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Figure 2: One layer of the CRATE architecture. The full architecture is simply a concatenation of such layers,
with some initial tokenizer and final task-specific architecture (i.e., a classification head).

where R(Z) denotes the coding rate of the whole token set, as defined in (7). In addition to
sparsification via the kZk0 term, the expansion term R(Z) in (13) promotes diversity and non-
collapse of the representation, a highly desirable property. However, prior work has struggled to
realize this benefit on large-scale datasets due to poor scalability of the gradient rZR(Z), which
requires a matrix inverse [54].
To simplify things, we therefore take a different approach to trading off between representational
diversity and sparsification: we posit a (complete) incoherent or orthogonal dictionary D 2 Rd⇥d, and
ask to sparsify the intermediate iterates Z`+1/2 with respect to D. That is, Z`+1/2 = DZ`+1 where
Z`+1 is more sparse. The dictionary D is global, i.e., is used to sparsify all tokens simultaneously.
By the incoherence assumption, we have D⇤D ⇡ Id; thus from (7) we have R(Z`+1) ⇡
R(DZ`+1) = R(Z`+1/2). Thus we approximately solve (13) with the following program:

Z`+1 = arg min
Z

kZk0 subject to Z`+1/2 = DZ. (14)

The above sparse representation program is usually solved by relaxing it to an unconstrained convex
program, known as LASSO:

Z`+1 = arg min
Z

h
�kZk1 + kZ`+1/2 � DZk2

F

i
. (15)

In our implementation, motivated by Sun et al. [33] and Zarka et al. [35], we also add a non-negative
constraint to Z`+1,

Z`+1 = arg min
Z�0

h
�kZk1 + kZ`+1/2 � DZk2

F

i
, (16)

which we then incrementally optimize by performing an unrolled proximal gradient descent step,
known as an ISTA step [8], to give the update:

Z`+1 = ReLU(Z`+1/2 + ⌘D⇤(Z`+1/2 � DZ`+1/2) � ⌘�1)
.
= ISTA(Z`+1/2 | D). (17)

In Appendix A.3, we will show one can arrive at a similar operator to the above ISTA-like update for
optimizing (13) by properly linearizing and approximating the rate term R(Z).

2.5 The Overall White-Box CRATE Architecture

By combining the above two steps:

1. (Sections 2.2 and 2.3) Local denoising and compression of tokens within a sample towards a
mixture-of-subspace structure, leading to the multi-head subspace self-attention block – MSSA;
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CRATE White-Box Architectures for Representation Learning

Identification/Representation of High-Dim Structured Data

Focus on one half of our goal :
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Figure 1: Left and Middle: The distribution D of high-dim data x 2 RD is supported on a manifold M and
its classes on low-dim submanifolds Mj , we learn a map f(x, ✓) such that zi = f(xi, ✓) are on a union of
maximally uncorrelated subspaces {Sj}. Right: Cosine similarity between learned features by our method
for the CIFAR10 training dataset. Each class has 5,000 samples and their features span a subspace of over 10
dimensions (see Figure 3(c)).

the component distributions Dj are (or can be made). One popular working assumption is that the
distribution of each class has relatively low-dimensional intrinsic structures.9 Hence we may assume
the distribution Dj of each class has a support on a low-dimensional submanifold, say Mj with
dimension dj ⌧ D, and the distribution D of x is supported on the mixture of those submanifolds,
M = [k

j=1Mj , in the high-dimensional ambient space RD, as illustrated in Figure 1 left.

With the manifold assumption in mind, we want to learn a mapping z = f(x, ✓) that maps each of
the submanifolds Mj ⇢ RD to a linear subspace Sj ⇢ Rd (see Figure 1 middle). To do so, we
require our learned representation to have the following properties:

1. Between-Class Discriminative: Features of samples from different classes/clusters should
be highly uncorrelated and belong to different low-dimensional linear subspaces.

2. Within-Class Compressible: Features of samples from the same class/cluster should be
relatively correlated in a sense that they belong to a low-dimensional linear subspace.

3. Maximally Diverse Representation: Dimension (or variance) of features for each class/cluster
should be as large as possible as long as they stay uncorrelated from the other classes.

Notice that, although the intrinsic structures of each class/cluster may be low-dimensional, they are
by no means simply linear in their original representation x. Here the subspaces {Sj} can be viewed
as nonlinear generalized principal components for x [VMS16]. Furthermore, for many clustering
or classification tasks (such as object recognition), we consider two samples as equivalent if they
differ by certain class of domain deformations or augmentations T = {⌧}. Hence, we are only
interested in low-dimensional structures that are invariant to such deformations,10 which are known to
have sophisticated geometric and topological structures [WDCB05] and can be difficult to learn in a
principled manner even with CNNs [CW16, CGW19]. There are previous attempts to directly enforce
subspace structures on features learned by a deep network for supervised [LQMS18] or unsupervised
learning [JZL+17, ZJH+18, PFX+17, ZHF18, ZJH+19, ZLY+19, LQMS18]. However, the self-
expressive property of subspaces exploited by [JZL+17] does not enforce all the desired properties
listed above; [LQMS18] uses a nuclear norm based geometric loss to enforce orthogonality between
classes, but does not promote diversity in the learned representations, as we will soon see. Figure 1
right illustrates a representation learned by our method on the CIFAR10 dataset. More details can be
found in the experimental Section 3.

2 Technical Approach and Method

2.1 Measure of Compactness for a Representation

Although the above properties are all highly desirable for the latent representation z, they are by no
means easy to obtain: Are these properties compatible so that we can expect to achieve them all at

9There are many reasons why this assumption is plausible: 1. high dimensional data are highly redundant; 2.
data that belong to the same class should be similar and correlated to each other; 3. typically we only care about
equivalent structures of x that are invariant to certain classes of deformation and augmentations.

10So x 2 M iff ⌧(x) 2 M for all ⌧ 2 T .

3

Given samples
X = [x1, . . . ,xm] ⊂ ∪k

j=1Mj ,
seek a good representation
Z = [z1, . . . ,zm] ⊂ Rd

through a continuous mapping:
f(x,θ) : x ∈ RD 7→ z ∈ Rd.

How to obtain a white-box architecture f that simultaneously
identifies and represents large-scale datasets?
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CRATE White-Box Architectures for Representation Learning

Recap: White-Box Deep Networks
A promising approach: signal models =⇒ deep architectures
• Convolutional sparse coding networks [Papyan et al. 2018]
• Scattering networks [Bruna & Mallat 2013]
• ReduNets [Chan, Yu et al. 2022]

Figure: Left: ReduNet layer. Right: Scattering Network [Bruna & Mallat 2013]
[Wiatowski & Bölcskei 2018] (only 2-3 layers).

Pitfall of existing methods: Challenging to scale to massive datasets
with strong performance
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CRATE White-Box Architectures for Representation Learning

Improved White-Box Scaling by Improved Signal Modeling?
So far: Each sample is drawn from a mixture of manifolds
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Figure 1: Left and Middle: The distribution D of high-dim data x 2 RD is supported on a manifold M and
its classes on low-dim submanifolds Mj , we learn a map f(x, ✓) such that zi = f(xi, ✓) are on a union of
maximally uncorrelated subspaces {Sj}. Right: Cosine similarity between learned features by our method
for the CIFAR10 training dataset. Each class has 5,000 samples and their features span a subspace of over 10
dimensions (see Figure 3(c)).

the component distributions Dj are (or can be made). One popular working assumption is that the
distribution of each class has relatively low-dimensional intrinsic structures.9 Hence we may assume
the distribution Dj of each class has a support on a low-dimensional submanifold, say Mj with
dimension dj ⌧ D, and the distribution D of x is supported on the mixture of those submanifolds,
M = [k

j=1Mj , in the high-dimensional ambient space RD, as illustrated in Figure 1 left.

With the manifold assumption in mind, we want to learn a mapping z = f(x, ✓) that maps each of
the submanifolds Mj ⇢ RD to a linear subspace Sj ⇢ Rd (see Figure 1 middle). To do so, we
require our learned representation to have the following properties:

1. Between-Class Discriminative: Features of samples from different classes/clusters should
be highly uncorrelated and belong to different low-dimensional linear subspaces.

2. Within-Class Compressible: Features of samples from the same class/cluster should be
relatively correlated in a sense that they belong to a low-dimensional linear subspace.

3. Maximally Diverse Representation: Dimension (or variance) of features for each class/cluster
should be as large as possible as long as they stay uncorrelated from the other classes.

Notice that, although the intrinsic structures of each class/cluster may be low-dimensional, they are
by no means simply linear in their original representation x. Here the subspaces {Sj} can be viewed
as nonlinear generalized principal components for x [VMS16]. Furthermore, for many clustering
or classification tasks (such as object recognition), we consider two samples as equivalent if they
differ by certain class of domain deformations or augmentations T = {⌧}. Hence, we are only
interested in low-dimensional structures that are invariant to such deformations,10 which are known to
have sophisticated geometric and topological structures [WDCB05] and can be difficult to learn in a
principled manner even with CNNs [CW16, CGW19]. There are previous attempts to directly enforce
subspace structures on features learned by a deep network for supervised [LQMS18] or unsupervised
learning [JZL+17, ZJH+18, PFX+17, ZHF18, ZJH+19, ZLY+19, LQMS18]. However, the self-
expressive property of subspaces exploited by [JZL+17] does not enforce all the desired properties
listed above; [LQMS18] uses a nuclear norm based geometric loss to enforce orthogonality between
classes, but does not promote diversity in the learned representations, as we will soon see. Figure 1
right illustrates a representation learned by our method on the CIFAR10 dataset. More details can be
found in the experimental Section 3.

2 Technical Approach and Method

2.1 Measure of Compactness for a Representation

Although the above properties are all highly desirable for the latent representation z, they are by no
means easy to obtain: Are these properties compatible so that we can expect to achieve them all at

9There are many reasons why this assumption is plausible: 1. high dimensional data are highly redundant; 2.
data that belong to the same class should be similar and correlated to each other; 3. typically we only care about
equivalent structures of x that are invariant to certain classes of deformation and augmentations.

10So x 2 M iff ⌧(x) 2 M for all ⌧ 2 T .

3

Better? Each sample ⊃ correlated tokens—mixture of manifold
marginals!
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CRATE: A White-Box Transformer via Sparse MCR2

A white-box, mathematically interpretable, transformer-like deep network
architecture from iterative unrolling optimization schemes to
incrementally optimize the sparse rate reduction objective:

max
f∈F

EZ

[
∆R(Z;U[K])− ∥Z∥0

]
, Z = f(X).

compression sparsi�cation

Multi-Head Subspace
Self-A�ention

(MSSA)

Sparse Coding Proximal Step
(ISTA)

Figure 1: The ‘main loop’ of the CRATE white-box deep network design. After encoding input data X as a
sequence of tokens Z0, CRATE constructs a deep network that transforms the data to a canonical configuration
of low-dimensional subspaces by successive compression against a local model for the distribution, generating
Z`+1/2, and sparsification against a global dictionary, generating Z`+1. Repeatedly stacking these blocks and
training the model parameters via backpropagation yields a powerful and interpretable representation of the data.

architecture is empirically designed and lacks a rigorous mathematical interpretation. In fact, the
output of the attention layer itself has several competing interpretations [67, 74]. As a result, the
statistical and geometric relationship between the data distribution and the final representation learned
by a transformer largely remains a mysterious black box.

Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
image data which are highly structured but notoriously difficult to effectively model [3, 5]. The core
concept of diffusion models is to start with features sampled from a Gaussian noise distribution (or
some other standard template) and iteratively denoise and deform the feature distribution until it
converges to the original data distribution. This process is computationally intractable if modeled in
just one step [60], so it is typically broken into multiple incremental steps. The key to each step is
the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
the initial features and data samples. Hence, diffusion models themselves do not offer a parsimonious
or interpretable representation of the data distribution.

Structure-seeking models and rate reduction. In both of the previous two methods, the represen-
tations were constructed implicitly as a byproduct of solving a downstream task (e.g., classification
or generation/sampling) using deep networks. However, one can also explicitly learn a representation
of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
recent approaches build instead from a model-free perspective, where one learns a representation
through a sufficiently-informative pretext task (such as compressing similar and separating dissimilar
data in contrastive learning [45, 68, 76], or maximizing the information gain in the class of maximal
coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
interpretable: they allow users to explicitly design desired properties of the learned representation [46,
54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
architectures [11, 54, 58] by unrolling the optimization strategy for the representation learning
objective, such that each layer of the constructed network implements an iteration of the optimization
algorithm [11, 52, 54]. Unfortunately, in this paradigm, if the desired properties are narrowly defined,
it may be difficult to achieve good practical performance on large real-world datasets.

Our contributions, and outline of this work. In this work, we aim to remedy the limitations
of these existing methods with a more unified framework for designing transformer-like network
architectures that leads to both mathematical interpretability and good practical performance. To
this end, we propose to learn a sequence of incremental mappings to obtain a most compressed and
sparse representation for the input data (or their token sets) that optimizes a unified objective function
known as the sparse rate reduction, specified later in (1). The goal of the mapping is illustrated
in Figure 1. Within this framework, we unify the above three seemingly disparate approaches and
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Sparse MCR2 Objective and Incremental Representation

The sparse rate reduction (Sparse MCR2) objective is defined as

argmax
f∈F

EZ

[
∆R(Z;U[K])− ∥Z∥0

]

= argmin
f∈F

EZ

[
Rc(Z;U[K])︸ ︷︷ ︸

compression

+ ∥Z∥0 −R(Z)︸ ︷︷ ︸
sparsification

]
.

U[K] = (U1, . . . ,UK), Uk ∈ Rd×p are subspaces parameterizing the

marginal distribution of tokens (zi)
N
i=1

RD

M

M1

M2

Mj

Yaodong Yu, Sam Buchanan, Yi Ma White-Box Transformers via Sparse MCR2 June 10, 2023 6 / 21



CRATE CRATE: White-Box Transformers from Sparse MCR2

Sparse MCR2 Objective and Incremental Representation
The sparse rate reduction (Sparse MCR2) objective is defined as

argmax
f∈F

EZ

[
∆R(Z;U[K])− ∥Z∥0

]

= argmin
f∈F

EZ

[
Rc(Z;U[K])︸ ︷︷ ︸

compression

+ ∥Z∥0 −R(Z)︸ ︷︷ ︸
sparsification

]
.

The global transformation f is realized through local transformations:

f : X
f0

−−→ Z0 → · · · → Zℓ fℓ

−−→ Zℓ+1 → · · · → ZL = Z.

Each f ℓ deforms Zℓ according to its own local signal model U ℓ
[K].

compression sparsi�cation

Multi-Head Subspace
Self-A�ention

(MSSA)

Sparse Coding Proximal Step
(ISTA)

Figure 1: The ‘main loop’ of the CRATE white-box deep network design. After encoding input data X as a
sequence of tokens Z0, CRATE constructs a deep network that transforms the data to a canonical configuration
of low-dimensional subspaces by successive compression against a local model for the distribution, generating
Z`+1/2, and sparsification against a global dictionary, generating Z`+1. Repeatedly stacking these blocks and
training the model parameters via backpropagation yields a powerful and interpretable representation of the data.

architecture is empirically designed and lacks a rigorous mathematical interpretation. In fact, the
output of the attention layer itself has several competing interpretations [67, 74]. As a result, the
statistical and geometric relationship between the data distribution and the final representation learned
by a transformer largely remains a mysterious black box.

Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
image data which are highly structured but notoriously difficult to effectively model [3, 5]. The core
concept of diffusion models is to start with features sampled from a Gaussian noise distribution (or
some other standard template) and iteratively denoise and deform the feature distribution until it
converges to the original data distribution. This process is computationally intractable if modeled in
just one step [60], so it is typically broken into multiple incremental steps. The key to each step is
the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
the initial features and data samples. Hence, diffusion models themselves do not offer a parsimonious
or interpretable representation of the data distribution.

Structure-seeking models and rate reduction. In both of the previous two methods, the represen-
tations were constructed implicitly as a byproduct of solving a downstream task (e.g., classification
or generation/sampling) using deep networks. However, one can also explicitly learn a representation
of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
recent approaches build instead from a model-free perspective, where one learns a representation
through a sufficiently-informative pretext task (such as compressing similar and separating dissimilar
data in contrastive learning [45, 68, 76], or maximizing the information gain in the class of maximal
coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
interpretable: they allow users to explicitly design desired properties of the learned representation [46,
54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
architectures [11, 54, 58] by unrolling the optimization strategy for the representation learning
objective, such that each layer of the constructed network implements an iteration of the optimization
algorithm [11, 52, 54]. Unfortunately, in this paradigm, if the desired properties are narrowly defined,
it may be difficult to achieve good practical performance on large real-world datasets.

Our contributions, and outline of this work. In this work, we aim to remedy the limitations
of these existing methods with a more unified framework for designing transformer-like network
architectures that leads to both mathematical interpretability and good practical performance. To
this end, we propose to learn a sequence of incremental mappings to obtain a most compressed and
sparse representation for the input data (or their token sets) that optimizes a unified objective function
known as the sparse rate reduction, specified later in (1). The goal of the mapping is illustrated
in Figure 1. Within this framework, we unify the above three seemingly disparate approaches and
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How to construct a representation f to incrementally optimize the
compression term and the sparsification term?
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Recap: Compression and Expansion in MCR2

Expansion:

R(Z) =
1

2

K∑

k=1

logdet

(
I +

d

Nϵ2
Z∗Z

)

Compression:

Rc(Z;U[K]) =
1

2

K∑

k=1

logdet
(
I +

p

Nϵ2
(U∗

kZ)∗(U∗
kZ)

)

Gradient of Rate Distortion:

∂R(Z)

∂Z

∣∣∣∣
Zℓ

= α(I+αZℓZ
∗
ℓ )

−1Zℓ︸ ︷︷ ︸
auto-regress residual

≈ α
[
Zℓ − αZℓ(Z

∗
ℓZℓ)

]
︸ ︷︷ ︸
self-attention head

.
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Compression in Sparse MCR2

To optimize the compression term Rc(Z;U[K]), we propose to compress

the set of tokens against the subspaces (Uk)
K
k=1 by minimizing the coding

rate via “approximate” gradient descent

(Gradient Descent): Zℓ − κ∇ZR
c(Zℓ;U[K])

≈
(
1− κ · p

Nϵ2

)
Zℓ + κ · p

Nϵ2
· MSSA(Zℓ|U[K]),

where MSSA is defined through an SSA operator as:

SSA(Z|Uk) = (U∗
kZ) softmax((U∗

kZ)∗(U∗
kZ)),

MSSA(Z|U[K]) =
p

Nϵ2
·
[
U1, . . . ,UK

]  SSA(Z|U1)
...

SSA(Z|UK)

 .

No need for separate query-Q, key-K, value-V in transformer
attention block.
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Compression in Sparse MCR2

To optimize the compression term Rc(Z;U[K]), we propose to compress

the set of tokens against the subspaces (Uk)
K
k=1 by minimizing the coding

rate via “approximate” gradient descent

Zℓ+1/2 = Zℓ + MSSA(Zℓ|U[K]).
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Figure 1: The ‘main loop’ of the CRATE white-box deep network design. After encoding input data X as a
sequence of tokens Z0, CRATE constructs a deep network that transforms the data to a canonical configuration
of low-dimensional subspaces by successive compression against a local model for the distribution, generating
Z`+1/2, and sparsification against a global dictionary, generating Z`+1. Repeatedly stacking these blocks and
training the model parameters via backpropagation yields a powerful and interpretable representation of the data.

architecture is empirically designed and lacks a rigorous mathematical interpretation. In fact, the
output of the attention layer itself has several competing interpretations [67, 74]. As a result, the
statistical and geometric relationship between the data distribution and the final representation learned
by a transformer largely remains a mysterious black box.

Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
image data which are highly structured but notoriously difficult to effectively model [3, 5]. The core
concept of diffusion models is to start with features sampled from a Gaussian noise distribution (or
some other standard template) and iteratively denoise and deform the feature distribution until it
converges to the original data distribution. This process is computationally intractable if modeled in
just one step [60], so it is typically broken into multiple incremental steps. The key to each step is
the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
the initial features and data samples. Hence, diffusion models themselves do not offer a parsimonious
or interpretable representation of the data distribution.

Structure-seeking models and rate reduction. In both of the previous two methods, the represen-
tations were constructed implicitly as a byproduct of solving a downstream task (e.g., classification
or generation/sampling) using deep networks. However, one can also explicitly learn a representation
of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
recent approaches build instead from a model-free perspective, where one learns a representation
through a sufficiently-informative pretext task (such as compressing similar and separating dissimilar
data in contrastive learning [45, 68, 76], or maximizing the information gain in the class of maximal
coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
interpretable: they allow users to explicitly design desired properties of the learned representation [46,
54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
architectures [11, 54, 58] by unrolling the optimization strategy for the representation learning
objective, such that each layer of the constructed network implements an iteration of the optimization
algorithm [11, 52, 54]. Unfortunately, in this paradigm, if the desired properties are narrowly defined,
it may be difficult to achieve good practical performance on large real-world datasets.

Our contributions, and outline of this work. In this work, we aim to remedy the limitations
of these existing methods with a more unified framework for designing transformer-like network
architectures that leads to both mathematical interpretability and good practical performance. To
this end, we propose to learn a sequence of incremental mappings to obtain a most compressed and
sparse representation for the input data (or their token sets) that optimizes a unified objective function
known as the sparse rate reduction, specified later in (1). The goal of the mapping is illustrated
in Figure 1. Within this framework, we unify the above three seemingly disparate approaches and

2

compression sparsi�cation

Multi-Head Subspace
Self-A�ention

(MSSA)

Sparse Coding Proximal Step
(ISTA)

Figure 1: The ‘main loop’ of the CRATE white-box deep network design. After encoding input data X as a
sequence of tokens Z0, CRATE constructs a deep network that transforms the data to a canonical configuration
of low-dimensional subspaces by successive compression against a local model for the distribution, generating
Z`+1/2, and sparsification against a global dictionary, generating Z`+1. Repeatedly stacking these blocks and
training the model parameters via backpropagation yields a powerful and interpretable representation of the data.

architecture is empirically designed and lacks a rigorous mathematical interpretation. In fact, the
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statistical and geometric relationship between the data distribution and the final representation learned
by a transformer largely remains a mysterious black box.
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concept of diffusion models is to start with features sampled from a Gaussian noise distribution (or
some other standard template) and iteratively denoise and deform the feature distribution until it
converges to the original data distribution. This process is computationally intractable if modeled in
just one step [60], so it is typically broken into multiple incremental steps. The key to each step is
the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
the initial features and data samples. Hence, diffusion models themselves do not offer a parsimonious
or interpretable representation of the data distribution.

Structure-seeking models and rate reduction. In both of the previous two methods, the represen-
tations were constructed implicitly as a byproduct of solving a downstream task (e.g., classification
or generation/sampling) using deep networks. However, one can also explicitly learn a representation
of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
recent approaches build instead from a model-free perspective, where one learns a representation
through a sufficiently-informative pretext task (such as compressing similar and separating dissimilar
data in contrastive learning [45, 68, 76], or maximizing the information gain in the class of maximal
coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
interpretable: they allow users to explicitly design desired properties of the learned representation [46,
54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
architectures [11, 54, 58] by unrolling the optimization strategy for the representation learning
objective, such that each layer of the constructed network implements an iteration of the optimization
algorithm [11, 52, 54]. Unfortunately, in this paradigm, if the desired properties are narrowly defined,
it may be difficult to achieve good practical performance on large real-world datasets.

Our contributions, and outline of this work. In this work, we aim to remedy the limitations
of these existing methods with a more unified framework for designing transformer-like network
architectures that leads to both mathematical interpretability and good practical performance. To
this end, we propose to learn a sequence of incremental mappings to obtain a most compressed and
sparse representation for the input data (or their token sets) that optimizes a unified objective function
known as the sparse rate reduction, specified later in (1). The goal of the mapping is illustrated
in Figure 1. Within this framework, we unify the above three seemingly disparate approaches and
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by a transformer largely remains a mysterious black box.

Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
image data which are highly structured but notoriously difficult to effectively model [3, 5]. The core
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of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
recent approaches build instead from a model-free perspective, where one learns a representation
through a sufficiently-informative pretext task (such as compressing similar and separating dissimilar
data in contrastive learning [45, 68, 76], or maximizing the information gain in the class of maximal
coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
interpretable: they allow users to explicitly design desired properties of the learned representation [46,
54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
architectures [11, 54, 58] by unrolling the optimization strategy for the representation learning
objective, such that each layer of the constructed network implements an iteration of the optimization
algorithm [11, 52, 54]. Unfortunately, in this paradigm, if the desired properties are narrowly defined,
it may be difficult to achieve good practical performance on large real-world datasets.

Our contributions, and outline of this work. In this work, we aim to remedy the limitations
of these existing methods with a more unified framework for designing transformer-like network
architectures that leads to both mathematical interpretability and good practical performance. To
this end, we propose to learn a sequence of incremental mappings to obtain a most compressed and
sparse representation for the input data (or their token sets) that optimizes a unified objective function
known as the sparse rate reduction, specified later in (1). The goal of the mapping is illustrated
in Figure 1. Within this framework, we unify the above three seemingly disparate approaches and

2

compression sparsi�cation

Multi-Head Subspace
Self-A�ention

(MSSA)

Sparse Coding Proximal Step
(ISTA)

Figure 1: The ‘main loop’ of the CRATE white-box deep network design. After encoding input data X as a
sequence of tokens Z0, CRATE constructs a deep network that transforms the data to a canonical configuration
of low-dimensional subspaces by successive compression against a local model for the distribution, generating
Z`+1/2, and sparsification against a global dictionary, generating Z`+1. Repeatedly stacking these blocks and
training the model parameters via backpropagation yields a powerful and interpretable representation of the data.

architecture is empirically designed and lacks a rigorous mathematical interpretation. In fact, the
output of the attention layer itself has several competing interpretations [67, 74]. As a result, the
statistical and geometric relationship between the data distribution and the final representation learned
by a transformer largely remains a mysterious black box.

Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
image data which are highly structured but notoriously difficult to effectively model [3, 5]. The core
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the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
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of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
recent approaches build instead from a model-free perspective, where one learns a representation
through a sufficiently-informative pretext task (such as compressing similar and separating dissimilar
data in contrastive learning [45, 68, 76], or maximizing the information gain in the class of maximal
coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
interpretable: they allow users to explicitly design desired properties of the learned representation [46,
54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
architectures [11, 54, 58] by unrolling the optimization strategy for the representation learning
objective, such that each layer of the constructed network implements an iteration of the optimization
algorithm [11, 52, 54]. Unfortunately, in this paradigm, if the desired properties are narrowly defined,
it may be difficult to achieve good practical performance on large real-world datasets.

Our contributions, and outline of this work. In this work, we aim to remedy the limitations
of these existing methods with a more unified framework for designing transformer-like network
architectures that leads to both mathematical interpretability and good practical performance. To
this end, we propose to learn a sequence of incremental mappings to obtain a most compressed and
sparse representation for the input data (or their token sets) that optimizes a unified objective function
known as the sparse rate reduction, specified later in (1). The goal of the mapping is illustrated
in Figure 1. Within this framework, we unify the above three seemingly disparate approaches and
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Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
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some other standard template) and iteratively denoise and deform the feature distribution until it
converges to the original data distribution. This process is computationally intractable if modeled in
just one step [60], so it is typically broken into multiple incremental steps. The key to each step is
the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
the initial features and data samples. Hence, diffusion models themselves do not offer a parsimonious
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tations were constructed implicitly as a byproduct of solving a downstream task (e.g., classification
or generation/sampling) using deep networks. However, one can also explicitly learn a representation
of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
recent approaches build instead from a model-free perspective, where one learns a representation
through a sufficiently-informative pretext task (such as compressing similar and separating dissimilar
data in contrastive learning [45, 68, 76], or maximizing the information gain in the class of maximal
coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
interpretable: they allow users to explicitly design desired properties of the learned representation [46,
54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
architectures [11, 54, 58] by unrolling the optimization strategy for the representation learning
objective, such that each layer of the constructed network implements an iteration of the optimization
algorithm [11, 52, 54]. Unfortunately, in this paradigm, if the desired properties are narrowly defined,
it may be difficult to achieve good practical performance on large real-world datasets.

Our contributions, and outline of this work. In this work, we aim to remedy the limitations
of these existing methods with a more unified framework for designing transformer-like network
architectures that leads to both mathematical interpretability and good practical performance. To
this end, we propose to learn a sequence of incremental mappings to obtain a most compressed and
sparse representation for the input data (or their token sets) that optimizes a unified objective function
known as the sparse rate reduction, specified later in (1). The goal of the mapping is illustrated
in Figure 1. Within this framework, we unify the above three seemingly disparate approaches and
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Figure 2: One layer of the CRATE architecture. The full architecture is simply a concatenation of such layers,
with some initial tokenizer and final task-specific architecture (i.e., a classification head).

where R(Z) denotes the coding rate of the whole token set, as defined in (7). In addition to
sparsification via the kZk0 term, the expansion term R(Z) in (13) promotes diversity and non-
collapse of the representation, a highly desirable property. However, prior work has struggled to
realize this benefit on large-scale datasets due to poor scalability of the gradient rZR(Z), which
requires a matrix inverse [54].
To simplify things, we therefore take a different approach to trading off between representational
diversity and sparsification: we posit a (complete) incoherent or orthogonal dictionary D 2 Rd⇥d, and
ask to sparsify the intermediate iterates Z`+1/2 with respect to D. That is, Z`+1/2 = DZ`+1 where
Z`+1 is more sparse. The dictionary D is global, i.e., is used to sparsify all tokens simultaneously.
By the incoherence assumption, we have D⇤D ⇡ Id; thus from (7) we have R(Z`+1) ⇡
R(DZ`+1) = R(Z`+1/2). Thus we approximately solve (13) with the following program:

Z`+1 = arg min
Z

kZk0 subject to Z`+1/2 = DZ. (14)

The above sparse representation program is usually solved by relaxing it to an unconstrained convex
program, known as LASSO:

Z`+1 = arg min
Z

h
�kZk1 + kZ`+1/2 � DZk2

F

i
. (15)

In our implementation, motivated by Sun et al. [33] and Zarka et al. [35], we also add a non-negative
constraint to Z`+1,

Z`+1 = arg min
Z�0

h
�kZk1 + kZ`+1/2 � DZk2

F

i
, (16)

which we then incrementally optimize by performing an unrolled proximal gradient descent step,
known as an ISTA step [8], to give the update:

Z`+1 = ReLU(Z`+1/2 + ⌘D⇤(Z`+1/2 � DZ`+1/2) � ⌘�1)
.
= ISTA(Z`+1/2 | D). (17)

In Appendix A.3, we will show one can arrive at a similar operator to the above ISTA-like update for
optimizing (13) by properly linearizing and approximating the rate term R(Z).

2.5 The Overall White-Box CRATE Architecture

By combining the above two steps:

1. (Sections 2.2 and 2.3) Local denoising and compression of tokens within a sample towards a
mixture-of-subspace structure, leading to the multi-head subspace self-attention block – MSSA;
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(b)

Figure: (a). Visualization of MSSA block; (b). Architecture of MSSA block.
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CRATE CRATE: White-Box Transformers from Sparse MCR2

Sparsification in Sparse MCR2

To optimize the sparsification term ∥Z∥0 −R(Z), we posit a incoherent
or orthogonal dictionary D ∈ Rd×d and sparsify Zℓ+1/2 with respect to
D, that is

Zℓ+1/2 = DZℓ+1.

By the incoherence assumption, we have D∗D ≈ Id; thus

R(Zℓ+1) ≈ R(DZℓ+1) = R(Zℓ+1/2).

Thus we approximately optimize the sparsification objective with the
following program:

Zℓ+1 = argminZ∥Z∥0 subject to Zℓ+1/2 = DZ.

Yaodong Yu, Sam Buchanan, Yi Ma White-Box Transformers via Sparse MCR2 June 10, 2023 10 / 21



CRATE CRATE: White-Box Transformers from Sparse MCR2

Sparsification in Sparse MCR2

Given the sparse representation program

Zℓ+1 = argminZ∥Z∥0 subject to Zℓ+1/2 = DZ.

we can relax it to an convex program, i.e., positive sparse coding:

Zℓ+1 = argmin
Z≥0

[
λ∥Z∥1 + ∥Zℓ+1/2 −DZ∥2F

]
.

We can incrementally optimize the above objective by performing an
unrolled proximal gradient descent step, known as an ISTA step:

Zℓ+1 = ReLU(Zℓ+1/2 + ηD∗(Zℓ+1/2 −DZℓ+1/2)− ηλ1)

:= ISTA(Zℓ+1/2 |Dℓ).

The ISTA block uses much fewer parameters than transformer MLP
block, and provides more interpretable representations.
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architecture is empirically designed and lacks a rigorous mathematical interpretation. In fact, the
output of the attention layer itself has several competing interpretations [67, 74]. As a result, the
statistical and geometric relationship between the data distribution and the final representation learned
by a transformer largely remains a mysterious black box.

Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
image data which are highly structured but notoriously difficult to effectively model [3, 5]. The core
concept of diffusion models is to start with features sampled from a Gaussian noise distribution (or
some other standard template) and iteratively denoise and deform the feature distribution until it
converges to the original data distribution. This process is computationally intractable if modeled in
just one step [60], so it is typically broken into multiple incremental steps. The key to each step is
the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
the initial features and data samples. Hence, diffusion models themselves do not offer a parsimonious
or interpretable representation of the data distribution.

Structure-seeking models and rate reduction. In both of the previous two methods, the represen-
tations were constructed implicitly as a byproduct of solving a downstream task (e.g., classification
or generation/sampling) using deep networks. However, one can also explicitly learn a representation
of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
recent approaches build instead from a model-free perspective, where one learns a representation
through a sufficiently-informative pretext task (such as compressing similar and separating dissimilar
data in contrastive learning [45, 68, 76], or maximizing the information gain in the class of maximal
coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
interpretable: they allow users to explicitly design desired properties of the learned representation [46,
54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
architectures [11, 54, 58] by unrolling the optimization strategy for the representation learning
objective, such that each layer of the constructed network implements an iteration of the optimization
algorithm [11, 52, 54]. Unfortunately, in this paradigm, if the desired properties are narrowly defined,
it may be difficult to achieve good practical performance on large real-world datasets.

Our contributions, and outline of this work. In this work, we aim to remedy the limitations
of these existing methods with a more unified framework for designing transformer-like network
architectures that leads to both mathematical interpretability and good practical performance. To
this end, we propose to learn a sequence of incremental mappings to obtain a most compressed and
sparse representation for the input data (or their token sets) that optimizes a unified objective function
known as the sparse rate reduction, specified later in (1). The goal of the mapping is illustrated
in Figure 1. Within this framework, we unify the above three seemingly disparate approaches and
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Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
image data which are highly structured but notoriously difficult to effectively model [3, 5]. The core
concept of diffusion models is to start with features sampled from a Gaussian noise distribution (or
some other standard template) and iteratively denoise and deform the feature distribution until it
converges to the original data distribution. This process is computationally intractable if modeled in
just one step [60], so it is typically broken into multiple incremental steps. The key to each step is
the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
the initial features and data samples. Hence, diffusion models themselves do not offer a parsimonious
or interpretable representation of the data distribution.

Structure-seeking models and rate reduction. In both of the previous two methods, the represen-
tations were constructed implicitly as a byproduct of solving a downstream task (e.g., classification
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represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
which grew early attempts at designing and interpreting deep network architectures [18, 32]. More
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interpretable: they allow users to explicitly design desired properties of the learned representation [46,
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it may be difficult to achieve good practical performance on large real-world datasets.
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Figure 2: One layer of the CRATE architecture. The full architecture is simply a concatenation of such layers,
with some initial tokenizer and final task-specific architecture (i.e., a classification head).

where R(Z) denotes the coding rate of the whole token set, as defined in (7). In addition to
sparsification via the kZk0 term, the expansion term R(Z) in (13) promotes diversity and non-
collapse of the representation, a highly desirable property. However, prior work has struggled to
realize this benefit on large-scale datasets due to poor scalability of the gradient rZR(Z), which
requires a matrix inverse [54].
To simplify things, we therefore take a different approach to trading off between representational
diversity and sparsification: we posit a (complete) incoherent or orthogonal dictionary D 2 Rd⇥d, and
ask to sparsify the intermediate iterates Z`+1/2 with respect to D. That is, Z`+1/2 = DZ`+1 where
Z`+1 is more sparse. The dictionary D is global, i.e., is used to sparsify all tokens simultaneously.
By the incoherence assumption, we have D⇤D ⇡ Id; thus from (7) we have R(Z`+1) ⇡
R(DZ`+1) = R(Z`+1/2). Thus we approximately solve (13) with the following program:

Z`+1 = arg min
Z

kZk0 subject to Z`+1/2 = DZ. (14)

The above sparse representation program is usually solved by relaxing it to an unconstrained convex
program, known as LASSO:

Z`+1 = arg min
Z

h
�kZk1 + kZ`+1/2 � DZk2

F

i
. (15)

In our implementation, motivated by Sun et al. [33] and Zarka et al. [35], we also add a non-negative
constraint to Z`+1,

Z`+1 = arg min
Z�0

h
�kZk1 + kZ`+1/2 � DZk2

F

i
, (16)

which we then incrementally optimize by performing an unrolled proximal gradient descent step,
known as an ISTA step [8], to give the update:

Z`+1 = ReLU(Z`+1/2 + ⌘D⇤(Z`+1/2 � DZ`+1/2) � ⌘�1)
.
= ISTA(Z`+1/2 | D). (17)

In Appendix A.3, we will show one can arrive at a similar operator to the above ISTA-like update for
optimizing (13) by properly linearizing and approximating the rate term R(Z).

2.5 The Overall White-Box CRATE Architecture

By combining the above two steps:

1. (Sections 2.2 and 2.3) Local denoising and compression of tokens within a sample towards a
mixture-of-subspace structure, leading to the multi-head subspace self-attention block – MSSA;

7

compression sparsi�cation

Multi-Head Subspace
Self-A�ention

(MSSA)

Sparse Coding Proximal Step
(ISTA)

Figure 1: The ‘main loop’ of the CRATE white-box deep network design. After encoding input data X as a
sequence of tokens Z0, CRATE constructs a deep network that transforms the data to a canonical configuration
of low-dimensional subspaces by successive compression against a local model for the distribution, generating
Z`+1/2, and sparsification against a global dictionary, generating Z`+1. Repeatedly stacking these blocks and
training the model parameters via backpropagation yields a powerful and interpretable representation of the data.

architecture is empirically designed and lacks a rigorous mathematical interpretation. In fact, the
output of the attention layer itself has several competing interpretations [67, 74]. As a result, the
statistical and geometric relationship between the data distribution and the final representation learned
by a transformer largely remains a mysterious black box.

Diffusion models and denoising. Diffusion models [22, 34, 41, 43, 44] have recently become
a popular method for learning the data distribution, particularly for generative tasks and natural
image data which are highly structured but notoriously difficult to effectively model [3, 5]. The core
concept of diffusion models is to start with features sampled from a Gaussian noise distribution (or
some other standard template) and iteratively denoise and deform the feature distribution until it
converges to the original data distribution. This process is computationally intractable if modeled in
just one step [60], so it is typically broken into multiple incremental steps. The key to each step is
the so-called score function, or equivalently [13] an estimate for the “optimal denoising function”;
in practice this function is modeled using a generic black-box deep network. Diffusion models
have shown effectiveness at learning and sampling from the data distribution [55, 59, 64]. However,
despite some recent efforts [77], they generally do not establish any clear correspondence between
the initial features and data samples. Hence, diffusion models themselves do not offer a parsimonious
or interpretable representation of the data distribution.

Structure-seeking models and rate reduction. In both of the previous two methods, the represen-
tations were constructed implicitly as a byproduct of solving a downstream task (e.g., classification
or generation/sampling) using deep networks. However, one can also explicitly learn a representation
of the data distribution as a task in and of itself; this is most commonly done by trying to identify and
represent low-dimensional structures in the input data. Classical examples of this paradigm include
model-based approaches such as sparse coding [2, 29] and dictionary learning [17, 21, 47], out of
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coding rate reduction methods [6, 46, 54]). Compared to black-box deep learning approaches, both
model-based and model-free representation learning schemes have the advantage of being more
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54, 62]. Furthermore, they allow users to construct new white-box forward-constructed deep network
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CRATE CRATE: White-Box Transformers from Sparse MCR2

One Layer of CRATE

Each layer of CRATE thus incrementally optimizes the compression term
Rc(Z;U[K]) and sparsification term ∥Z∥0 −R(Z),

Zℓ+1 = f ℓ(Zℓ) = ISTA
(
(Id+ MSSA)(Zℓ)︸ ︷︷ ︸

Zℓ+1/2

)
.

More specifically,

Zℓ+1/2 = Zℓ + MSSA(Zℓ |U ℓ
[K]), [Compression step]

Zℓ+1 = ISTA(Zℓ+1/2 |Dℓ), [Sparsification step]

so the ℓ-th layer of the global representation f is

f ℓ : Zℓ Id+MSSA−−−−−−→ Zℓ+1/2 ISTA−−−−→ Zℓ+1.
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CRATE CRATE: White-Box Transformers from Sparse MCR2

Overall White-Box CRATE Architecture
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Figure 2: One layer of the CRATE architecture. The full architecture is simply a concatenation of such layers,
with some initial tokenizer and final task-specific architecture (i.e., a classification head).

where R(Z) denotes the coding rate of the whole token set, as defined in (7). In addition to
sparsification via the kZk0 term, the expansion term R(Z) in (13) promotes diversity and non-
collapse of the representation, a highly desirable property. However, prior work has struggled to
realize this benefit on large-scale datasets due to poor scalability of the gradient rZR(Z), which
requires a matrix inverse [54].
To simplify things, we therefore take a different approach to trading off between representational
diversity and sparsification: we posit a (complete) incoherent or orthogonal dictionary D 2 Rd⇥d, and
ask to sparsify the intermediate iterates Z`+1/2 with respect to D. That is, Z`+1/2 = DZ`+1 where
Z`+1 is more sparse. The dictionary D is global, i.e., is used to sparsify all tokens simultaneously.
By the incoherence assumption, we have D⇤D ⇡ Id; thus from (7) we have R(Z`+1) ⇡
R(DZ`+1) = R(Z`+1/2). Thus we approximately solve (13) with the following program:

Z`+1 = arg min
Z

kZk0 subject to Z`+1/2 = DZ. (14)

The above sparse representation program is usually solved by relaxing it to an unconstrained convex
program, known as LASSO:

Z`+1 = arg min
Z

h
�kZk1 + kZ`+1/2 � DZk2

F

i
. (15)

In our implementation, motivated by Sun et al. [33] and Zarka et al. [35], we also add a non-negative
constraint to Z`+1,

Z`+1 = arg min
Z�0

h
�kZk1 + kZ`+1/2 � DZk2

F

i
, (16)

which we then incrementally optimize by performing an unrolled proximal gradient descent step,
known as an ISTA step [8], to give the update:

Z`+1 = ReLU(Z`+1/2 + ⌘D⇤(Z`+1/2 � DZ`+1/2) � ⌘�1)
.
= ISTA(Z`+1/2 | D). (17)

In Appendix A.3, we will show one can arrive at a similar operator to the above ISTA-like update for
optimizing (13) by properly linearizing and approximating the rate term R(Z).

2.5 The Overall White-Box CRATE Architecture

By combining the above two steps:

1. (Sections 2.2 and 2.3) Local denoising and compression of tokens within a sample towards a
mixture-of-subspace structure, leading to the multi-head subspace self-attention block – MSSA;

7

• Forward optimization: perform compression and sparsification.

• Learning from data: apply SGD to learn (U ℓ
[K],D

ℓ)Lℓ=1 from data.
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CRATE Experimental Results on CRATE

Experiment I: Supervised Learning on ImageNet-1K

Experimental setup: let the CLS token of ZL (i.e., the output token set
of the last layer), and then apply a linear linear to perform supervised
learning on ImageNet-1K using our proposed CRATE architecture.

Table 1: Top 1 accuracy of CRATE on various datasets with different model scales when pre-trained on ImageNet.
For ImageNet/ImageNetReaL, we directly evaluate the top-1 accuracy. For other datasets, we use models that
are pre-trained on ImageNet as initialization and the evaluate the transfer learning performance via fine-tuning.

Datasets CRATE-T CRATE-S CRATE-B CRATE-L ViT-T ViT-S

# parameters 6.09M 13.12M 22.80M 77.64M 5.72M 22.05M

ImageNet 66.7 69.2 70.8 71.3 71.5 72.4
ImageNet ReaL 74.0 76.0 76.5 77.4 78.3 78.4

CIFAR10 95.5 96.0 96.8 97.2 96.6 97.2
CIFAR100 78.9 81.0 82.7 83.6 81.8 83.2
Oxford Flowers-102 84.6 87.1 88.7 88.3 85.1 88.5
Oxford-IIIT-Pets 81.4 84.9 85.3 87.4 88.5 88.6

more structured (i.e., low-rank), which indicates that the set of token representations become closer
to linear subspaces, confirming our mental picture of the geometry of each layer (as in Figure 1).

Visualizing layer-wise subspaces in multi-head self-attention. We now visualize the U `
[K] ma-

trices used in the MSSA block. In Section 2.3, we assumed that U `
[K] were incoherent to capture

different “views” of the set of tokens. In Fig. 7 of Appendix B.2, we first normalize the columns
in each U `

k, then we visualize the [U `
1 , . . . , U `

K ]
⇤
[U `

1 , . . . , U `
K ] 2 RpK⇥pK . The (i, j)-th block

in each sub-figure corresponds to (U `
i )⇤U `

j for i, j 2 [K] at a particular layer `. We find that the
learned U `

[K] are approximately incoherent, which aligns well with our assumptions. One interesting
observation is that the U `

[K] becomes more incoherent when the layer index ` is larger, which suggests
that the token representations are more separable. This mirrors the situation in other popular deep
networks [57].

3.2 Evalutions of CRATE on Large Real-World Datasets and Tasks

We now study the empirical performance of the proposed networks by measuring their top-1 accuracy
on ImageNet-1K as well as transfer learning performance on several widely used downstream datasets.
We summarize the results in Table 1. As our designed architecture leverages parameter sharing in
both the attention block (MSSA) and the MLP block (ISTA), our CRATE-Base model (22.08 million)
has a similar number of parameters to the ViT-Small (22.05 million).
From Table 1, we find that with a similar number of model parameters, our proposed network
achieves similar ImageNet-1K and transfer learning performance as ViT, despite the simplicity and
interpretability of our design. Moreover, with the same set of training hyperparameters, we observe
promising scaling behavior in CRATE—we consistently improve the performance by scaling up the
model size. For comparison, directly scaling ViT on ImageNet-1K does not always lead to consistent
performance improvement measured by top-1 accuracy [40]. To summarize, we achieve promising
performance on real-world large-scale datasets by directly implementing our principled architecture.

4 Conclusion

In this paper, we propose a new theoretical framework that allows us to derive deep transformer-
like network architectures as incremental optimization schemes to learn compressed and sparse
representation of the input data (or token sets). The so derived and learned deep architectures are not
only fully mathematically interpretable, but also consistent on a layer-by-layer level with their design
objective. Despite being arguably the simplest among all possible designs, these networks already
demonstrate performance on large-scale real-world datasets and tasks close to seasoned transformers.
We believe this work truly helps bridge the gap between theory and practice of deep neural networks
as well as help unify seemingly separate approaches to learning and representing data distributions.
Probably more importantly for practitioners, our framework provides theoretical guidelines to design
and justify new, potentially more powerful, deep architectures for representation learning.
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• CRATE demonstrates promising performance on the ImageNet-1K
dataset, indicating its potential for further advancement.
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We summarize the results in Table 1. As our designed architecture leverages parameter sharing in
both the attention block (MSSA) and the MLP block (ISTA), our CRATE-Base model (22.08 million)
has a similar number of parameters to the ViT-Small (22.05 million).
From Table 1, we find that with a similar number of model parameters, our proposed network
achieves similar ImageNet-1K and transfer learning performance as ViT, despite the simplicity and
interpretability of our design. Moreover, with the same set of training hyperparameters, we observe
promising scaling behavior in CRATE—we consistently improve the performance by scaling up the
model size. For comparison, directly scaling ViT on ImageNet-1K does not always lead to consistent
performance improvement measured by top-1 accuracy [40]. To summarize, we achieve promising
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like network architectures as incremental optimization schemes to learn compressed and sparse
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• CRATE achieves performance close to thoroughly engineered vision
transformers.

• Promising scaling behavior in CRATE.
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CRATE Experimental Results on CRATE

Experiment II: Layer-wise Analysis of CRATE

Given a learned CRATE model, we measure the compression term of
Zℓ+1/2 (left, Rc(Zℓ+1/2)) and the sparsification term of Zℓ+1 (right,
∥Zℓ+1∥0) on train/validation samples at each layer.

Figure 3: Left: The compression term Rc(Z`+1/2) of the MSSA outputs at different layers. Right: the sparsity
of the ISTA output block, kZ`+1k0/(d · N), at different layers. (Model: CRATE-Small).

Figure 4: The compression term Rc(Z) (left) and sparsification term kZk0/(d · N) (right) across models
trained with different numbers of epochs. (Model: CRATE-Base).

3.1 In-depth Layer-wise Analysis of CRATE

Do layers of CRATE achieve their design goals? As described in Section 2.3 and Section 2.4, the
MSSA block is designed to optimize the compression term Rc(Z) and the ISTA block to sparsify the
token representations (corresponding to the sparsification term kZk0). To understand whether CRATE

indeed optimizes these terms, for each layer `, we measure (i) the compression term Rc(Z`+1/2)
on the MSSA block outputs Z`+1/2; and (ii) sparsity kZ`+1k0 on the ISTA block outputs Z`+1.
Specifically, we evaluate these two terms by using training/validation samples from ImageNet-1K.
Both terms are evaluated at the per-sample level and averaged over B = 103 samples.
Figure 3 shows the plots of these two key measures at all layers for the learned CRATE-small model.
We find that as the layer index ` increases, both the compression and the sparsification terms improve
in most cases. The increase in the sparsity measure of the last layer is caused by the extra linear
layer for classification.8 These results suggest that CRATE aligns well with the original design goals:
once learned, it essentially learns to gradually compress and sparsity the representations through
its layers. In addition, we also measure the compression and sparsification terms on CRATE models
with different model sizes as well as intermediate model checkpoints and the results are shown by
plots in Figure 5 of Appendix B.2. The observations are very consistent across all different model
sizes—both the compression and sparsification terms improve in most scenarios. Models with more
layers tend to optimize the objectives more effectively, confirming our understanding of each layer’s
roles.
To see the effect of learning, we present the evaluations on CRATE-Small trained with different number
of epochs in Figure 4. When the model is not trained enough (e.g. untrained), the architecture does
not optimize the objectives effectively. However, during training—learning better subspaces U `

[K]

and dictionaries D`—the designed blocks start to optimize the objectives much more effectively.

Visualizing layer-wise token representations. To gain a better understanding of the token represen-
tations of CRATE, we visualize the output of each ISTA block at layer ` in Figure 6 of Appendix B.2.
Specifically, we visualize the Z`+1 via heatmap plots. We observe that the output Z`+1 becomes
more sparse as the layer increases. Moreover, besides the sparsity, we also find that Z`+1 becomes

8Note that the learned sparse (tokens) features need to be mixed in the last layer for predicting the class.
The phenomenon of increase in the sparsity measure at the last layer suggests that each class of objects may be
associated with a number of features, and some of these features are likely to be shared across different classes.

9

• The learned CRATE model indeed performs its design objective –
each layer incrementally optimizes the compression term and the
sparsification term.
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CRATE Experimental Results on CRATE

Experiment II: Layer-wise Analysis of CRATE

For comparison, we measure the compression/sparsification term of
randomly initialized CRATE model and models at different epochs.

Figure 3: Left: The compression term Rc(Z`+1/2) of the MSSA outputs at different layers. Right: the sparsity
of the ISTA output block, kZ`+1k0/(d · N), at different layers. (Model: CRATE-Small).

Figure 4: The compression term Rc(Z) (left) and sparsification term kZk0/(d · N) (right) across models
trained with different numbers of epochs. (Model: CRATE-Base).

3.1 In-depth Layer-wise Analysis of CRATE

Do layers of CRATE achieve their design goals? As described in Section 2.3 and Section 2.4, the
MSSA block is designed to optimize the compression term Rc(Z) and the ISTA block to sparsify the
token representations (corresponding to the sparsification term kZk0). To understand whether CRATE

indeed optimizes these terms, for each layer `, we measure (i) the compression term Rc(Z`+1/2)
on the MSSA block outputs Z`+1/2; and (ii) sparsity kZ`+1k0 on the ISTA block outputs Z`+1.
Specifically, we evaluate these two terms by using training/validation samples from ImageNet-1K.
Both terms are evaluated at the per-sample level and averaged over B = 103 samples.
Figure 3 shows the plots of these two key measures at all layers for the learned CRATE-small model.
We find that as the layer index ` increases, both the compression and the sparsification terms improve
in most cases. The increase in the sparsity measure of the last layer is caused by the extra linear
layer for classification.8 These results suggest that CRATE aligns well with the original design goals:
once learned, it essentially learns to gradually compress and sparsity the representations through
its layers. In addition, we also measure the compression and sparsification terms on CRATE models
with different model sizes as well as intermediate model checkpoints and the results are shown by
plots in Figure 5 of Appendix B.2. The observations are very consistent across all different model
sizes—both the compression and sparsification terms improve in most scenarios. Models with more
layers tend to optimize the objectives more effectively, confirming our understanding of each layer’s
roles.
To see the effect of learning, we present the evaluations on CRATE-Small trained with different number
of epochs in Figure 4. When the model is not trained enough (e.g. untrained), the architecture does
not optimize the objectives effectively. However, during training—learning better subspaces U `

[K]

and dictionaries D`—the designed blocks start to optimize the objectives much more effectively.

Visualizing layer-wise token representations. To gain a better understanding of the token represen-
tations of CRATE, we visualize the output of each ISTA block at layer ` in Figure 6 of Appendix B.2.
Specifically, we visualize the Z`+1 via heatmap plots. We observe that the output Z`+1 becomes
more sparse as the layer increases. Moreover, besides the sparsity, we also find that Z`+1 becomes

8Note that the learned sparse (tokens) features need to be mixed in the last layer for predicting the class.
The phenomenon of increase in the sparsity measure at the last layer suggests that each class of objects may be
associated with a number of features, and some of these features are likely to be shared across different classes.

9

• Without learning from data, the random initialized CRATE model
does not perform its design objective effectively.
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CRATE Experimental Results on CRATE

Experiment III: Visualize Layer-wise Output of CRATE

We use heatmaps to visualize the output of each layer in CRATE (Zℓ+1).

B.2.2 Additional Layer-wise Visualization
We provide more results of the layer-wise token representation visualization on other samples in
Figure 8, Figure 9, Figure 10, and Figure 11 (Model: CRATE-Base).

Figure 8: Visualizing layer-wise token Z` representations at each layer `. To enhance the visual clarity, we
randomly extract a 50⇥50 sub-matrix from Z` for display purposes. (Sample 1)

Figure 9: Visualizing layer-wise token Z` representations at each layer `. To enhance the visual clarity, we
randomly extract a 50⇥50 sub-matrix from Z` for display purposes. (Sample 2)

31

• We observe clear sparse and low-rank patterns of intermediate
outputs of CRATE.
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CRATE Experimental Results on CRATE

Experiment IV: Visualize Learned Subspaces of CRATE

We use heatmaps to visualize the correlations between different subspaces
(Uk)

K
k=1 of each MSSA layer in CRATE, i.e., [U ℓ

1 , . . . ,U
ℓ
K ]∗[U ℓ

1 , . . . ,U
ℓ
K ].

(a) ` = 1. (b) ` = 2. (c) ` = 3. (d) ` = 4.

(e) ` = 5. (f) ` = 6. (g) ` = 7. (h) ` = 8.

(i) ` = 9. (j) ` = 10. (k) ` = 11. (l) ` = 12.

Figure 7: We visualize the [U `
1 , . . . , U `

K ]
⇤
[U `

1 , . . . , U `
K ] 2 RpK⇥pK at different layers. The (i, j)-th block in

each sub-figure corresponds to (U `
i )⇤U `

j for i, j 2 [K] at a particular layer `. To enhance the visual clarity, for
each subspace Ui, we randomly pick 4 directions for display purposes. (Model: CRATE-Tiny)
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• The learned subspaces in MSSA blocks are incoherent.

Yaodong Yu, Sam Buchanan, Yi Ma White-Box Transformers via Sparse MCR2 June 10, 2023 20 / 21



Outline

1 CRATE
White-Box Architectures for Representation Learning
CRATE: White-Box Transformers from Sparse MCR2

Experimental Results on CRATE

2 Conclusion



Conclusion

Thank You! Questions?
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