
EP{ln k} − ln k0

= ΔH
Δ�
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Free energy and phase transition

Analysis of large networks

The power-law degree sequence

Power-law and maximum entropy

Power-law exponent (inverse temperature)

Free energy and phase transition
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Free energy and phase transition

Free energy
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I = F′(�−1)
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Free energy and phase transition

Information and entropy at � = 1

0
1
2
3
4
5
6

0 0.5 1 1.5 2 2.5 3 3.5 4

I=
F′

�−1

N = 20
N = 60

N = 100
N = 140
N = 180
N = 220 H(�) = lnN − I(�)

I(�) = lnN − H(�)

Question

What happens to F′(�−1) = I in the limit N →∞ and � → 1?
I = � Γ′(�) − Γ(�)
Γ′(�) = −EP{ln k}, Γ′′(�) = �2(ln k).
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Free energy and phase transition

Approximations at � = 1 and N <∞
nth cumulants Γ(n) = (lnZ)(n):

Γ′ = m1

Γ′′ = m2 − m2
1

Γ(3) = m3 − 3m1m2 + 2m3
1

Γ(4) = m4 − 4m3m1 − 3m2
2 + 12m2m2

1 − 6m4
1

where mn are nth moments of − ln k:

mn(�) =
Z(n)(�)
Z(�)

, Z(n)(�) = (−1)n
N
∑

k=1
(ln k)nk−�

Using ∫ N
1

dx
x = lnN:

Z(�) =
N
∑

k=1

1
k�

|

|

|

|

|

|�=1

≈ lnN , Z(n)(�)||
|�=1

≈
(−1)n

n + 1
(lnN)n+1
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Free energy and phase transition

Expectation of ln k at � = 1

1

2

3

4

5

0 1 2 3

E{
ln

k}

�

N =20
N =60

N =100
N =140
N =180
N =220

EP{ln k} = − Γ′(�)

= −
Z′(�)
Z(�)

|

|

|

|�=1

≈1
2
lnN

Remark

Using Jenssen’s inequality lnEP{k} ≥ EP{ln k} we also have EP{k} ≥
√

N.
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Variance of ln k at � = 1
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Remark (Phase transition)

The derivative F′(�−1) = I(�) = � Γ′(�) − Γ(�) is not differentiable at � = 1
in the limit N →∞, because Γ′′(�)→∞.
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Skewness and kurtosis at � = 1
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Free energy and phase transition

Conclusions and discussion
The power-law topology emerges as the solutions to the maximum
entropy problem with constraint E{ln k} ≤ �.

The negative log-degree − ln k is related to average path length l(k).
The preferential attachment emerges as the solution to the dual
problem problem on minimization of the average path length with a
constraint on mutual information.
These principles can be used to optimize various types of networks:

1 Define the network G(V ,E).
2 Define the cost function c ∶ V × V → ℝ (or utility u = −c).
3 Analyse conditional expected cost f (k,…) = E{c ∣ k,…} as a function

of network parameters (e.g. degree k).
4 Generate the network using preferential attachment: P(e ∣ k) ∝ e−�f (k).
5 Tune parameter � (inverse temperature) based on the constraints.

This approach leads to new insights into properties of the power-law
graphs (e.g. a phase transition at � = 1 characterized by maximum
variance, zero skewness and minimum kurtosis of ln k).
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