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There's not a morning I begin
without a thousand questions running through my mind

... The reason why a bird was given wings
If not to fly, and praise the sky ...

 From Yentl,  “Where is it Written?” - I.B. Singer, The Yeshiva Boy
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NeurIPS-2020

We have been facing problems harder 
than those we find in Nature!

The challenge: 
Intelligent Agents which interact with 

their own environment just like humans

MOTIVATIONS FOR 
NEW THEORIES OF LEARNING
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CAN ANIMALS SEE IN A WORLD 
OF SHUFFLED FRAMES?

We have been facing problems more difficult

than those posed by Nature!



10 QUESTIONS FOR A THEORY OF VISION

1.5 Ten questions for a theory of vision 15

an in-depth re-thinking mostly of object perception. Moreover it might also suggest
di�erent research directions in the control of object-directed action.

Q1 How can animals conquer visual skills without requiring “intensive supervision”?

In the last few years, the field of computer vision has been at the center of a revolution.
Millions of supervised images have driven a substantial change in the methodology
behind object recognition. No animal in nature can compete with machines on the
game of supervised learning. Yet, animals don’t rely on linguistic supervision. Similarly,
humans conquer visual skills without such a boring communication protocol! There must
be some important reasons behind this fundamental di�erence.

Q2 How can animals gradually conquer visual skills in their own environments?

Based on their genetic heritage, animals learn to see while living. Machines share some
analogies: First, the transfer of visual features learned in di�erent experimental domains
somewhat reminds us the importance of genetic heritage in nature. Second, the artificial
learning processes, which are based on the weight updating, also remind us the gradual
process of learning that we observe in nature. However, this analogy is only apparent,
since nowadays deep learning carries out an optimization process whose iteration steps
don’t correspond with the environmental time that animals experiment during their life.
It looks like, machine learning is neglecting the notion of time in a process which is
inherently driven by time!

Q3 Could children really acquire visual skills in such an artificial world, which is the
one we are presenting to machines? Doesn’t shu�ed visual frames increase the
complexity of learning to see?

Visual image databases can be thought of the outcome of shu�ing the frames of a video.
We should pay attention to this issue, which likely surprises the layman, whereas it
doesn’t seem to attract significant attention in the scientific community. Couldn’t be the
case that we have been facing a problem more di�cult than the one o�ered by Nature?
ImageNet [23] and related visual databases somehow correspond with the permutation
of visual sources.

Q4 How can humans exhibit such an impressive skill of properly labelling single
pixels without having received explicit pixel-wise supervisions? Isn’t the case that
such a skill is a sort of “visual primitive” that cannot be ignored for e�ciently
conquering additional skills on object recognition and scene interpretation?

When the emphasis is on applications involving object recognition, we don’t necessarily
need to process information at pixel level. However, there are cases, like medical image
segmentation, where pixel-based computation is required. Interestingly, humans exhibit
great performance at semantic pixel labelling. One might wonder whether such a human
skill is in fact a fundamental primitive needed for an in-depth understanding of vision.
Moreover, as it will become clear in the rest of the book, the construction of a theory
perceptual vision very much benefits from the local reference to single pixels of both op-
tical flow and visual features. The focus on pixel-based features and velocities somewhat
leads to interpret vision in terms of a field theory.

Q5 Why are the visual mainstreams in the brain of primates organized according
to a hierarchical architecture with receptive fields? Is there any reason why this
solution has been developed in biology?
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This seems to be one of the secretes of the success of deep convolutional nets, that
are currently learning under the supervised protocol. Interestingly, it looks like the
hierarchical structure, along with the concept of receptive field are inherently playing a
crucial role in biology and in machines. However, one might wonder whether the typical
weight sharing, that is used for capturing the translation equivariance is really needed.
Clearly, such a constraint is not biologically plausible.

Q6 Why are there two di�erent mainstreams in the primates’ brain? What are the
reasons for such a di�erent neural evolution?

The answer to this question is not only of interest in neuroscience. It seems reasonable to
invoke functional specialization of the brain with distinct areas dedicated to perception
and action, respectively. There should be some fundamental di�erence for those neurons
to be allocated separately. Capturing such a di�erence would likely helps the development
of computer vision systems.

Q7 Why do primates and other animals focus attention, whereas others, like the frog,
do not?

More than sixty years ago, the visual behavior of the frog was posing an interesting
puzzle [58] which is mostly still on the table. The frog will starve to death surrounded
by food if it is not moving! His choice of food is determined only by size and movement,
but he cannot perceive information in still images. Interestingly, the frog doesn’t focus
attention like humans and most primates, who can perceive very well also information
in still images. Again, it could be the case that this di�erent visual skills be rooted
in fundamental information-based principles and that, in this case, the act of focus of
attention plays a crucial role.

Q8 What are the mechanisms that drive eye movements?

The mechanisms behind eye movements are likely optimizing the acquisition of visual
information. This is an exciting challenge, especially if you consider that the process
of eye movement is interwound with learning. While in the early stage of life, the
information is mostly in details and moving objects, as time goes by, humans focus on
specific meaningful objects. While focus of attention helps object perception, it’s quite
obvious that also the opposite holds true, so as eye movements are likely driven by an
intriguing computational loop.

Q9 Why does it take 8-12 months for newborns to achieve adult visual acuity? Is the
development of adult visual acuity a biological issue or does it come from higher
level computational laws of vision?

The conquering of appropriate strategies for driving eye movements seems to expose a
facet of a learning behavior that has been observed in newborns. Couldn’t be the case that
such a filtering is motivated by the need to protection agains information overloading? As
newborns opens their eyes they experiment a visual stream where information extraction
does require to capture very complex spatiotemporal regularities. It looks like such a
process is based on a sort of equilibrium so as children react by appropriate visual skills
to properly smoothed visual streams. Such an equilibrium can hardly be associated with
nowadays dominating gradient-based computations.

Q10 How can we develop “linguistic focusing mechanisms” that can drive the process
of object recognition?
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DOMINANT ROLE OF SUPERVISED LEARNING

raw pixels could not possibly distinguish the latter two, while putting 
the former two in the same category. This is why shallow classifiers 
require a good feature extractor that solves the selectivity–invariance 
dilemma — one that produces representations that are selective to 
the aspects of the image that are important for discrimination, but 
that are invariant to irrelevant aspects such as the pose of the animal. 
To make classifiers more powerful, one can use generic non-linear 
features, as with kernel methods20, but generic features such as those 
arising with the Gaussian kernel do not allow the learner to general-
ize well far from the training examples21. The conventional option is 
to hand design good feature extractors, which requires a consider-
able amount of engineering skill and domain expertise. But this can 
all be avoided if good features can be learned automatically using a 
general-purpose learning procedure. This is the key advantage of 
deep learning. 

A deep-learning architecture is a multilayer stack of simple mod-
ules, all (or most) of which are subject to learning, and many of which 
compute non-linear input–output mappings. Each module in the 
stack transforms its input to increase both the selectivity and the 
invariance of the representation. With multiple non-linear layers, say 
a depth of 5 to 20, a system can implement extremely intricate func-
tions of its inputs that are simultaneously sensitive to minute details 
— distinguishing Samoyeds from white wolves — and insensitive to 
large irrelevant variations such as the background, pose, lighting and 
surrounding objects. 

Backpropagation to train multilayer architectures 
From the earliest days of pattern recognition22,23, the aim of research-
ers has been to replace hand-engineered features with trainable 
multilayer networks, but despite its simplicity, the solution was not 
widely understood until the mid 1980s. As it turns out, multilayer 
architectures can be trained by simple stochastic gradient descent. 
As long as the modules are relatively smooth functions of their inputs 
and of their internal weights, one can compute gradients using the 
backpropagation procedure. The idea that this could be done, and 
that it worked, was discovered independently by several different 
groups during the 1970s and 1980s24–27.  

The backpropagation procedure to compute the gradient of an 
objective function with respect to the weights of a multilayer stack 
of modules is nothing more than a practical application of the chain 

rule for derivatives. The key insight is that the derivative (or gradi-
ent) of the objective with respect to the input of a module can be 
computed by working backwards from the gradient with respect to 
the output of that module (or the input of the subsequent module) 
(Fig. 1). The backpropagation equation can be applied repeatedly to 
propagate gradients through all modules, starting from the output 
at the top (where the network produces its prediction) all the way to 
the bottom (where the external input is fed). Once these gradients 
have been computed, it is straightforward to compute the gradients 
with respect to the weights of each module. 

Many applications of deep learning use feedforward neural net-
work architectures (Fig. 1), which learn to map a fixed-size input 
(for example, an image) to a fixed-size output (for example, a prob-
ability for each of several categories). To go from one layer to the 
next, a set of units compute a weighted sum of their inputs from the 
previous layer and pass the result through a non-linear function. At 
present, the most popular non-linear function is the rectified linear 
unit (ReLU), which is simply the half-wave rectifier f(z) = max(z, 0). 
In past decades, neural nets used smoother non-linearities, such as 
tanh(z) or 1/(1 + exp(−z)), but the ReLU typically learns much faster 
in networks with many layers, allowing training of a deep supervised 
network without unsupervised pre-training28. Units that are not in 
the input or output layer are conventionally called hidden units. The 
hidden layers can be seen as distorting the input in a non-linear way 
so that categories become linearly separable by the last layer (Fig. 1). 

In the late 1990s, neural nets and backpropagation were largely 
forsaken by the machine-learning community and ignored by the 
computer-vision and speech-recognition communities. It was widely 
thought that learning useful, multistage, feature extractors with lit-
tle prior knowledge was infeasible. In particular, it was commonly 
thought that simple gradient descent would get trapped in poor local 
minima — weight configurations for which no small change would 
reduce the average error. 

In practice, poor local minima are rarely a problem with large net-
works. Regardless of the initial conditions, the system nearly always 
reaches solutions of very similar quality. Recent theoretical and 
empirical results strongly suggest that local minima are not a serious 
issue in general. Instead, the landscape is packed with a combinato-
rially large number of saddle points where the gradient is zero, and 
the surface curves up in most dimensions and curves down in the 

Figure 2 | Inside a convolutional network. The outputs (not the filters) 
of each layer (horizontally) of a typical convolutional network architecture 
applied to the image of a Samoyed dog (bottom left; and RGB (red, green, 
blue) inputs, bottom right). Each rectangular image is a feature map 

corresponding to the output for one of the learned features, detected at each 
of the image positions. Information flows bottom up, with lower-level features 
acting as oriented edge detectors, and a score is computed for each image class 
in output. ReLU, rectified linear unit.
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Machine-learning technology powers many aspects of modern 
society: from web searches to content filtering on social net-
works to recommendations on e-commerce websites, and 

it is increasingly present in consumer products such as cameras and 
smartphones. Machine-learning systems are used to identify objects 
in images, transcribe speech into text, match news items, posts or 
products with users’ interests, and select relevant results of search. 
Increasingly, these applications make use of a class of techniques called 
deep learning. 

Conventional machine-learning techniques were limited in their 
ability to process natural data in their raw form. For decades, con-
structing a pattern-recognition or machine-learning system required 
careful engineering and considerable domain expertise to design a fea-
ture extractor that transformed the raw data (such as the pixel values 
of an image) into a suitable internal representation or feature vector 
from which the learning subsystem, often a classifier, could detect or 
classify patterns in the input. 

Representation learning is a set of methods that allows a machine to 
be fed with raw data and to automatically discover the representations 
needed for detection or classification. Deep-learning methods are 
representation-learning methods with multiple levels of representa-
tion, obtained by composing simple but non-linear modules that each 
transform the representation at one level (starting with the raw input) 
into a representation at a higher, slightly more abstract level. With the 
composition of enough such transformations, very complex functions 
can be learned. For classification tasks, higher layers of representation 
amplify aspects of the input that are important for discrimination and 
suppress irrelevant variations. An image, for example, comes in the 
form of an array of pixel values, and the learned features in the first 
layer of representation typically represent the presence or absence of 
edges at particular orientations and locations in the image. The second 
layer typically detects motifs by spotting particular arrangements of 
edges, regardless of small variations in the edge positions. The third 
layer may assemble motifs into larger combinations that correspond 
to parts of familiar objects, and subsequent layers would detect objects 
as combinations of these parts. The key aspect of deep learning is that 
these layers of features are not designed by human engineers: they 
are learned from data using a general-purpose learning procedure. 

Deep learning is making major advances in solving problems that 
have resisted the best attempts of the artificial intelligence commu-
nity for many years. It has turned out to be very good at discovering 

intricate structures in high-dimensional data and is therefore applica-
ble to many domains of science, business and government. In addition 
to beating records in image recognition1–4 and speech recognition5–7, it 
has beaten other machine-learning techniques at predicting the activ-
ity of potential drug molecules8, analysing particle accelerator data9,10, 
reconstructing brain circuits11, and predicting the effects of mutations 
in non-coding DNA on gene expression and disease12,13. Perhaps more 
surprisingly, deep learning has produced extremely promising results 
for various tasks in natural language understanding14, particularly 
topic classification, sentiment analysis, question answering15 and lan-
guage translation16,17. 

We think that deep learning will have many more successes in the 
near future because it requires very little engineering by hand, so it 
can easily take advantage of increases in the amount of available com-
putation and data. New learning algorithms and architectures that are 
currently being developed for deep neural networks will only acceler-
ate this progress. 

Supervised learning 
The most common form of machine learning, deep or not, is super-
vised learning. Imagine that we want to build a system that can classify 
images as containing, say, a house, a car, a person or a pet. We first 
collect a large data set of images of houses, cars, people and pets, each 
labelled with its category. During training, the machine is shown an 
image and produces an output in the form of a vector of scores, one 
for each category. We want the desired category to have the highest 
score of all categories, but this is unlikely to happen before training. 
We compute an objective function that measures the error (or dis-
tance) between the output scores and the desired pattern of scores. The 
machine then modifies its internal adjustable parameters to reduce 
this error. These adjustable parameters, often called weights, are real 
numbers that can be seen as ‘knobs’ that define the input–output func-
tion of the machine. In a typical deep-learning system, there may be 
hundreds of millions of these adjustable weights, and hundreds of 
millions of labelled examples with which to train the machine. 

To properly adjust the weight vector, the learning algorithm com-
putes a gradient vector that, for each weight, indicates by what amount 
the error would increase or decrease if the weight were increased by a 
tiny amount. The weight vector is then adjusted in the opposite direc-
tion to the gradient vector. 

The objective function, averaged over all the training examples, can 

Deep learning allows computational models that are composed of multiple processing layers to learn representations of 
data with multiple levels of abstraction. These methods have dramatically improved the state-of-the-art in speech rec-
ognition, visual object recognition, object detection and many other domains such as drug discovery and genomics. Deep 
learning discovers intricate structure in large data sets by using the backpropagation algorithm to indicate how a machine 
should change its internal parameters that are used to compute the representation in each layer from the representation in 
the previous layer. Deep convolutional nets have brought about breakthroughs in processing images, video, speech and 
audio, whereas recurrent nets have shone light on sequential data such as text and speech. 

Deep learning
Yann LeCun1,2, Yoshua Bengio3 & Geoffrey Hinton4,5

4 3 6  |  N A T U R E  |  V O L  5 2 1  |  2 8  M A Y  2 0 1 5

REVIEW
doi:10.1038/nature14539

© 2015 Macmillan Publishers Limited. All rights reserved

Nature, 2015

it’s
 an

 ar
tifi

cia
l le

arn
ing

 pr
ot

oc
ol

ba
ttl

efi
eld

 of
 m

ac
hin

es 
…



MOTION IS ALL WHAT YOU NEED

motion information

Truly artificial protocol

H
ow

 anim
als learn …



FOCUS OF ATTENTION
Chapter 2
Focus of attention

The frog does not seem to see or, at any rate, is not concerned with the detail of stationary
parts of the world around him. He will starve to death surrounded by food if it is not moving.
His choice of food is determined only by size and movement.
J. Y. Lettvin, H. R. Maturana, W. S. McCulloch, and W. H. Pitts, 1959

W�� does it happen? This is definitely a curious behavior, a somewhat surprising
deficit for humans to understand. The frog can successfully catch flying insects,

but when she’s served with the food in an appropriate bowl starves to death! Hence,
she doesn’t see still images, which suggests that it’s more complex visual task. In
order to address this puzzle, we start addressing Question no. 4 on human capability
of performing pixel semantic labeling. This propagates the interest to the exploration
of the visual skills of foveate animals and to the mechanisms of focus of attention,
that are at the basis of the vision field theory herein discussed.The velocity of the point

of focus of attention is the
first field of the theory

The velocity of the
point where the agent focuses of attention is in fact the first fundamental field that is
involved in the proposed information-based laws of perceptual vision. We begin the
study of this field simply because it enables a full motion-based interaction in foveate-
based animals, that is conjectured to be of fundamental importance also in machines.
As we assume that there is an underlying process of eye movements we recognize the
importance of continuously interacting with motion fields, even in the case of still
images. As it will be pointed out in this chapter, this is in fact a remarkable di�erence
with respect with the visual process taking place in animals, that like frogs, are based
on significantly less e�ective visual skills. The presence of focus of attention leads
to consider that everything what is seen must properly be referred to the reference of
the retina, so as movements must be interpreted independently of their source (i.e.
eye and/or head movements and object movements).

The chapter is organized as follow. In the next section we discuss how can humans
perform pixel semantic labeling, which directly leads us to consider the capability
of focussing attention. In Section 2.2, we give some Insights of the computational
processes associated with focus of attention that are based o n the from evolution of
the animal visual system. In Section 2.3 we address the issue of the reasons why we
focus attention and, finally, in Section 2.4 we study the driving mechanisms beyond
eye movements.

2.1 How can humans perform pixel semantic labeling?
PixelwiseCompS

Many computer vision tasks still rely on the pattern model, that is on an opportune
pre-processing of video information represented by a vector. Surprisingly enough,
state of the art approaches to object recognition already o�er quite accurate scene
descriptions in specific real-world contexts, without necessarily relying on the se-
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masses proportional to the magnitude of the gradient, while
masses that arise from motion turn out to be proportional
to the magnitude of the optical flow. The three frames
reported in Fig. 1 present a typical example where details
and motion are sources of attraction of the focus on the
basis of classic gravitational laws of mechanics. In (a),
attention is on pedestrian crossing, which yields quite a
remarkable magnitude of gradient. In (b), the gravitational
field gives rise to motion attraction (bicycles on the right),
which comes from the correspondent virtual masses. Finally,
in (c), motion attraction is moved to other virtual masses
arising from motion (bicycles on the left). When looking
carefully at the mass distribution of subsequent frames (b)
and (c), we can see that the virtual masses arising from the
pedestrian crossing that were attracting attention in (a) are
vanishing significantly so as to favor motion attraction in
(b). Finally, as soon as the bicycles come out of the frame
the attention shifts from (b) to the left cyclists (c). The idea
behind inhibition is that as the saliency on a given region
increases the correspondent mass is reduced, so as not to get
trapped. The mass inhibition process can be regarded as the
source of saccadic movements. It is in fact the shift of virtual
masses that originates ballistic gravitational movements,
that mostly take place in areas without attraction masses.
Appropriate fixations and smooth pursuit behaviour clearly
benefit from damping, so as to suppress oscillations. The
overall dynamics arises when pairing the gravitational
equations with damping along with the inhibition model of
the virtual masses. Because of the dominant role played by
the gravitational metaphor, throughout this paper, the pro-
posed computational model, which is an extension of [55],
is referred to as Gravitational Eye movement laws (G-Eymol).

It is important to notice that the assumption of driving
attention only on the basis of details and motion is indeed
a dramatic simplification of mechanisms taking place in
humans, since there is no attached semantics to the virtual
masses. However, as it will be shown in Section 3, the
proposed computational model exhibits very competitive
results in state of the art benchmarks either on scanpath
modeling or in saliency prediction. Moreover, as pointed
out in the conclusions, the theory proposed in this paper
can be used to deal with virtual masses that also arise from
the evidence of objects in the scene, so as the corresponding
dynamics could inherit human semantic-driven behavior.

2.2 Theoretical issues

We consider a video defined over the retinal domain D =
R ⇥ T , where R ⇢ R2 is the retina while T ⇢ R is
the temporal basis. The trajectory of the focus of attention
is driven by a virtual mass µ : D ! R which yields a
gravitational field associated with relevant visual features.
This mass arises from the sum of different contributions.
In this paper, we consider two different visual features as
sources of virtual masses:

• Let b : D ! R be the brightness of the video. It
generates the spatial gradient of the brightness µ1 =
↵1krxbk, with ↵1 2 R+, so as the virtual mass
µ1(x, t) is available for all (x, t) 2 D. Clearly,
µ1(x, t) carries information about edges and, gener-

ally speaking, it reveals the presence of details in the
video.

• Let v : D ! R be the optical flow, that is the velocity
field at any (x, t) 2 D. It generates the virtual
mass µ2 = ↵2kvk, with ↵2 2 R+, that characterizes
moving areas in the retina.

In doing so, the focus of attention is either controlled by
details, that are typically characterized by significant values
of µ1 or by moving objects, that produce significant values
of µ2. Basically, details and movements turn out to attract
the correspondent virtual masses, so as the process of focus
of attention is translated into gravitational attraction of atten-
tion (see Fig. 2-A). More generally, as we will point out in
Section 4, the underlying idea of virtual masses can also be
extended to the case in which attention is controlled by un-
derstanding processes. In this case, one can generate virtual
masses by means of the visual features of a convolutional
neural network. Now, let us consider a distribution of vir-
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a inhibition-of-return mechanism. The choice of this sinu-
soidal function is not justified and does not guarantee the
gaze to be shifted to a different location. Finally, the property
of invariance brightness does not always work properly. As
the author underlie, it guarantees the model’s resistance
to the variation in brightness it is convenient condition to
follow the object that is being fixed along its motion. On the
other hand, it hinders the catching of moving objects which
are far from the actual gaze position that are, instead, very
attractive for human attention [36].

In this paper, we describe a model of visual attentive
scanpath as a dynamic process. It receives as input two
elementary feature maps, namely the spatial gradient of the
brightness and the optical flow. Features are modeled as
masses that attract attention. The gravitational description
allows a homogeneous definition of receptive field. This
approach avoids the a priori calculation of the saliency
map and the calculation of the next location to visit needs
only one-step computation. Inhibition to return is also de-
scribed in the same dynamic process and modulates the
main human eye movements such as saccades, fixations
and smooth pursuit. The derived differential equations
are numerically integrated to simulate attentive scanpaths
on both still images and videos. To stress the model, we
used a wide collection of stimuli including basic feature
(pattern, sketch, fractals), noisy and low resolution, natural
landscape, abstract (cartoon and line drawing), high level
semantic content (social, affective, indoor), and more. In
addition, the model was tested on a video clip dataset.
Results on saliency prediction and scanpath similarity are
presented to support the theory.

The paper is organized as follow. In section 2, we de-
scribe the gravitational model and derive differential laws
for eye movements. Inhibition of return mechanism is il-
lustrated in the same section. In section 3, we describe
the datasets of human fixations used in the experiments,
the experimental setup and illustrate results on saliency
prediction and scanpath similarity. Conclusion and future
works are in section 4.

2 MODEL OF SCANPATH
We consider a video defined over the retinal domain D =
R⇥T , where R ⇢ R2 and T ⇢ R. The trajectory of the focus
of attention is regarded as the eye motion driven by a virtual
mass µ : D ! R which yields a gravitational field associated
with relevant visual features. In this paper, we consider two
different visual features as sources of virtual masses:

• Let b : D ! R be is the brightness of the
video. It generates the spatial gradient of the brightness
µ1 = ↵1krxbk, with ↵1 2 R+, so as the virtual
mass µ1(x, t) is available for all (x, t) 2 D. Clearly,
µ1(x, t) carries information about edges and, gener-
ally speaking, it reveals the presence of details in the
video;

• Let v : D ! R be the optical flow, that is the
velocity field at any (x, t). It generates the virtual
mass µ2 = ↵2kvk, with ↵2 2 R+, that characterizes
moving areas in the retina.

In doing so, the focus of attention is either driven by details,
that are typically characterized by significant values of µ1

or by moving objects, that produce significant values of
µ2. Basically, details and movements turn out to attract the
correspondent virtual masses, so as the process of focus of
attention is translated into attraction of attention. As pointed
in Section 4, the underlying idea of introducing virtual
masses can also be extended to the cases in which attention
is driven by understanding processes. In this case, one can
generate virtual masses by means of visual features of a
convolutional neural network.

Now, let us consider a distribution of virtual mass µ. In
case it degenerates to a single distributional mass concen-
trated in x, so as µ(y, t) = �(y � x) then we can associate
the trajectory of the focus of attention a(t) with the potential

G(a � x) =
1

2⇡
log(ka � xk) (1)

We can promptly see that �G is the Green function of the
Laplacian �, that is

�G(a � x) = ��(ka � xk). (2)

Then, the gravitational field is simply e = �rG, that is

e(a, x) =
1

2⇡

x � a

kx � ak2
. (3)

Notice that, as one expects, the focus of attention a is
attracted to the position x of the virtual mass and, moreover,
kek / 1/r, where r = kx � ak. This is in fact the kind of
radial dependency that a gravitational field is expected to
exhibit in two-dimensional spaces. A straightforward way
of understanding the reason for such a radial dependency
is based on Gauss’ theorem. If we consider a circle C with
center x and radius a, then the flux of �E turns out to be

Z

@C
rG(a � x) · a � x

ka � xkda =
1

2⇡

Z

@C

1

ka � xkda = �1.

On the other hand, from Eq. (2), we have
Z

C
r ⇥ rG(y � x)dy =

Z

C
��(ky � xk) = �1,

and, finally, the consistency of the field E given by Eq. (3)
arises from the divergence Gauss’ theorem

Z

C
r ⇥ rG(y � x)dy =

Z

@C
rG(a � x) · a � x

ka � xkda

This clearly explains the choice of Green function (1), along
with the corresponding field, that are different with respect
to 3D mass distributions. Notice that the �1 in Eq. (3)
is due to attraction that unitary particle a receives from
mass �(y � x). Given any virtual mass µ, that comes from
visual features as previously explained, we can construct the
overall field by

E(a(t)) = � 1

2⇡

Z

R
dx

a(t) � x

ka(t) � xk2
µ(x, t). (4)

then we can compactly can re-write E(a) as

E(a(t)) = (e ⇤ µ)(a(t)). (5)

In humans, after a reflexive shift of attention towards
the source of stimulation, there is a delay on the response
to stimuli subsequently displayed in the same location. This
inhibitory effect was early described in [28] and was referred

a

x
a x1

x2

ke(a, x1)k = ke(a, x2)k

A B

Fig. 2: (A) The focus of attention can be regarded as an elementary
mass which is attracted by the distributed mass in the drawn regions.
(B) The gravitational effect of a symmetric mass on the focus of
attention is null.

tual mass µ. In case it degenerates to a single distributional
mass concentrated in x, so as µ(y, t) = �(y � x), we can
associate the trajectory of the focus of attention a(t) with
the potential

G(a � x) = � 1

2⇡
log(ka � xk). (1)

We can promptly see that �G is the Green function of the
Laplacian �, that is

�G(a � x) = �(ka � xk). (2)

Then, the gravitational field is simply e = �rG, that is

e(a � x) =
1

2⇡

x � a

kx � ak2
. (3)

Notice that, as one expects, the focus of attention a is
attracted by the virtual mass at position x according to
kek / 1/r, where r = kx � ak. This is in fact the kind
of radial dependency that a gravitational field is expected to
exhibit in two-dimensional spaces. A straightforward way
of understanding the reason for such a radial dependency
is based on Gauss’ theorem. If we consider a circle C with
center x and radius kx � ak, then the flux of e on @C turns
out to be
Z

@C
�rG(a � x) · a � x

ka � xkda = � 1

2⇡

Z

@C

1

ka � xkda = �1.
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2.4 What drives eye movements? 29

Moreover, the proposed theory on focus of attention sheds light on the way it takes
place in biological processes [65].

FOA driven by gravitation
that is characterized by

the corresponding
potential '0

According to the gravitational model of [85], the trajectory of the focus of
attention t 2 [0,T] 7! a(t) 2 R2, starting at a(0) = a0 with velocity ȧ(0) = a1, is
the solution of the following Cauchy problem:

8>>>><>>>>:

ä(t) +$ȧ(t) + r'0(a(t), t) = 0;
a(0) = a0;
ȧ(0) = a1,

(2.1) FOA-trajectory

where $ > 0 and the scalar function '0 : R2 ⇥ [0,T]! is defined as follows,

'0(x, t) :=
1

2⇡

ˆ
R2

log
1

kx � yk µ(y, t) dy. (2.2) grav-potential

Here kx � yk is the Euclidean norm in R2 and µ : ⌦ ⇢ R2 ⇥ [0,T]! [0,+1) is the
mass distribution at a certain temporal instant that is present on the retina and that
is responsible of “attracting” the focus of attention. Such mass distribution involves
details and motion, and, formally, it is determined by

µ(x, t) = µ1(x, t) (1 � I (x, t)) + µ2(x, t). (2.3) eq:mass_density

The role of the inhibition
of return function I which

drives the change of the
virtual mass

In particular, µ1 = ↵1krbk, where b : R ⇥ [0,T] ! R is the brightness, while
µ2 = ↵2k@tb|, while ↵1 and ↵2 are positive parameters. The term I (x, t) implements
the inhibition of return mechanism, and it satisfies

It + �I = � exp(�kx � a(t)k2/2�2), (2.4) IoR-eq

with 0 < � < 1 (It is the time derivative of I). We can promptly see that this model
for I nicely implements the mechanism for avoiding to get stuck in the focus of
attention. If x approaches a(t) then the system dynamics of It , leads to It ' 1, with
a velocity which depends on �. As It ' 1, from Eq. (2.4) we see that the component
of the virtual mass coming from spatial details disappears, that favoring the escape
from the focus of attention. Because of the need to know the distance from the focus
of attention from Eq. (2.2), we can see that the model of [85] is not local in space.

Notice that the potential '0 satisfies the Poisson equation on R2:

�r2' = µ, (2.5) Poisson-equation

where r2 is the Laplacian in two dimensions. Such result, which is the two-
dimensional analogue of the Poisson equation for the classical gravitational po-
tential, can be checked by direct calculation. Because the mass density µ is time
dependent, and its temporal dynamics is synced with the temporal variations of the
video, Eq. ((2.5)) should in principle be solved for any t. In the next section we will
discuss how the values of the potential in a spatial neighbour of (x, t) are exploited
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In particular, µ1 = ↵1krbk, where b : R ⇥ [0,T] ! R is the brightness, while
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with 0 < � < 1 (It is the time derivative of I). We can promptly see that this model
for I nicely implements the mechanism for avoiding to get stuck in the focus of
attention. If x approaches a(t) then the system dynamics of It , leads to It ' 1, with
a velocity which depends on �. As It ' 1, from Eq. (2.4) we see that the component
of the virtual mass coming from spatial details disappears, that favoring the escape
from the focus of attention. Because of the need to know the distance from the focus
of attention from Eq. (2.2), we can see that the model of [85] is not local in space.

Notice that the potential '0 satisfies the Poisson equation on R2:

�r2' = µ, (2.5) Poisson-equation

where r2 is the Laplacian in two dimensions. Such result, which is the two-
dimensional analogue of the Poisson equation for the classical gravitational po-
tential, can be checked by direct calculation. Because the mass density µ is time
dependent, and its temporal dynamics is synced with the temporal variations of the
video, Eq. ((2.5)) should in principle be solved for any t. In the next section we will
discuss how the values of the potential in a spatial neighbour of (x, t) are exploited
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the solution of the following Cauchy problem:

8>>>><>>>>:
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to estimate the values of ' at (x, t + dt) by interpreting Eq. 8(2.5)) as an elliptic limit
of a parabolic or hyperbolic equation instead.

Evaluating the gravitational force acting on the FOA starting with the Poisson
equation requires to compute the potential '(x, t) due to the virtual masses at each
frame, thus ignoring any temporal relation. This key remark also underlines the
strong limitation of the solution proposed in [85] (and also in [83]), where the
gravitational force is re-computed at each frame from scratch. The main idea behind
the reformulation presented in this paper is that since we expect that small temporal
changes in the source µ cause small changes in the solution ', then it is natural to
model the potential ' by dynamical equations which prescribe, for each spatial point
x, how the solution must be updated depending on the spatial neighborhood of x at
time t � dt.

Biologically plausible
wave propagation of FOA

We can introduce an explicit temporal dynamics in Eq. ((2.5)) by introducing the
two following “regularizations”

8><>:
c�1't = r2' + µ in R2 ⇥ (0,+1);
'(x, 0) = 0, in R2 ⇥ {t = 0},

8><>:
c�2'tt = r2' + µ in R2 ⇥ (0,+1);
'(x, 0) = 0, 't (x, 0) = 0 in R2 ⇥ {t = 0},

(2.6) eq:temp-reg

where c > 0 and 't ('tt ) is the first (second) time derivative of '. Problem h is a
Cauchy problem for the heat equation with source µ(x, t), whereas problem w is a
Cauchy problem for a wave equation. The term c in h represents the di�usivity con-
stant, whereas the constant c in problem w can be regarded as the wave propagation
velocity. The reason why we can consider problem h and w as temporal regulariza-
tions of Eq. ((2.5)) is due to a fundamental link[27] between the gradients r'H and
r'W of the solutions 'H and 'W to problems h and w in Eq. (2.6) with '0, which is
the solution, described in Eq. (2.2). Those gradients for h andw both converge tor'0

as c ! +1. The interpretation of this result is actually quite straightforward. For
problem h it means that the solution of the heat equation in a substances with high
di�usivity c, instantly converges to its stationary value which is given by Poisson
equation (2.5). For problem w, the above convergence statement turns out to be the
two dimensional analogue of the infinite-speed-of-light limit in electrodynamics and
in particular it expresses the fact that the retarded potential (see [46]), which in three
spatial dimensions are the solutions of problem w, converges to the electrostatic
potential as the speed of propagation of the wave goes to infinity (c ! +1). 2

Although both temporal regularization h and w achieve the goal of transforming
the Poisson equation into an initial value problem in time from which all subsequent
states can be evolved from, the di�erent nature of the two PDE determines, for
finite c, qualitative di�erences in the FOA trajectories computed using Eq (2.1). In
the remainder of the paper, we then consider the following generalized version of

2 It is worth mentioning that while this kind of regularization is well-known in three dimensions,
the same properly has not been formally stated in two dimensions. A formal proof of the property
in the case of two dimensions is given in [27].
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Eq. (2.6)

8><>:
�'tt (x, t) + �'t (x, t) = c2r2'(x, t) + µ(x, t) in R2 ⇥ (0,+1);
'(x, 0) = 0, 't (x, 0) = 0 in R2 ⇥ {t = 0}, (2.7) eq:dumped-wave

where � � 0 is the drag coe�cient and � � 0. Such equation in one spatial dimension
(and without the source term µ) is known as the telegraph equation (see [26]). More
generally, it describes the propagation of a damped wave. The pure di�usion case H
corresponds to � = 0, with a di�usion coe�cient equals to ↵ = c2/� and a source
term of µ(x, t)/�. With � = 1 and � = 0 we obtain the pure wave equation W instead.
The FOA model proposed in this paper is based on equations (2.7) along with the
inhibition of return equation expressed by (2.4).

Clearly, Eq. (2.7) is local in both space and time, which is a fundamental ingredient
of biological plausibility. In addition, they are very well-suited for SIMD hardware
implementations. At a first sight, Eq. (2.4) does not possess spatial locality. While
this holds true in any computer-based retina, in nature, moving eyes rely on the
principle that you can simply pre-compute exp(�kx�a(t)k2/2�2) by an appropriate
foveal structure. Interestingly, the implementation of moving eyes are the subject of
remarkable interest in robotics for di�erent reasons (see e.g. [54]).Question no. 8: What

drives focus of attention?
Box 8 Driving the focus of attention is definitely a crucial issue. We conjecture
that this driving process must undergo a developmental process, where we begins
with details and optical flow and prosegue with the fundamental feedback from
the environment which is clearly defined by the specific purpose of the agent.

2.5 The virtuous loop of focus of attention

The process of learning to see is interwound with that of focussing attention. We
can access to their strict conjugation by cognitive statements but, as it will become
more clear in the next chapter, we can also give such a tight connection an in-depth
mathematical formulation.

Where do you focus
attention in the early

stages of life?

During early cognitive stages, in newborns attention mechanisms are mostly
driven by the presence of details and movements. However, this is not the whole story.
Humans are endowed with an exceptional ability for detecting faces and, already
shortly after birth, they preferentially orient to faces. Simple tests of preference have
been carried out which provide evidence on the fact that infants as young as newborns
prefer faces and face-like stimuli over distractors [57]. However, the issue is quite
controversial and there is currently no agreement as to how specific or general are
the mechanisms underlying newborns’ face preferences [28]. The neural substrates
underlying this early preference is also quite an important subject of investigation.
In [], the authors point out that measured EEG responses in 1- to 4-day-old infants and
discovered reliable frequency-tagged responses when presenting faces. Upright face-
like stimuli elicited a significantly stronger frequency-tagged response than inverted
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focus of attention in visual scenes
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PRINCIPLES OF  
MOTION INVARIANCE

Chapter 3
Principles of motion invariance

MInv-sec

In science there is and will remain a Platonic element which could not be taken away without
ruining it. Among the infinite diversity of singular phenomena science can only look for
invariants.

Jacques Monod, 1971

T�� strong assumption used throughout this book is that any information-based
interpretation of visual perception only relies on motion. Unless we are only in-

terested in pairing visual and linguistic skills in pre-defined application domains, all
you need is motion invariance, which we claim is at the origin of the development of
visual skills all living animals. Basically, this claim is directly facing the supervised
learning approach that has already successfully shown the capabilities of deep convo-
lutional networks. Their spectacular achievements clearly indicate the fundamental
role of deep architectures in the learning of very complex functions by means of a
number of parameters that couldn’t be even considered ten years ago. However, while
the emergence of such a power of deep convolution nets is now widely recognized,
the associated supervised learning protocol, which has dominated the computer vi-
sion applications in the last few years is currently the subject of heated discussions.
The extraordinary visual abilities of the eagle and other animals seem to suggest that
the fundamental processes of vision obey visual interaction protocols that go beyond
supervised learning. In this book we address primarily the question on whether we
can replace the fundamental role of huge labelled databases with the simple “life in
a visual environment” by means of an appropriate interpretation of the information
coming from motion.Motion is all what you

need: The two principles
of motion invariance

A major claim here is that motion is all what you need for
extracting information from a visual source. Motion is what o�ers us an object in all
its poses. Classic translation, scale, and rotation invariances can clearly be gained
by appropriate movements of a given object. However, the experimentation of visual
interaction due to motion goes well beyond and includes the object deformation, as
well as its obstruction. Only small portions can be enough for object detection, even
in presence of environmental noise. How can motion be exploited? In this chapter
we establish two fundamental principles of visual perception that shed light on the
acquisition of the identity and on the abstract notion of object as perceived by hu-
mans.I and II principles of

visual perception: object
identity and a�ordance

The first principle of visual perception involves consistency issues, namely the
preservation of material points during motion. Depending on the pose, some of those
points are projected onto the retina, others are hidden. Basically, the material points
of an object are subject to motion invariance of the corresponding pixels on the
retina. A moving object clearly doesn’t change its identity and, therefore, imposing
motion invariance conveys crucial information on its recognition. Interestingly, more
than the recognition of an object category, this leads to the discovering of its identity.
Motion information doesn’t only confer object identity, but also its a�ordance, its
function in real life. A�ordance makes sense for a species of animal, where specific

37
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reference in the eyes!



How can humans attach semantic labels at pixel level?
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FROM MATERIAL POINT  TO PIXELS

3.3 From material points to pixels 41

First, we begin discussing the classic notion of optical flow, which is in fact of
central importance in computer vision. Interestingly, it’s a slippery concept and we
shall see that its in-depth analysis is very important for interesting developments on
more general tracking issues.Foveate animals always

experiment motion!
In this section optical flow regardless of where it is

originated. In computer vision one typically considers the case of moving objects
acquired by a fixed camera as well as the case of egocentric vision that entails
analyzing images and videos captured by a wearable camera. However, because of
eye movements, foveate animals experiment the presence of optical flow even in the
case in which there neither the movement of the animal nor of the visual environment.
Hence, one can always consider to deal with the general case in which the visual
information is acquired in the reference of the retina, where we are always in front
of optical flow.

The object movements in the real world can be naturally framed in a three
dimensional space (3-D) and, as such, the velocity of any single material point turns
out to be a 3-D vector. Animals and computers can only perceive the movement
as a 2-D projection of material points onto the correspondent pixels of the retina.
Clearly, finding such a correspondence is not an easy problem. First, some material
points are not visible. When they are visible, the map that transforms material points
to pixels is not necessarily unique, especially for visually uniform regions. A trivial
case in which ill-position arises is simply when the camera frames an entire white
picture. There is no way to tell if something is moving; it could either be a wall or
a big moving white object. While one can always exclude this case, the underlying
ambiguity still remain in ordinary visual environments.

The principle of
brightness invariance

An enlightening approach to the problem of estimating the optical flow of the
pixels corresponding to material points of a moving object is that of imposing the
principle of brightness invariance. Let b(x, t) be the brightness at (x, t) 2 ⌦⇥ (0,T ).
In the big picture of this book, T denotes the duration of video segments delimited
by saccadic movements. The principle consists of stating that the moving point
associated with the trajectory x(t) doesn’t change its brightness, that is b(x(t), t) = c,
being c constant over time. Hence, this can be restated by

8t 2 (0,T ) :
db(x(t), t)

dt
= rxb · v + @b

@t
= 0. (3.1) OFconstraint

This is a condition on the velocity v = ẋ that can admit infinite solutions. An
enlightening approach to the problem of estimating the optical flow of the pixels
corresponding to material points of a moving object was given by Horn and Shunck
in a seminal paper published at the beginning of the eighties [42]. They adopted
a regularization principle which turns out to have a global e�ect on the guess of
the optical flow. Basically, they proposed to determine the optical flow v as the
minimization of

E(v1, v2) =
ˆ
⌦

�rxv1
�2 +
�rxv2

�2, (3.2) OpticalFlowReg

subject to the constraint (3.1). One can promptly realize that while this is a well-
posed formulation, it doesn’t take into account the change of brightness of moving
material points when lighting conditions change significantly. If the object moves
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Figure 1: Left: video stream with multiple elements, static and moving. The focus of attention
(red circle) disambiguates what is currently under observation, making the human supervision well
contextualized (second pic). The agent spatially expands the supervised coordinates to the moving
region that includes the focus of attention, learning representations and making predictions out of
them (third pic). Right: pixels of frame Vt are encoded into new representations by the neural net f .
Inference involves all the coordinates (example for x), and the classifier c can predict one or more
classes or nothing at all (open-set). Classes are not known in advance. Learning is only about the
attended moving area, enforcing the development of coherent representations over time and space.

is progressively posing more attention to continual learning settings [8] and related work [9, 10, 11].38

Another frequently underestimated element of crucial importance is the focus of attention, which39

guides the agent in the wild visual data and contextualizes the precise location that is at the basis of40

human interaction. For example, consider an agent that asks for or receives a specific supervision in a41

crowded scene, or whenever there is a linguistic interface to exchange information with the human.42

Without contextualizing the dialogue to what is being precisely observed, the interaction is hardly43

feasible. Attention models in neural networks [12, 13] are learned in order to better face a certain task,44

still relying on large datasets processed offline, and they do not aim at simulating human attention,45

differently from what is studied at the intersection with Neuroscience [14]. Moreover, supervisions46

will be in the form of a class/instance label about what is being observed, without a precise indication47

on the boundaries of what is supervised, differently from several Computer Vision tasks [15, 16]. The48

example of Fig. 1 (left) depicts what we discussed so far (first and second frame).49

In this paper, (i) we propose a novel approach to online learning from a video stream, that is rooted50

on the idea of using a human-like focus of attention mechanism [14] to explore the video and to drive51

the learning dynamics in conjunction with motion information. The attention coordinates offer a52

precise location for interaction purposes,1 and its trajectory has been recently proved to efficiently53

select the most salient information of the video stream also when learning visual features with deep54

architectures [17]. We propose to learn representations that are coherent over the temporal attention55

trajectory during slow movements of the simulated gaze, that are likely to cover visual patterns with56

the same semantics. The attention trajectory is paired with information coming from the motion field,57

that intrinsically suggests the spatial bounds of the attended area. This leads to a spatio-temporal58

unsupervised criterion that enforces coherence in the representations learned while observing what is59

moving in the video stream (Fig. 1, left). In order to avoid trivial solutions, we augment the criterion60

with a contrastive term [18] that favours the development of different representations in what is61

inside the moving area and what is right outside of it. Thanks to a graph-based formalization of the62

aforementioned approach, we define a stochastic procedure that introduces intrinsic variability in the63

information provided to the learning algorithm and also leads to faster processing. (ii) We consider64

the case in which the human intervention is rare, and each supervision is about a class/instance label65

at precise coordinates, thus not a signal that can strongly drive the features development. Target66

classes are not known in advance, and our model includes an open-set approach to avoid making67

predictions in those frame parts that are about unknown elements. In order to cope with continuous68

learning, we propose a template-based schema with a dynamic update procedure that is synchronous69

with the processed stream and efficiently handled by modern hardware. (iii) Dealing with this setting70

introduces the further challenge of how to evaluate the artificial agent. We exploit the growing activity71

in realistic 3D Virtual Environments for Machine Learning [19], designing from scratch (and sharing)72

three ad-hoc streams with different difficulty levels. (iv) We compare the learned representations with73

1Of course, the attended location mush be “shared” for human interaction. Agent attention can be also
stimulated/driven by the human himself, whenever he takes the initiative of providing a supervision.
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Material Point Invariance (MPI)

It’s a cat … I must take a consistent decision



FROM MATERIAL POINTS  TO PIXELS
The barber pole illusion

v(x, t) = !r

blue stripe feature and corresponding velocity?

Couldn’t be interesting to think 
of features and of their own “velocity”?
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associate di�erent velocities at (x, t) depending on the feature we are referring to. As
the feature conquers an interpretable semantics the velocities associated with each
pixel o�er a novel scenario for the cat, who doesn’t restrict to the flow of the veloc-
ity associated with the material points.The principle of material

point consistency - MPI
In Sec. 3.2 we introduced the fundamental

distinction between object identity and a�ordance. We begin addressing all issues
involving object identity, since it covers motion invariance of the object features. The
process of recognizing the object identity is based on the following Material Point
Invariance principle (MPI) (I Principle), which blesses the pairing of any feature of
a given object, including the brightness, with its own velocity.

F���� P�������� �� P��������� V�����: M������� ����� I���������
Let us consider the motion of an object O over ⌦ ⇥ [0,T]. As already mentioned,
we are considering burst of movements that can be delimited by saccadic jumps
of duration T at most. The reason for this limited duration has already been dis-
cussed when we introduced the problem of the concept drift.Invariance takes place in

portions of video
delimited by saccadic

movements

Now, let us denote by
P(t) 2 O one of its material points of object O at t < T . Let x(t) = ⇡(P(t)) be the
pixel which comes from the projection of P(t) onto the retina⌦, where ⇡(·) denotes
the projection. Regardless of the knowledge of ⇡(·), we can think of the invariance
property which is induced by the trajectory x(t). The brightness is approximatively
constant on such a trajectory, that is b(x(t), t) = c. Now, let ' : ⌦ ⇥ [0,T] ! R be
any of the visual features of O . The underlying assumption is that its computation
on any (x, t) is made possible only by the knowledge of b(x(⌦), t), that is by the
frame at time t. In a sense, '(x, t) is supposed to be a feature that is computable by
a “forward process” without involving any dynamical structure. A cognitive view of
this assumption corresponds with the capability of describing “features” in a video
independently of time, on single frames, when focussing attention to a certain pixel.
Said in other words, single frames do support visual information without needing to
involve sequential processing. Apparently, this seems to be an unrealistic limitation
but, on the opposite, it turns out to be one of the most important requirements of
visual cognition. However, as it will become clear in the following, the need of devel-
oping tracking feature capabilities gives rise to an overall dynamical computational
process that will be described in Ch. 5.

We can parallel the notion of optical flow for the brightness by introducing the
corresponding notion for '. Hence, the following consistency condition holds true:

8(x, t) 2 ⌦ ⇥ [0,T ) : '(x' (t), t) = '(x' (0), 0) = c', (3.4) MPI-principle

where x' (t) denotes a trajectory of the associated feature '(·, ·) and c' 2 R. It is
important to notice that this principle relies on the underlying assumption of the
joint existence of '(·, ·) and on a of the corresponding trajectory x' (·) that satisfies
the condition stated by Eq. (3.4), which somewhat corresponds with thinking of
'(·, ·) as a wave which is propagating with velocity v' (x, t) = ẋ' (t). In general we
can compute v' by a function which depends on r'(⌦, t) = (rx'(⌦, t), @t'(⌦, t)).
Like for the brightness, in general, the invariance condition generates an ill-posed
problem. In particular, when the moving object has a uniform color, we noticed that

3.4 The principle of material point invariance 45

their associated optical flow leads to establish an e�ective learning process also in
this case, since the velocity fields of the features are not just reflecting the velocity
associated with brightness invariance.

Conjugated features: We
think of (', v' ) as an

indissoluble pair which
must be jointly learned.

We can detect the feature
' since “we can see” it
moving at velocity v' .

Given the optical flow v' , we say that ' is a conjugate feature with respect to v'
provided that 8(x, t) 2 ⌦ ⇥ (0,T ), along trajectory x' (t) we have

' Z v' :=
d'(x(t), t)

dt
= rx' · v' +

@'

@t
= 0. (3.5) T-inv

Notice that if there is no optical flow in a given pixel x̄, that is if v' ( x̄, t) = 0,
then @t' = 0. This means that the absence of the optical flow in x̄ results into
8t 2 (0,T ) : '( x̄, t) = c' , which is the obvious consistency condition that one
expects in this case. Likewise, a constant field '(x, t) in C ⇢ ⌦ ⇥ (0,T ) results into
the conjunction ' Z v' = 0, independently of v' . Of course, since b Z v = 0 we
can legitimately state that b is in fact a conjugate feature - the simplest one that is
associated with the brightness that is based on a single pixel. As for the optical flow
associated with the brightness, also in this case, the regularization term (3.2), where
v is replaced with v' , contributes to a well-posed formulation. Basically (', v' ) is an
indissoluble pair that plays a fundamental role in the learning of the visual features
that characterizes the object.

F������ G�������
As already noticed, when we consider color images, the brightness invariance can be
considered for the separated components R,G,B. Interestingly, for a material point
of a certain color, given by a mixture of the three components, we can establish the
same brightness invariance principle, since those components can move with the
same velocity. Said in other words, di�erent features can share the same velocity.
We can generalize this case by considering a group of features which share the same
velocity. Hence, let 8i = 1, . . . ,m : 'i Z v = 0 be, that is all features are conjugated
with the same optical flow v, then we can promptly see that any feature ' ofFunctional space �

represents a feature group,
that is uniformly

conjugated with the same
optical flow

� =
8><>:' : ' =

mX

i=1
↵i'i

9>=>;
is still conjugated with v. We can think of � as a functional space conjugated with
v. Basically, ' is conjugated with the velocity v whenever '(t, x(t)) is invariant
under the trajectory x(t). As already pointed, the brightness is a quasi-invariant
feature, but as we increase the degree of abstraction, we can aspire to increase the
approximation of the conjugation of feature '(t, x(t)) with its correspondent optical
flow v' . Basically, large objects are perceived with a high degree of abstraction
and are easier to track than their small parts. As already stated, the degree of ill-
posedness of the determination of the classic optical flow is pretty high. A uniformly
colored red rectangle, which is translating in front of us, makes it very di�cult to
guess the velocity of the internal pixels of the rectangle. We cannot really track
them! We can only make a guess that can be driven by the smoothness of the optical
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v' = 0 the conjugation yields constant ' (keep the decision on the pixel). While we
expect that the ' , 0 be “strongly met” the feature is active, we expect ' ' 0 when
it is non-active. Such a “constrastive condition” is not the outcome of invariance,
since invariance only enforces ' = c. However, the additional regularization term
penalizes ' , 0, which is the value that the feature takes on when it is non-active.
Clearly, non-null values of the features are sustained by need of performing frame
prediction. We end up into the conclusion that any point of the retina, for any frame,
either belongs to the partition where the feature is active or non-active with constant
value for '. It turns out that, for any frame, one only needs to store a finite integer
number of values for any feature. Motion invariance suggest that the storage of the
representation of ' collapses to a finite representation. Notice that all this analysis
holds for a functional space which admits abrupt transition from active to non-active
values. However, the approximation capabilities of neural nets makes it possible to
get very close to this ideal condition.

B�����’� P��� ��� D����� �� I���������

(a)
⌦

(b)
⌦

It(⌦)

(c)
⌦

't(⌦)

(c)

Fig. 3.1: Barber’s pole example. (a) The 3-D object spinning counterclockwise.(b) The 2-D
projection of the pole and the projected velocity on the retina X. (c) The brightness of the image
and its optical flow pointing upwards. (d) A feature map that respond to the object and its conjugate
(zero) optical flow.BarbPole-fig

We can gain additional insights on conjugated features by analyzing the classic
barber’s pole. As the pole rotates counterclockwise it’s hard to visually track the
single pixels. Clearly, since they are the projections of rotating material points, the
velocity v of a single pixel is a horizontal vector that can easily be computed when
the rotational speed of the pole is given, but its visual perception does not arise, since
the resulting optical flow is in fact an optical illusion. Now, as we focus attention
on the stripes of the pole, surprisingly enough, we can easily track them; they all
move upward. Now, suppose 'r is a feature that characterizes the red stripe, that is
'r (x, t) = 1 i� (x, t) is in inside a stripe. As the barber’s pole rotates, the conjugated
velocity v'r is vertical. Interestingly, in this case, this velocity is the one which is
also conjugated with the brightness under Horn and Schunck regularization stated
by (3.2). An additional abstraction can be gained when looking at the whole object:
its conjugated velocity is zero, since we assume that the whole barber’s pole is fixed.
Hence, while the optical flow corresponding to single pixels can hardly be perceived,

Material Point Invariance (MPI)
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their associated optical flow leads to establish an e�ective learning process also in
this case, since the velocity fields of the features are not just reflecting the velocity
associated with brightness invariance.

Conjugated features: We
think of (', v' ) as an

indissoluble pair which
must be jointly learned.

We can detect the feature
' since “we can see” it
moving at velocity v' .

Given the optical flow v' , we say that ' is a conjugate feature with respect to v'
provided that 8(x, t) 2 ⌦ ⇥ (0,T ), along trajectory x' (t) we have

' Z v' :=
d'(x(t), t)

dt
= rx' · v' +

@'

@t
= 0. (3.5) T-inv

Notice that if there is no optical flow in a given pixel x̄, that is if v' ( x̄, t) = 0,
then @t' = 0. This means that the absence of the optical flow in x̄ results into
8t 2 (0,T ) : '( x̄, t) = c' , which is the obvious consistency condition that one
expects in this case. Likewise, a constant field '(x, t) in C ⇢ ⌦ ⇥ (0,T ) results into
the conjunction ' Z v' = 0, independently of v' . Of course, since b Z v = 0 we
can legitimately state that b is in fact a conjugate feature - the simplest one that is
associated with the brightness that is based on a single pixel. As for the optical flow
associated with the brightness, also in this case, the regularization term (3.2), where
v is replaced with v' , contributes to a well-posed formulation. Basically (', v' ) is an
indissoluble pair that plays a fundamental role in the learning of the visual features
that characterizes the object.

F������ G�������
As already noticed, when we consider color images, the brightness invariance can be
considered for the separated components R,G,B. Interestingly, for a material point
of a certain color, given by a mixture of the three components, we can establish the
same brightness invariance principle, since those components can move with the
same velocity. Said in other words, di�erent features can share the same velocity.
We can generalize this case by considering a group of features which share the same
velocity. Hence, let 8i = 1, . . . ,m : 'i Z v = 0 be, that is all features are conjugated
with the same optical flow v, then we can promptly see that any feature ' ofFunctional space �

represents a feature group,
that is uniformly

conjugated with the same
optical flow

� =
8><>:' : ' =

mX

i=1
↵i'i

9>=>;
is still conjugated with v. We can think of � as a functional space conjugated with
v. Basically, ' is conjugated with the velocity v whenever '(t, x(t)) is invariant
under the trajectory x(t). As already pointed, the brightness is a quasi-invariant
feature, but as we increase the degree of abstraction, we can aspire to increase the
approximation of the conjugation of feature '(t, x(t)) with its correspondent optical
flow v' . Basically, large objects are perceived with a high degree of abstraction
and are easier to track than their small parts. As already stated, the degree of ill-
posedness of the determination of the classic optical flow is pretty high. A uniformly
colored red rectangle, which is translating in front of us, makes it very di�cult to
guess the velocity of the internal pixels of the rectangle. We cannot really track
them! We can only make a guess that can be driven by the smoothness of the optical
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their associated optical flow leads to establish an e�ective learning process also in
this case, since the velocity fields of the features are not just reflecting the velocity
associated with brightness invariance.

Conjugated features: We
think of (', v' ) as an

indissoluble pair which
must be jointly learned.

We can detect the feature
' since “we can see” it
moving at velocity v' .

Given the optical flow v' , we say that ' is a conjugate feature with respect to v'
provided that 8(x, t) 2 ⌦ ⇥ (0,T ), along trajectory x' (t) we have

' Z v' :=
d'(x(t), t)

dt
= rx' · v' +

@'

@t
= 0. (3.5) T-inv

Notice that if there is no optical flow in a given pixel x̄, that is if v' ( x̄, t) = 0,
then @t' = 0. This means that the absence of the optical flow in x̄ results into
8t 2 (0,T ) : '( x̄, t) = c' , which is the obvious consistency condition that one
expects in this case. Likewise, a constant field '(x, t) in C ⇢ ⌦ ⇥ (0,T ) results into
the conjunction ' Z v' = 0, independently of v' . Of course, since b Z v = 0 we
can legitimately state that b is in fact a conjugate feature - the simplest one that is
associated with the brightness that is based on a single pixel. As for the optical flow
associated with the brightness, also in this case, the regularization term (3.2), where
v is replaced with v' , contributes to a well-posed formulation. Basically (', v' ) is an
indissoluble pair that plays a fundamental role in the learning of the visual features
that characterizes the object.

F������ G�������
As already noticed, when we consider color images, the brightness invariance can be
considered for the separated components R,G,B. Interestingly, for a material point
of a certain color, given by a mixture of the three components, we can establish the
same brightness invariance principle, since those components can move with the
same velocity. Said in other words, di�erent features can share the same velocity.
We can generalize this case by considering a group of features which share the same
velocity. Hence, let 8i = 1, . . . ,m : 'i Z v = 0 be, that is all features are conjugated
with the same optical flow v, then we can promptly see that any feature ' ofFunctional space �

represents a feature group,
that is uniformly

conjugated with the same
optical flow

� =
8><>:' : ' =

mX

i=1
↵i'i

9>=>;
is still conjugated with v. We can think of � as a functional space conjugated with
v. Basically, ' is conjugated with the velocity v whenever '(t, x(t)) is invariant
under the trajectory x(t). As already pointed, the brightness is a quasi-invariant
feature, but as we increase the degree of abstraction, we can aspire to increase the
approximation of the conjugation of feature '(t, x(t)) with its correspondent optical
flow v' . Basically, large objects are perceived with a high degree of abstraction
and are easier to track than their small parts. As already stated, the degree of ill-
posedness of the determination of the classic optical flow is pretty high. A uniformly
colored red rectangle, which is translating in front of us, makes it very di�cult to
guess the velocity of the internal pixels of the rectangle. We cannot really track
them! We can only make a guess that can be driven by the smoothness of the optical

raw pixels could not possibly distinguish the latter two, while putting 
the former two in the same category. This is why shallow classifiers 
require a good feature extractor that solves the selectivity–invariance 
dilemma — one that produces representations that are selective to 
the aspects of the image that are important for discrimination, but 
that are invariant to irrelevant aspects such as the pose of the animal. 
To make classifiers more powerful, one can use generic non-linear 
features, as with kernel methods20, but generic features such as those 
arising with the Gaussian kernel do not allow the learner to general-
ize well far from the training examples21. The conventional option is 
to hand design good feature extractors, which requires a consider-
able amount of engineering skill and domain expertise. But this can 
all be avoided if good features can be learned automatically using a 
general-purpose learning procedure. This is the key advantage of 
deep learning. 

A deep-learning architecture is a multilayer stack of simple mod-
ules, all (or most) of which are subject to learning, and many of which 
compute non-linear input–output mappings. Each module in the 
stack transforms its input to increase both the selectivity and the 
invariance of the representation. With multiple non-linear layers, say 
a depth of 5 to 20, a system can implement extremely intricate func-
tions of its inputs that are simultaneously sensitive to minute details 
— distinguishing Samoyeds from white wolves — and insensitive to 
large irrelevant variations such as the background, pose, lighting and 
surrounding objects. 

Backpropagation to train multilayer architectures 
From the earliest days of pattern recognition22,23, the aim of research-
ers has been to replace hand-engineered features with trainable 
multilayer networks, but despite its simplicity, the solution was not 
widely understood until the mid 1980s. As it turns out, multilayer 
architectures can be trained by simple stochastic gradient descent. 
As long as the modules are relatively smooth functions of their inputs 
and of their internal weights, one can compute gradients using the 
backpropagation procedure. The idea that this could be done, and 
that it worked, was discovered independently by several different 
groups during the 1970s and 1980s24–27.  

The backpropagation procedure to compute the gradient of an 
objective function with respect to the weights of a multilayer stack 
of modules is nothing more than a practical application of the chain 

rule for derivatives. The key insight is that the derivative (or gradi-
ent) of the objective with respect to the input of a module can be 
computed by working backwards from the gradient with respect to 
the output of that module (or the input of the subsequent module) 
(Fig. 1). The backpropagation equation can be applied repeatedly to 
propagate gradients through all modules, starting from the output 
at the top (where the network produces its prediction) all the way to 
the bottom (where the external input is fed). Once these gradients 
have been computed, it is straightforward to compute the gradients 
with respect to the weights of each module. 

Many applications of deep learning use feedforward neural net-
work architectures (Fig. 1), which learn to map a fixed-size input 
(for example, an image) to a fixed-size output (for example, a prob-
ability for each of several categories). To go from one layer to the 
next, a set of units compute a weighted sum of their inputs from the 
previous layer and pass the result through a non-linear function. At 
present, the most popular non-linear function is the rectified linear 
unit (ReLU), which is simply the half-wave rectifier f(z) = max(z, 0). 
In past decades, neural nets used smoother non-linearities, such as 
tanh(z) or 1/(1 + exp(−z)), but the ReLU typically learns much faster 
in networks with many layers, allowing training of a deep supervised 
network without unsupervised pre-training28. Units that are not in 
the input or output layer are conventionally called hidden units. The 
hidden layers can be seen as distorting the input in a non-linear way 
so that categories become linearly separable by the last layer (Fig. 1). 

In the late 1990s, neural nets and backpropagation were largely 
forsaken by the machine-learning community and ignored by the 
computer-vision and speech-recognition communities. It was widely 
thought that learning useful, multistage, feature extractors with lit-
tle prior knowledge was infeasible. In particular, it was commonly 
thought that simple gradient descent would get trapped in poor local 
minima — weight configurations for which no small change would 
reduce the average error. 

In practice, poor local minima are rarely a problem with large net-
works. Regardless of the initial conditions, the system nearly always 
reaches solutions of very similar quality. Recent theoretical and 
empirical results strongly suggest that local minima are not a serious 
issue in general. Instead, the landscape is packed with a combinato-
rially large number of saddle points where the gradient is zero, and 
the surface curves up in most dimensions and curves down in the 

Figure 2 | Inside a convolutional network. The outputs (not the filters) 
of each layer (horizontally) of a typical convolutional network architecture 
applied to the image of a Samoyed dog (bottom left; and RGB (red, green, 
blue) inputs, bottom right). Each rectangular image is a feature map 

corresponding to the output for one of the learned features, detected at each 
of the image positions. Information flows bottom up, with lower-level features 
acting as oriented edge detectors, and a score is computed for each image class 
in output. ReLU, rectified linear unit.
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same velocity at a given layer
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their associated optical flow leads to establish an e�ective learning process also in
this case, since the velocity fields of the features are not just reflecting the velocity
associated with brightness invariance.

Conjugated features: We
think of (', v' ) as an

indissoluble pair which
must be jointly learned.

We can detect the feature
' since “we can see” it
moving at velocity v' .

Given the optical flow v' , we say that ' is a conjugate feature with respect to v'
provided that 8(x, t) 2 ⌦ ⇥ (0,T ), along trajectory x' (t) we have

' Z v' :=
d'(x(t), t)

dt
= rx' · v' +

@'

@t
= 0. (3.5) T-inv

Notice that if there is no optical flow in a given pixel x̄, that is if v' ( x̄, t) = 0,
then @t' = 0. This means that the absence of the optical flow in x̄ results into
8t 2 (0,T ) : '( x̄, t) = c' , which is the obvious consistency condition that one
expects in this case. Likewise, a constant field '(x, t) in C ⇢ ⌦ ⇥ (0,T ) results into
the conjunction ' Z v' = 0, independently of v' . Of course, since b Z v = 0 we
can legitimately state that b is in fact a conjugate feature - the simplest one that is
associated with the brightness that is based on a single pixel. As for the optical flow
associated with the brightness, also in this case, the regularization term (3.2), where
v is replaced with v' , contributes to a well-posed formulation. Basically (', v' ) is an
indissoluble pair that plays a fundamental role in the learning of the visual features
that characterizes the object.

F������ G�������
As already noticed, when we consider color images, the brightness invariance can be
considered for the separated components R,G,B. Interestingly, for a material point
of a certain color, given by a mixture of the three components, we can establish the
same brightness invariance principle, since those components can move with the
same velocity. Said in other words, di�erent features can share the same velocity.
We can generalize this case by considering a group of features which share the same
velocity. Hence, let 8i = 1, . . . ,m : 'i Z v = 0 be, that is all features are conjugated
with the same optical flow v, then we can promptly see that any feature ' ofFunctional space �

represents a feature group,
that is uniformly

conjugated with the same
optical flow
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i=1
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is still conjugated with v. We can think of � as a functional space conjugated with
v. Basically, ' is conjugated with the velocity v whenever '(t, x(t)) is invariant
under the trajectory x(t). As already pointed, the brightness is a quasi-invariant
feature, but as we increase the degree of abstraction, we can aspire to increase the
approximation of the conjugation of feature '(t, x(t)) with its correspondent optical
flow v' . Basically, large objects are perceived with a high degree of abstraction
and are easier to track than their small parts. As already stated, the degree of ill-
posedness of the determination of the classic optical flow is pretty high. A uniformly
colored red rectangle, which is translating in front of us, makes it very di�cult to
guess the velocity of the internal pixels of the rectangle. We cannot really track
them! We can only make a guess that can be driven by the smoothness of the optical

conjugate space

Feature grouping is based on 
the correspondent receptive field

conjugation with the same velocity
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flow (3.2). However, we can easily follow the whole rectangle, just as the cat chases
the mouse, that is regarded as a whole object. This way of conjugating features with
the corresponding velocity seems to o�er a formal support for the intuitive statement
that we are tracking a moving object. A fundamental comment is in order concerning
the tracking of a feature group � which is very much related to the discussion on
color tracking that is stated by Eq. (3.3). In this case the invariance on � yields The regularization e�ect

of feature grouping

rx ('1 . . . 'm)0 · v + @
@t

('1 . . . 'm)0 = 0. (3.6) varphi-tracking-eq

The big di�erence with respect to tracking the brightness is that here the dimension
m of matrix rx ('1 . . . 'm)0 can enforce the increment of its rank, which leads
to a better positioning of the problem of estimating the optical flow v. Because
of the two-dimensional structure of the retina, which leads to v 2 R2 and since
rx ('1 . . . 'm)0 2 Rm,2, with m � 2 it turns out that any feature grouping regularizes
the velocity discovery. In order to understand the e�ect of feature grouping we can
in fact simply notice that a random choice of the features yields

rank rx ('1 . . . 'm)0 = 2.

As a consequence, linear equation (3.6) admits a unique solution in v. Moreover,
from Rouché-Capelli theorem we can also promptly see that in order to achieve the
tracking of the feature group, the features need to satisfy
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However, this regularization e�ect of feature grouping doesn’t prevent ill-positioning,
since ' is far from being a random map. One the opposite, it is supposed to extract
a uniform value in portions of the retina that are characterized by the same feature.
Hence, rank rx ('1 . . . 'm)0 = 1 is still possible whenever the features of the group
are somewhat dependent.
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The notion of conjugate features does require the involvement of the specific com-
putational structure of '(x, t). Overall, we get a collection of features that can be
represented by a vector ' ⇠ 'i along with the corresponding conjugated velocities
v' ⇠ v'i . We overload the symbol Z to establish the conjugation ' Z v' = 0,
which corresponds to the full satisfaction of the pairings 'i Z v'i = 0 of all the
coordinates. In general, we assume that ' and v' turn out to be expressed by
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Here C = cI, with c > 0. Here, c is supposed to drive very quick dynamics, so
as if the input b(⌦',x, t) is kept constant we end up quickly into the associated
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their associated optical flow leads to establish an e�ective learning process also in
this case, since the velocity fields of the features are not just reflecting the velocity
associated with brightness invariance.

Conjugated features: We
think of (', v' ) as an

indissoluble pair which
must be jointly learned.

We can detect the feature
' since “we can see” it
moving at velocity v' .

Given the optical flow v' , we say that ' is a conjugate feature with respect to v'
provided that 8(x, t) 2 ⌦ ⇥ (0,T ), along trajectory x' (t) we have

' Z v' :=
d'(x(t), t)

dt
= rx' · v' +

@'

@t
= 0. (3.5) T-inv

Notice that if there is no optical flow in a given pixel x̄, that is if v' ( x̄, t) = 0,
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As already noticed, when we consider color images, the brightness invariance can be
considered for the separated components R,G,B. Interestingly, for a material point
of a certain color, given by a mixture of the three components, we can establish the
same brightness invariance principle, since those components can move with the
same velocity. Said in other words, di�erent features can share the same velocity.
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represents a feature group,
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is still conjugated with v. We can think of � as a functional space conjugated with
v. Basically, ' is conjugated with the velocity v whenever '(t, x(t)) is invariant
under the trajectory x(t). As already pointed, the brightness is a quasi-invariant
feature, but as we increase the degree of abstraction, we can aspire to increase the
approximation of the conjugation of feature '(t, x(t)) with its correspondent optical
flow v' . Basically, large objects are perceived with a high degree of abstraction
and are easier to track than their small parts. As already stated, the degree of ill-
posedness of the determination of the classic optical flow is pretty high. A uniformly
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flow (3.2). However, we can easily follow the whole rectangle, just as the cat chases
the mouse, that is regarded as a whole object. This way of conjugating features with
the corresponding velocity seems to o�er a formal support for the intuitive statement
that we are tracking a moving object. A fundamental comment is in order concerning
the tracking of a feature group � which is very much related to the discussion on
color tracking that is stated by Eq. (3.3). In this case the invariance on � yields The regularization e�ect

of feature grouping

rx ('1 . . . 'm)0 · v + @
@t

('1 . . . 'm)0 = 0. (3.6) varphi-tracking-eq

The big di�erence with respect to tracking the brightness is that here the dimension
m of matrix rx ('1 . . . 'm)0 can enforce the increment of its rank, which leads
to a better positioning of the problem of estimating the optical flow v. Because
of the two-dimensional structure of the retina, which leads to v 2 R2 and since
rx ('1 . . . 'm)0 2 Rm,2, with m � 2 it turns out that any feature grouping regularizes
the velocity discovery. In order to understand the e�ect of feature grouping we can
in fact simply notice that a random choice of the features yields

rank rx ('1 . . . 'm)0 = 2.

As a consequence, linear equation (3.6) admits a unique solution in v. Moreover,
from Rouché-Capelli theorem we can also promptly see that in order to achieve the
tracking of the feature group, the features need to satisfy

rank rx ('1 . . . 'm)0 = rank
⇣
rx ('1 . . . 'm)0�� � @

@t ('1 . . . 'm)0
⌘
.

However, this regularization e�ect of feature grouping doesn’t prevent ill-positioning,
since ' is far from being a random map. One the opposite, it is supposed to extract
a uniform value in portions of the retina that are characterized by the same feature.
Hence, rank rx ('1 . . . 'm)0 = 1 is still possible whenever the features of the group
are somewhat dependent.

C������������ M����� ��� (', v' )
The notion of conjugate features does require the involvement of the specific com-
putational structure of '(x, t). Overall, we get a collection of features that can be
represented by a vector ' ⇠ 'i along with the corresponding conjugated velocities
v' ⇠ v'i . We overload the symbol Z to establish the conjugation ' Z v' = 0,
which corresponds to the full satisfaction of the pairings 'i Z v'i = 0 of all the
coordinates. In general, we assume that ' and v' turn out to be expressed by
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Here C = cI, with c > 0. Here, c is supposed to drive very quick dynamics, so
as if the input b(⌦',x, t) is kept constant we end up quickly into the associated
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stationary condition '(x, t) ' ↵'
�
b(⌦',x, t), t

�
. Basically, both ↵' and ↵v performs

a “nearly-forward computation”. The same holds for the conjugated velocity v̇' (x, t).
The explicit dependence on t in ↵' and ↵v is due to the underlying assumptions
that those functions undergo a learning process during the agent’s life. Here, ⌦',x

indicates the portion of the retina that ' takes into account for deciding on x. We
previously assumed that, in general, ⌦',x = ⌦, but the computation of ' makes it
possible to take decisions on the actual portion of the retina that can be virtually
considered when computing the feature on pixel x. This is somewhat related to
the convolutional neural networks computational scheme and it will be specifically
described in Ch. 4. The computational structure of v' is suggested by its conjugation
with ', where we see the dependence on r' = (rx', @t')0. This is related to the
classic idea early illustrated by Lukas and Kanade in [61] for the optical flow, where
its determination is based on stating the conjugation condition on a receptive field
⌦b,x centered on the pixel x where we focus attention.

Of course, the conjugation of ' and v' does involve the choice of both ↵' and
↵v . From Eqs. (4.10) and (3.7), we get the following consistency condition on @t'

C�1rx' · v' = '(x, t) � ↵'
�
b(⌦',x, t), t

�
. (3.8) partial-varphi-cons

As we can see, this can more easily be satisfied for large values of c.

R������������� ��� D���������� (', v' )
We have already discussed the ill-posed definition of features conjugated with the
corresponding optical flow. Interestingly, we have shown that feature groups, which
share the velocity inside the group, exhibit an inherent regularization that, however,
doesn’t prevent ill-positioning, especially when one is interested in developing ab-
stract features that are likely constant over large regions in the retina. Let us assume
that we are given n feature groups, each of m single features 'i j , where i = 1, . . . , n
and j = 1, . . . ,m.Default “null” and spatial

smoothness
We can impose the generalization of the smoothness term used

for the classic optical flow to the velocities of the features by keeping the following
term small:

E =
1
2

nX
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0
dt
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dx
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◆
. (3.9) GenOpticalFlow

Here, rx is the spatial gradient and �', �r > 0 expresses the relative weight
of the regularization terms. The integral symbols

#
T

0 and
#
⌦ yield an appropriate

weighing of the integrand, that is
$

T

0
dt f (t) ⌘

ˆ
T

0
dte�✓t f (t)

$
⌦

dx f (x) ⌘
ˆ
⌦

dxg(x � a) f (x)
(3.10) IntDef
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since ' is far from being a random map. One the opposite, it is supposed to extract
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putational structure of '(x, t). Overall, we get a collection of features that can be
represented by a vector ' ⇠ 'i along with the corresponding conjugated velocities
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Here C = cI, with c > 0. Here, c is supposed to drive very quick dynamics, so
as if the input b(⌦',x, t) is kept constant we end up quickly into the associatedwe get rid of this one
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Here we have ✓ > 0, so as e�✓t produces a decay as time goes by. Function g is
non-negative and it has a radial structure and decreases as we get far away from
the origin. It takes on the maximum for x = a, where a denotes the coordinates
of the focus of attention. Notice that E is a functional of the pair (', v), that is,
once it is given, we can compute E(', v). When comparing this index with the one
used to regularize the classic optical flow (see Eq. (3.2)) we can see a remarkable
di�erence: Functional E also involves the temporal evolution! Why is that necessary?
While the brightness is given, the features are learned as time goes by, which is just
another facet of the feature-velocity conjugation. It’s worth mentioning that E does
only involves spatial smoothness whereas it doesn’t contain any time regularization
term. As it will become more clear in Chapter 5 such a regularization is in fact
introduced into the weight of the neural networks that are used to implement Eq. (3.7).
There’s also another di�erence with respect to the classic optical flow (see Eq. (3.2)):
There’s also a penalizing term (1/2)'2

i j
which favors the development of 'i j = 0.

Of course, there’s no such requirement in classic optical flow, since b(x, t) is given.
On the opposite, the discovery of visual features is expected to be driven by motion
information, but their “default value” is expected to be null. We can promptly see
that the introduction of the regularization term (3.9) doesn’t su�ce. The conjugation
Z is in fact satisfied also by the trivial constant solution ' = c' .

What happens in the next
frames?

Interestingly, important additional information comes from the need of exhibiting
the human visual skill of reconstructing pictures from our symbolic representation. At
least at a certain level of abstraction, the features that are gained by motion invariance,
possess a certain degree of semantics that is needed to interprete the scene. However,
visual agents are also expected to deal with actions and react accordingly. As such a
uniform cognitive task that visual agents are expected to carry out is that predicting
what will happen next, which is translated into the capability of guessing the next
incoming few frames in the scene. We can think of a predictive computational scheme
based on the ' codes which works as follows:

@'

@t
(x, t) + C'(x, t) = C↵'

�
b(⌦',x, t), t

�
(3.11) GlobalResp-phi

@y

@t
(t, x) + Cy(x, t) = C↵'̄

�
'(x, t), v' (x, t)

�
. (3.12) GlobalResp-y

The prediction tasks
consist of discovering an
output y such that
y(⌦, t) ' @tb(⌦, t).

The second equation yields a prediction on the basis of the indissoluble pair (', v' ),
which contains the codes of ⌦',x . Both ↵' and ↵'̄ performs a “nearly-forward
computation”. In particular, the prediction y needs to satisfy the condition established
by the index

R =
1
2

$
T

0
dt
$
⌦

dx
✓
y(x, t) � @tb(x, t)

◆2
. (3.13) VideoPredictionEq

No system dynamics apart
from that inherited by
motion!

More sophisticated predictions can rely on a dynamical system to predict the fea-
tures and the velocities. However, this book makes the fundamental assumption of
disregarding dynamical processes for the representation of (', v). The computational
models 3.11 and 3.12 exhibit in fact a “nearly-forward structure.” This assumption
is somehow related to the hypothesis of picture perceivable actions that is introduced
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information, but their “default value” is expected to be null. We can promptly see
that the introduction of the regularization term (3.9) doesn’t su�ce. The conjugation
Z is in fact satisfied also by the trivial constant solution ' = c' .

What happens in the next
frames?

Interestingly, important additional information comes from the need of exhibiting
the human visual skill of reconstructing pictures from our symbolic representation. At
least at a certain level of abstraction, the features that are gained by motion invariance,
possess a certain degree of semantics that is needed to interprete the scene. However,
visual agents are also expected to deal with actions and react accordingly. As such a
uniform cognitive task that visual agents are expected to carry out is that predicting
what will happen next, which is translated into the capability of guessing the next
incoming few frames in the scene. We can think of a predictive computational scheme
based on the ' codes which works as follows:
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The prediction tasks
consist of discovering an
output y such that
y(⌦, t) ' @tb(⌦, t).

The second equation yields a prediction on the basis of the indissoluble pair (', v' ),
which contains the codes of ⌦',x . Both ↵' and ↵'̄ performs a “nearly-forward
computation”. In particular, the prediction y needs to satisfy the condition established
by the index
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No system dynamics apart
from that inherited by
motion!

More sophisticated predictions can rely on a dynamical system to predict the fea-
tures and the velocities. However, this book makes the fundamental assumption of
disregarding dynamical processes for the representation of (', v). The computational
models 3.11 and 3.12 exhibit in fact a “nearly-forward structure.” This assumption
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II PRINCIPLE: COUPLED MOTION INVARIANCE 
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driven by an animal1. This assumption is especially useful to favor the intuition
behind the II principle of Perceptual Vision, but it will be removed and the analysis
will be extended to the case of visual features, thus paralleling the statement of the
MPI principle. We shall begin discussing interactions between animals and objects
that can be identified by corresponding codes but, as stated in the following section,
the ideas herein presented can be given a more general foundations in terms of the
interaction between objects in visual environments. Without limitation of generali-
ties, suppose we are dealing with human actions, and let us consider a pixel x where
both a person, with identity p(x, t), and an object, with identity o(x, t), are detected.
As already noticed, in general, we can also assume that the object defined by p(x, t)
is not necessarily referring to a person, but to tools typically used in human actions.
For instance, p(x, t) could be the identifier of a hammer which is used to hang a
picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
are defined at (x, t), which depends on the extent to which we consider the contextual
information. In that case, the action also gives rise to a corresponding number of
optical flows at (x, t) that are conjugated with the coupled objects. For the sake of
simplicity, suppose the optical flow defined by vp (x, t) in pixel x at time t comes from
the person who’s providing the object a�ordance. II Principle of Perceptual

Vision: Coupled Motion
Invariance (CMI): The
person identifier p(x, t),
paired with object
identifier o(x, t)

Following the conditions under
which the I Principle of Visual Perception has been established, let us consider a
single movement burst delimited by saccadic movements. For any (x, t) 2 ⌦⇥ (0,T )
we can introduce the coupling relation G between objects as follows:

p(x, t) G o(x, t) $ �(p(x, t)) ^ �(o(x, t)).

Here, � returns the Boolean decision behind o and p; it is typically � : [0, 1]! {0, 1}.
A value is returned that is based on thresholding criteria. Of course, depending on
the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
by p.

Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:

Coupled Motion
Invariance

CMI : ↵op Z (vo � vp) = 0. (3.16) AffordanceMO

This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance
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behind the II principle of Perceptual Vision, but it will be removed and the analysis
will be extended to the case of visual features, thus paralleling the statement of the
MPI principle. We shall begin discussing interactions between animals and objects
that can be identified by corresponding codes but, as stated in the following section,
the ideas herein presented can be given a more general foundations in terms of the
interaction between objects in visual environments. Without limitation of generali-
ties, suppose we are dealing with human actions, and let us consider a pixel x where
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As already noticed, in general, we can also assume that the object defined by p(x, t)
is not necessarily referring to a person, but to tools typically used in human actions.
For instance, p(x, t) could be the identifier of a hammer which is used to hang a
picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
are defined at (x, t), which depends on the extent to which we consider the contextual
information. In that case, the action also gives rise to a corresponding number of
optical flows at (x, t) that are conjugated with the coupled objects. For the sake of
simplicity, suppose the optical flow defined by vp (x, t) in pixel x at time t comes from
the person who’s providing the object a�ordance. II Principle of Perceptual

Vision: Coupled Motion
Invariance (CMI): The
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Following the conditions under
which the I Principle of Visual Perception has been established, let us consider a
single movement burst delimited by saccadic movements. For any (x, t) 2 ⌦⇥ (0,T )
we can introduce the coupling relation G between objects as follows:

p(x, t) G o(x, t) $ �(p(x, t)) ^ �(o(x, t)).

Here, � returns the Boolean decision behind o and p; it is typically � : [0, 1]! {0, 1}.
A value is returned that is based on thresholding criteria. Of course, depending on
the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
by p.

Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:

Coupled Motion
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CMI : ↵op Z (vo � vp) = 0. (3.16) AffordanceMO

This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance
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driven by an animal1. This assumption is especially useful to favor the intuition
behind the II principle of Perceptual Vision, but it will be removed and the analysis
will be extended to the case of visual features, thus paralleling the statement of the
MPI principle. We shall begin discussing interactions between animals and objects
that can be identified by corresponding codes but, as stated in the following section,
the ideas herein presented can be given a more general foundations in terms of the
interaction between objects in visual environments. Without limitation of generali-
ties, suppose we are dealing with human actions, and let us consider a pixel x where
both a person, with identity p(x, t), and an object, with identity o(x, t), are detected.
As already noticed, in general, we can also assume that the object defined by p(x, t)
is not necessarily referring to a person, but to tools typically used in human actions.
For instance, p(x, t) could be the identifier of a hammer which is used to hang a
picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
are defined at (x, t), which depends on the extent to which we consider the contextual
information. In that case, the action also gives rise to a corresponding number of
optical flows at (x, t) that are conjugated with the coupled objects. For the sake of
simplicity, suppose the optical flow defined by vp (x, t) in pixel x at time t comes from
the person who’s providing the object a�ordance. II Principle of Perceptual

Vision: Coupled Motion
Invariance (CMI): The
person identifier p(x, t),
paired with object
identifier o(x, t)

Following the conditions under
which the I Principle of Visual Perception has been established, let us consider a
single movement burst delimited by saccadic movements. For any (x, t) 2 ⌦⇥ (0,T )
we can introduce the coupling relation G between objects as follows:

p(x, t) G o(x, t) $ �(p(x, t)) ^ �(o(x, t)).

Here, � returns the Boolean decision behind o and p; it is typically � : [0, 1]! {0, 1}.
A value is returned that is based on thresholding criteria. Of course, depending on
the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
by p.

Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:

Coupled Motion
Invariance

CMI : ↵op Z (vo � vp) = 0. (3.16) AffordanceMO

This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance
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driven by an animal1. This assumption is especially useful to favor the intuition
behind the II principle of Perceptual Vision, but it will be removed and the analysis
will be extended to the case of visual features, thus paralleling the statement of the
MPI principle. We shall begin discussing interactions between animals and objects
that can be identified by corresponding codes but, as stated in the following section,
the ideas herein presented can be given a more general foundations in terms of the
interaction between objects in visual environments. Without limitation of generali-
ties, suppose we are dealing with human actions, and let us consider a pixel x where
both a person, with identity p(x, t), and an object, with identity o(x, t), are detected.
As already noticed, in general, we can also assume that the object defined by p(x, t)
is not necessarily referring to a person, but to tools typically used in human actions.
For instance, p(x, t) could be the identifier of a hammer which is used to hang a
picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
are defined at (x, t), which depends on the extent to which we consider the contextual
information. In that case, the action also gives rise to a corresponding number of
optical flows at (x, t) that are conjugated with the coupled objects. For the sake of
simplicity, suppose the optical flow defined by vp (x, t) in pixel x at time t comes from
the person who’s providing the object a�ordance. II Principle of Perceptual

Vision: Coupled Motion
Invariance (CMI): The
person identifier p(x, t),
paired with object
identifier o(x, t)

Following the conditions under
which the I Principle of Visual Perception has been established, let us consider a
single movement burst delimited by saccadic movements. For any (x, t) 2 ⌦⇥ (0,T )
we can introduce the coupling relation G between objects as follows:

p(x, t) G o(x, t) $ �(p(x, t)) ^ �(o(x, t)).

Here, � returns the Boolean decision behind o and p; it is typically � : [0, 1]! {0, 1}.
A value is returned that is based on thresholding criteria. Of course, depending on
the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
by p.

Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:

Coupled Motion
Invariance

CMI : ↵op Z (vo � vp) = 0. (3.16) AffordanceMO

This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance
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driven by an animal1. This assumption is especially useful to favor the intuition
behind the II principle of Perceptual Vision, but it will be removed and the analysis
will be extended to the case of visual features, thus paralleling the statement of the
MPI principle. We shall begin discussing interactions between animals and objects
that can be identified by corresponding codes but, as stated in the following section,
the ideas herein presented can be given a more general foundations in terms of the
interaction between objects in visual environments. Without limitation of generali-
ties, suppose we are dealing with human actions, and let us consider a pixel x where
both a person, with identity p(x, t), and an object, with identity o(x, t), are detected.
As already noticed, in general, we can also assume that the object defined by p(x, t)
is not necessarily referring to a person, but to tools typically used in human actions.
For instance, p(x, t) could be the identifier of a hammer which is used to hang a
picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
are defined at (x, t), which depends on the extent to which we consider the contextual
information. In that case, the action also gives rise to a corresponding number of
optical flows at (x, t) that are conjugated with the coupled objects. For the sake of
simplicity, suppose the optical flow defined by vp (x, t) in pixel x at time t comes from
the person who’s providing the object a�ordance. II Principle of Perceptual

Vision: Coupled Motion
Invariance (CMI): The
person identifier p(x, t),
paired with object
identifier o(x, t)

Following the conditions under
which the I Principle of Visual Perception has been established, let us consider a
single movement burst delimited by saccadic movements. For any (x, t) 2 ⌦⇥ (0,T )
we can introduce the coupling relation G between objects as follows:

p(x, t) G o(x, t) $ �(p(x, t)) ^ �(o(x, t)).

Here, � returns the Boolean decision behind o and p; it is typically � : [0, 1]! {0, 1}.
A value is returned that is based on thresholding criteria. Of course, depending on
the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
by p.

Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:

Coupled Motion
Invariance

CMI : ↵op Z (vo � vp) = 0. (3.16) AffordanceMO

This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance
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that can be identified by corresponding codes but, as stated in the following section,
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picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
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Following the conditions under
which the I Principle of Visual Perception has been established, let us consider a
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we can introduce the coupling relation G between objects as follows:
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the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
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Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:
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This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance
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Reduction to the I Principle:
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driven by an animal1. This assumption is especially useful to favor the intuition
behind the II principle of Perceptual Vision, but it will be removed and the analysis
will be extended to the case of visual features, thus paralleling the statement of the
MPI principle. We shall begin discussing interactions between animals and objects
that can be identified by corresponding codes but, as stated in the following section,
the ideas herein presented can be given a more general foundations in terms of the
interaction between objects in visual environments. Without limitation of generali-
ties, suppose we are dealing with human actions, and let us consider a pixel x where
both a person, with identity p(x, t), and an object, with identity o(x, t), are detected.
As already noticed, in general, we can also assume that the object defined by p(x, t)
is not necessarily referring to a person, but to tools typically used in human actions.
For instance, p(x, t) could be the identifier of a hammer which is used to hang a
picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
are defined at (x, t), which depends on the extent to which we consider the contextual
information. In that case, the action also gives rise to a corresponding number of
optical flows at (x, t) that are conjugated with the coupled objects. For the sake of
simplicity, suppose the optical flow defined by vp (x, t) in pixel x at time t comes from
the person who’s providing the object a�ordance. II Principle of Perceptual

Vision: Coupled Motion
Invariance (CMI): The
person identifier p(x, t),
paired with object
identifier o(x, t)

Following the conditions under
which the I Principle of Visual Perception has been established, let us consider a
single movement burst delimited by saccadic movements. For any (x, t) 2 ⌦⇥ (0,T )
we can introduce the coupling relation G between objects as follows:

p(x, t) G o(x, t) $ �(p(x, t)) ^ �(o(x, t)).

Here, � returns the Boolean decision behind o and p; it is typically � : [0, 1]! {0, 1}.
A value is returned that is based on thresholding criteria. Of course, depending on
the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
by p.

Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:

Coupled Motion
Invariance

CMI : ↵op Z (vo � vp) = 0. (3.16) AffordanceMO

This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance

… my own chair and the “chair concept” …
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is about a�ordance, and they are in fact conveying di�erent, yet complementary,
information! A visual agent needs to recognize chairs, but he also needs to identify
the specific type of chair, and he must also be capable of inducing that the specific
object is in fact part of a more general category. Such a category may reflect a few
distinctive visual properties of an object which also support its function. This is in
fact the reason for keeping o(·, ·) and ↵op (·, ·) separated. The di�erence emerges
when p interact with o also by its velocity vp . In this case, Eq. (3.16) still states the
motion invariance property of o, which is expressed in the reference of object p, so
as the relative velocity is vo � vp . It’s worth mentioning that this must be interpreted
in the local sense and that CMI and MPI are essentially stating the same property of
motion invariance of o, but the fundamental di�erence is the reference where the
velocity of the object is measured. The presence of p with velocity vp is in fact
the indication of the a�ordance conveyed by p to o, which results in the di�erent
reference where the object velocity must be measured. When the fixed reference is
chosen we are electing the distinctive feature o of the object, whereas the presence
of interacting objects leads to express invariance with respect to their reference.

It’s worth mentioning that the same person p can propagate the a�ordance to
objects with di�erent identity o1, o2. For example, we manipulate the Rubik’s cube
as well as a hammer, or a knife. This generates a partition on the set O of object
identifiers by the relation

o1
p⇠ o2 $ (p G✏ o1) ^ (p G✏ o2). (3.17) A-rel1

We notice in passing that this relationship doesn’t assume a specific semantics in
the action carried out by p. While in the previous example we were considering the
act of manipulation on di�erent objects, the above stated field interaction might also
hold for touching, pushing, or shaking. Of course, this analysis could be extended
if one can classify actions, but this is not considered in this book2. Interestingly,
two persons, defined by p1, p2 can also transfer the same a�ordance to o, which is
represented by the dual condition with respect to (3.17):

p1
o⇠ p2 $ (p1 G✏ o) ^ (p2 G✏ o). (3.18) A-rel2

The abstraction of Eq (3.17) leads to the notion of action. For example, the same
person can manipulate di�erent objects. This characterizes a certain action of p which
holds for a certain class of objects. We can in fact manipulate the Rubik’s cube as
well as the knife and many other objects. The abstraction of Eq. (3.18) consists of
considering the case in which object a�ordance is conveyed independently of the
person. In this case Eq (3.17) can be replaced with o1 ⇠ o2. Overall, when a visual
learning environment along with multiple interactions is considered we can create a
partition on object identifiers O which yields the quotient space Q = O/ ⇠ where
the equivalent classes can be thought of the class of the object.

Inherent a�ordance

2 The basic ideas are the same whenever in the coupling o G p, the object identifier p is replaced
with an action field.
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driven by an animal1. This assumption is especially useful to favor the intuition
behind the II principle of Perceptual Vision, but it will be removed and the analysis
will be extended to the case of visual features, thus paralleling the statement of the
MPI principle. We shall begin discussing interactions between animals and objects
that can be identified by corresponding codes but, as stated in the following section,
the ideas herein presented can be given a more general foundations in terms of the
interaction between objects in visual environments. Without limitation of generali-
ties, suppose we are dealing with human actions, and let us consider a pixel x where
both a person, with identity p(x, t), and an object, with identity o(x, t), are detected.
As already noticed, in general, we can also assume that the object defined by p(x, t)
is not necessarily referring to a person, but to tools typically used in human actions.
For instance, p(x, t) could be the identifier of a hammer which is used to hang a
picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
are defined at (x, t), which depends on the extent to which we consider the contextual
information. In that case, the action also gives rise to a corresponding number of
optical flows at (x, t) that are conjugated with the coupled objects. For the sake of
simplicity, suppose the optical flow defined by vp (x, t) in pixel x at time t comes from
the person who’s providing the object a�ordance. II Principle of Perceptual
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we can introduce the coupling relation G between objects as follows:
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Here, � returns the Boolean decision behind o and p; it is typically � : [0, 1]! {0, 1}.
A value is returned that is based on thresholding criteria. Of course, depending on
the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
by p.

Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:

Coupled Motion
Invariance

CMI : ↵op Z (vo � vp) = 0. (3.16) AffordanceMO

This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance
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This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance
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is about a�ordance, and they are in fact conveying di�erent, yet complementary,
information! A visual agent needs to recognize chairs, but he also needs to identify
the specific type of chair, and he must also be capable of inducing that the specific
object is in fact part of a more general category. Such a category may reflect a few
distinctive visual properties of an object which also support its function. This is in
fact the reason for keeping o(·, ·) and ↵op (·, ·) separated. The di�erence emerges
when p interact with o also by its velocity vp . In this case, Eq. (3.16) still states the
motion invariance property of o, which is expressed in the reference of object p, so
as the relative velocity is vo � vp . It’s worth mentioning that this must be interpreted
in the local sense and that CMI and MPI are essentially stating the same property of
motion invariance of o, but the fundamental di�erence is the reference where the
velocity of the object is measured. The presence of p with velocity vp is in fact
the indication of the a�ordance conveyed by p to o, which results in the di�erent
reference where the object velocity must be measured. When the fixed reference is
chosen we are electing the distinctive feature o of the object, whereas the presence
of interacting objects leads to express invariance with respect to their reference.

It’s worth mentioning that the same person p can propagate the a�ordance to
objects with di�erent identity o1, o2. For example, we manipulate the Rubik’s cube
as well as a hammer, or a knife. This generates a partition on the set O of object
identifiers by the relation

o1
p⇠ o2 $ (p G✏ o1) ^ (p G✏ o2). (3.17) A-rel1

We notice in passing that this relationship doesn’t assume a specific semantics in
the action carried out by p. While in the previous example we were considering the
act of manipulation on di�erent objects, the above stated field interaction might also
hold for touching, pushing, or shaking. Of course, this analysis could be extended
if one can classify actions, but this is not considered in this book2. Interestingly,
two persons, defined by p1, p2 can also transfer the same a�ordance to o, which is
represented by the dual condition with respect to (3.17):

p1
o⇠ p2 $ (p1 G✏ o) ^ (p2 G✏ o). (3.18) A-rel2

The abstraction of Eq (3.17) leads to the notion of action. For example, the same
person can manipulate di�erent objects. This characterizes a certain action of p which
holds for a certain class of objects. We can in fact manipulate the Rubik’s cube as
well as the knife and many other objects. The abstraction of Eq. (3.18) consists of
considering the case in which object a�ordance is conveyed independently of the
person. In this case Eq (3.17) can be replaced with o1 ⇠ o2. Overall, when a visual
learning environment along with multiple interactions is considered we can create a
partition on object identifiers O which yields the quotient space Q = O/ ⇠ where
the equivalent classes can be thought of the class of the object.

Inherent a�ordance

2 The basic ideas are the same whenever in the coupling o G p, the object identifier p is replaced
with an action field.

e.g.: the same person can manipulate 
different objects
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Now, let us assume that in a visual environment there is collection Po of person
identifiers who are coupled with o. The joint coupling with all people in Po leads to
think of the corresponding a�ordance ↵oP . However, as Po becomes large enough
it does characterize the “living environment” and it makes sense to think of the
inherent a�ordance notion ↵o for which the following condition holds true:

8 j 2 Po : ↵o Z (vo � vj ) = 0. (3.19) FormalIA

For example, when considering the notion of knife, we can think of its inherent
a�ordance which is gained by the act of its manipulation by a virtually unbounded
number of people. Of course, Eq. (3.19) can only be given a formal meaning, since in
real-world environments the notion of inherent a�ordance can only approximatively
gained. Unlike the single pairing of o with p where the a�ordance is modeled by
↵op , here the inherent a�ordance ↵o involves a collection of constraints that logically
disjunctive over Po. This can be expressed by the corresponding risk

A =
X

j2Po

�
↵o Z (vo � vj )

�2 (3.20)

Dealing with attached
objects

The way we conquer a formal notion of a�ordance, stated by Eq. 3.16 works
for both attached and detached objects, since their movement is not necessary.
The a�ordance comes from people who are using the object. However, the way
people interact with attached and detached objects is definitely very di�erent. We
experiment an interaction with objects that can be directly grasped that is far away
from the interaction with big fixed objects. While hammers can be grasped and
moved so as their motion with respect to the environment can be used for conquering
their identity, a building can nether be grasped nor moved. Yet, humans and attached
objects can still interact so as they can get the a�ordance from human movements. As
we look out the window or open the shutters, the corresponding movement transfers
an a�ordance. Something similar happens as we walk close home. Even though a
chair is clearly detached, it is typically fixed as we seat down or stand up. Of course,
it can itself slightly move, but the a�ordance is basically gained from the person
who’s using it.

Attached and detached
objets involve a di�erent
optical flow; identification
is favored for detached
objects.

Because of the structure of the optical flow generated during object-human inter-
action, it’s quite obvious that the identity of detached objects can better be gained. On
the opposite, for both attached and detached objects the a�ordance can be similarly
gained. There’s still a di�erence, since in detached objects the optical flow comes
from both humans and objects. Hence, it looks like attached objects are likely more
di�cult to learn, since the development of correspondent identification features is
more di�cult than for detached objects.

… interesting relations

Inherent Affordance

objects in this class convey the 
inherent environmental affordance
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CMI � bis :  i j Z (vi � vj ) = 0. (3.21) Pi-equation

Like in the statement (3.16) of the II Principle which refers to objects,  i j is con-
jugated with velocity vi � vj , which is in fact the relative velocity of feature 'i in
the reference of feature ' j , which tranfers the a�ordance. Notice that if a�ordance
feature  i j doesn’t receive any motion information from ' j , since vj = 0, then the
consequent condition  i j Z vi = 0 is in fact a self-motion invariance corresponding
with the I Principle. However, it can better be interpreted as a regularization state-
ment for  i j that leads to express consistency on the a�ordance interpretation of the
feature itself. Said another words, it can be interpreted as a feature self-coupling,
that is as a reflective property of  i j .

Inherent a�ordance  i : it
comes from the
interactions with all the
environmental features

As already stated in the previous section, when the visual environment is given,
as time goes by, the object interactions begin obeying statistical regularities and the
interactions of feature 'i with the other features become very well defined. Hence,
the notion of  i j can be evolved towards the inherent a�ordance  i of feature 'i .
Based on Eq. 3.19 we define the inherent feature a�ordance as the function  i which
satisfies

8 j 2 Pi :  i Z (vi � vj ) = 0. (3.22) FormalIA-f

The coupling of 'i with Pi leads to conquer the specificity of 'i in the living
environment, that is characterized by the interactions defined by Pi . This reinforces
the meaning of inherent a�ordance, which is fact a property associated with 'i while
living in a certain visual environment. As a consequence, the identification feature
'i pairs with the corresponding a�ordance feature  i , so as the enriched vision
field turns out to be defined byV = (', , v). In a sense,  can be thought of as the
abstraction of ', as it arises from its the environmental interactions. A few comments
are in order concerning the visual field.

• The pairing of 'i and  i relies on the same optical flow which comes from 'i .
This makes sense, since the inherent a�ordance is a feature that is expected to gain
abstraction coming from the interactions which other features, whereas the actual
optical flow can only come from identifiable entities that are naturally defined by
'i .

• The inherent a�ordance features carry out a significantly redundant information.
This can be understood when considering especially high level features that
closely resemble objects. While we may have many di�erent chairs in a certain
environment, one would expect to have only a single concept of chair, which in fact
comes out when we transfer it the specific a�ordance of an object used for seating.
On the opposite,  assigns many di�erent a�ordance variables that are somewhat
stimulated by a specific identifiable feature. This corresponds to thinking of these
a�ordance features as entities that are generated by a corresponding identify
feature.

• The vision fieldV is the support for high-level decisions. Of course, the recogni-
tion of specific objects does only involve the field 'i , whereas the abstract object
recognition is supported by features  i .

Regularization from logic
implication
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abstraction coming from the interactions which other features, whereas the actual
optical flow can only come from identifiable entities that are naturally defined by
'i .

• The inherent a�ordance features carry out a significantly redundant information.
This can be understood when considering especially high level features that
closely resemble objects. While we may have many di�erent chairs in a certain
environment, one would expect to have only a single concept of chair, which in fact
comes out when we transfer it the specific a�ordance of an object used for seating.
On the opposite,  assigns many di�erent a�ordance variables that are somewhat
stimulated by a specific identifiable feature. This corresponds to thinking of these
a�ordance features as entities that are generated by a corresponding identify
feature.

• The vision fieldV is the support for high-level decisions. Of course, the recogni-
tion of specific objects does only involve the field 'i , whereas the abstract object
recognition is supported by features  i .

Regularization from logic
implication

feature coupling!

Coupling from feature j

can come from different objects or 
from the same object!
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driven by an animal1. This assumption is especially useful to favor the intuition
behind the II principle of Perceptual Vision, but it will be removed and the analysis
will be extended to the case of visual features, thus paralleling the statement of the
MPI principle. We shall begin discussing interactions between animals and objects
that can be identified by corresponding codes but, as stated in the following section,
the ideas herein presented can be given a more general foundations in terms of the
interaction between objects in visual environments. Without limitation of generali-
ties, suppose we are dealing with human actions, and let us consider a pixel x where
both a person, with identity p(x, t), and an object, with identity o(x, t), are detected.
As already noticed, in general, we can also assume that the object defined by p(x, t)
is not necessarily referring to a person, but to tools typically used in human actions.
For instance, p(x, t) could be the identifier of a hammer which is used to hang a
picture. Interestingly, a pixel could contain the identity of the hammer, the picture,
and the fingers of a person. In general, it could be the case that more than one object
are defined at (x, t), which depends on the extent to which we consider the contextual
information. In that case, the action also gives rise to a corresponding number of
optical flows at (x, t) that are conjugated with the coupled objects. For the sake of
simplicity, suppose the optical flow defined by vp (x, t) in pixel x at time t comes from
the person who’s providing the object a�ordance. II Principle of Perceptual

Vision: Coupled Motion
Invariance (CMI): The
person identifier p(x, t),
paired with object
identifier o(x, t)

Following the conditions under
which the I Principle of Visual Perception has been established, let us consider a
single movement burst delimited by saccadic movements. For any (x, t) 2 ⌦⇥ (0,T )
we can introduce the coupling relation G between objects as follows:

p(x, t) G o(x, t) $ �(p(x, t)) ^ �(o(x, t)).

Here, � returns the Boolean decision behind o and p; it is typically � : [0, 1]! {0, 1}.
A value is returned that is based on thresholding criteria. Of course, depending on
the measure of CpGo = {(x, t) 2 ⌦ ⇥ (0,T ) : p(x, t) G o(x, t)} we can experiment a
di�erent degree of object coupling, so as one can reasonably establish whether the
field interaction between p(x, t) and o(x, t) is significant. Given ✏ > 0 we say that
the coupling o G p is ✏-significant provided that µ(CpGo) > ✏ and write o G✏ p.

Degree of a�ordance
↵op 2 R of o conveyed
by p.

Whenever this happens, it turns out to be convenient to introduce the degree of
a�ordance ↵op 2 R of o conveyed by p. Unlike the information on the object
identification, the degree of a�ordance transmits the information on how the person
defined by p is using o. We are now ready to establish the Coupling Motion Invariance
principle as follows:

Coupled Motion
Invariance

CMI : ↵op Z (vo � vp) = 0. (3.16) AffordanceMO

This statement is very related to the I Principle. If the interacting object p is not
moving, that is vp = 0, then CMI reduces to ↵op Z vo = 0, which corresponds with
o Z vo = 0. Hence, in this case ↵op resembles the identifying code o. Now, there
are good reasons for thinking of the two principles separately and keep ↵op and
p separated. The I Principle is about object identification, whereas the II Principle

1 As it will be better seen in the following, a more general view on object a�ordance suggests that
it can come also from another object which is moving, but the following analysis clearly holds
regardless of who’s transferring the a�ordance

… coupling more than affordance
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CMI � bis :  i j Z (vi � vj ) = 0. (3.21) Pi-equation

Like in the statement (3.16) of the II Principle which refers to objects,  i j is con-
jugated with velocity vi � vj , which is in fact the relative velocity of feature 'i in
the reference of feature ' j , which tranfers the a�ordance. Notice that if a�ordance
feature  i j doesn’t receive any motion information from ' j , since vj = 0, then the
consequent condition  i j Z vi = 0 is in fact a self-motion invariance corresponding
with the I Principle. However, it can better be interpreted as a regularization state-
ment for  i j that leads to express consistency on the a�ordance interpretation of the
feature itself. Said another words, it can be interpreted as a feature self-coupling,
that is as a reflective property of  i j .

Inherent a�ordance  i : it
comes from the
interactions with all the
environmental features

As already stated in the previous section, when the visual environment is given,
as time goes by, the object interactions begin obeying statistical regularities and the
interactions of feature 'i with the other features become very well defined. Hence,
the notion of  i j can be evolved towards the inherent a�ordance  i of feature 'i .
Based on Eq. 3.19 we define the inherent feature a�ordance as the function  i which
satisfies

8 j 2 Pi :  i Z (vi � vj ) = 0. (3.22) FormalIA-f

The coupling of 'i with Pi leads to conquer the specificity of 'i in the living
environment, that is characterized by the interactions defined by Pi . This reinforces
the meaning of inherent a�ordance, which is fact a property associated with 'i while
living in a certain visual environment. As a consequence, the identification feature
'i pairs with the corresponding a�ordance feature  i , so as the enriched vision
field turns out to be defined byV = (', , v). In a sense,  can be thought of as the
abstraction of ', as it arises from its the environmental interactions. A few comments
are in order concerning the visual field.

• The pairing of 'i and  i relies on the same optical flow which comes from 'i .
This makes sense, since the inherent a�ordance is a feature that is expected to gain
abstraction coming from the interactions which other features, whereas the actual
optical flow can only come from identifiable entities that are naturally defined by
'i .

• The inherent a�ordance features carry out a significantly redundant information.
This can be understood when considering especially high level features that
closely resemble objects. While we may have many di�erent chairs in a certain
environment, one would expect to have only a single concept of chair, which in fact
comes out when we transfer it the specific a�ordance of an object used for seating.
On the opposite,  assigns many di�erent a�ordance variables that are somewhat
stimulated by a specific identifiable feature. This corresponds to thinking of these
a�ordance features as entities that are generated by a corresponding identify
feature.

• The vision fieldV is the support for high-level decisions. Of course, the recogni-
tion of specific objects does only involve the field 'i , whereas the abstract object
recognition is supported by features  i .

Regularization from logic
implication

Inherent Affordance
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The learning of  i is based on a formulation that closely resembles what has been
done for 'i , for which we have already considered the regularization issues. In the
case of  i we can get rid of the trivial constant solution by minimizing

I =
nX

i=1

$
T

0
dt
$
⌦

dx (1 �  i (x, t))'i (x, t), (3.23)

which comes from the p-norm translation of '
c!  . Here we are assuming that

'i, i range in [0, 1], so as whenever 'i gets close to 1, it forces the same for  i . This
yields a well-posed formulation thus avoiding the trivial solution.

Vision Field Interaction
Graph (tt VFIG)

The statement (3.22) of the II Principle can be given a graph-based representation
by collecting over the agent life the feature interactions collected in Pi . Notice that
such a statement makes sense also when considering the temporal evolution in which
the agent is expected to learn. In that case the interaction set Pi can be replaced with
Pi (t), which collects all interactions on i up to t. The Vision Field Interaction Graph
(tt VFIG) is constructed as follows: its vertexes corresponds with the n vertexes
associated with the vision fieldV , while an arc ai j 2 A is created whenever vj , 0.
If vj = 0 and vi , 0 then a self-loop is created.

The construction of the VFIG suggests a further abstraction inspired to the notion
of a�ordance. The graph structure inherited from the mentioned construction rule
makes it possible to introduce a ranking index, denoted ⇢i which evolves according
to the random walk scheme

⇢̇i + ⌧⇢i =
X

j2pa(i)

⇢ j
|ch( j) | . (3.24) RandomWalkEq

The ranking term ⇢ can be gained when considering that Eq. (3.24) can be used
for selecting most important a�ordance features that are supposed to o�er a further
abstraction. Hence, instead of the n features  i we can select a more abstract subset
composed of na < n new features, that we denote by �. For these new feature we
assume that the interaction interaction holds

� Z vj = 0, (3.25) AbstractAffVar

which doesn’t refer movements with respect to i. In so doing we can enrich the vision
field which becomesV = (�, , �, v). In order to avoid the trivial constant solution,
like for  we ask for the minimization of the logic implication term

I� =
naX

=1

$
T

0
dt
$
⌦

dx (1 � � (x, t))  (x, t). (3.26)

This comes from the p-norm translation of  
c! �. While this regularization terms

settles the value of � on the corresponding highly ranked   , notice that the motion
invariance condition (3.25) doesn’t assume any privilege with respect to the firing
feature   . Unlike for  , the motion invariance on features � is directly driven by
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settles the value of � on the corresponding highly ranked   , notice that the motion
invariance condition (3.25) doesn’t assume any privilege with respect to the firing
feature   . Unlike for  , the motion invariance on features � is directly driven by
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their associated optical flow leads to establish an e�ective learning process also in
this case, since the velocity fields of the features are not just reflecting the velocity
associated with brightness invariance.

Conjugated features: We
think of (', v' ) as an

indissoluble pair which
must be jointly learned.

We can detect the feature
' since “we can see” it
moving at velocity v' .

Given the optical flow v' , we say that ' is a conjugate feature with respect to v'
provided that 8(x, t) 2 ⌦ ⇥ (0,T ), along trajectory x' (t) we have

' Z v' :=
d'(x(t), t)

dt
= rx' · v' +

@'

@t
= 0. (3.5) T-inv

Notice that if there is no optical flow in a given pixel x̄, that is if v' ( x̄, t) = 0,
then @t' = 0. This means that the absence of the optical flow in x̄ results into
8t 2 (0,T ) : '( x̄, t) = c' , which is the obvious consistency condition that one
expects in this case. Likewise, a constant field '(x, t) in C ⇢ ⌦ ⇥ (0,T ) results into
the conjunction ' Z v' = 0, independently of v' . Of course, since b Z v = 0 we
can legitimately state that b is in fact a conjugate feature - the simplest one that is
associated with the brightness that is based on a single pixel. As for the optical flow
associated with the brightness, also in this case, the regularization term (3.2), where
v is replaced with v' , contributes to a well-posed formulation. Basically (', v' ) is an
indissoluble pair that plays a fundamental role in the learning of the visual features
that characterizes the object.

F������ G�������
As already noticed, when we consider color images, the brightness invariance can be
considered for the separated components R,G,B. Interestingly, for a material point
of a certain color, given by a mixture of the three components, we can establish the
same brightness invariance principle, since those components can move with the
same velocity. Said in other words, di�erent features can share the same velocity.
We can generalize this case by considering a group of features which share the same
velocity. Hence, let 8i = 1, . . . ,m : 'i Z v = 0 be, that is all features are conjugated
with the same optical flow v, then we can promptly see that any feature ' ofFunctional space �

represents a feature group,
that is uniformly

conjugated with the same
optical flow

� =
8><>:' : ' =

mX

i=1
↵i'i

9>=>;
is still conjugated with v. We can think of � as a functional space conjugated with
v. Basically, ' is conjugated with the velocity v whenever '(t, x(t)) is invariant
under the trajectory x(t). As already pointed, the brightness is a quasi-invariant
feature, but as we increase the degree of abstraction, we can aspire to increase the
approximation of the conjugation of feature '(t, x(t)) with its correspondent optical
flow v' . Basically, large objects are perceived with a high degree of abstraction
and are easier to track than their small parts. As already stated, the degree of ill-
posedness of the determination of the classic optical flow is pretty high. A uniformly
colored red rectangle, which is translating in front of us, makes it very di�cult to
guess the velocity of the internal pixels of the rectangle. We cannot really track
them! We can only make a guess that can be driven by the smoothness of the optical

fixed star coupling

�!  ¬� _ = ¬(� ^ ¬ )
t-norm translation
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yields a well-posed formulation thus avoiding the trivial solution.
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by collecting over the agent life the feature interactions collected in Pi . Notice that
such a statement makes sense also when considering the temporal evolution in which
the agent is expected to learn. In that case the interaction set Pi can be replaced with
Pi (t), which collects all interactions on i up to t. The Vision Field Interaction Graph
(tt VFIG) is constructed as follows: its vertexes corresponds with the n vertexes
associated with the vision fieldV , while an arc ai j 2 A is created whenever vj , 0.
If vj = 0 and vi , 0 then a self-loop is created.

The construction of the VFIG suggests a further abstraction inspired to the notion
of a�ordance. The graph structure inherited from the mentioned construction rule
makes it possible to introduce a ranking index, denoted ⇢i which evolves according
to the random walk scheme

⇢̇i + ⌧⇢i =
X

j2pa(i)

⇢ j
|ch( j) | . (3.24) RandomWalkEq

The ranking term ⇢ can be gained when considering that Eq. (3.24) can be used
for selecting most important a�ordance features that are supposed to o�er a further
abstraction. Hence, instead of the n features  i we can select a more abstract subset
composed of na < n new features, that we denote by �. For these new feature we
assume that the interaction interaction holds

� Z vj = 0, (3.25) AbstractAffVar

which doesn’t refer movements with respect to i. In so doing we can enrich the vision
field which becomesV = (�, , �, v). In order to avoid the trivial constant solution,
like for  we ask for the minimization of the logic implication term

I� =
naX

=1

$
T

0
dt
$
⌦

dx (1 � � (x, t))  (x, t). (3.26)

This comes from the p-norm translation of  
c! �. While this regularization terms

settles the value of � on the corresponding highly ranked   , notice that the motion
invariance condition (3.25) doesn’t assume any privilege with respect to the firing
feature   . Unlike for  , the motion invariance on features � is directly driven by

affordance features
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coupled features only, which contributes to elevate abstraction and lose the link with
its firing feature.
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Fig. 3.2: Example of Vision Field Interaction GraphVFG-fig



FOVEATE NEURAL NETWORKS
Chapter 4
Foveate neural networks

DNN-sec

The remarkable properties of some recent computer algorithms for neural networks seemed
to promise a fresh approach to understanding the computational perspectives of the brain.
Unfortunately most of these neural nets are unrealistic in important respects.

Francis Crick, 1989

The slippery topic of
biological plausibility T��� chapter is about visual bodies, regardless of biology. More then thirty years

ago, Francis Crick contributed to activate a discussion on the biological plausi-
bility of artificial neural nets along with the corresponding learning algorithms. As
yet, this is still an active research direction carried out in a battlefield that is full of
slippery and controversial issues. In the same paper of the above quotation ([22]),
the author clearly states that “a successful piece of engineering is a machine which
does something useful. Understanding the brain, on the other hand, is a scientific
problem.” He noticed that this scientific problem is a sort of reverse engineering
on the product of an alien technology, it’s the task of trying to unscramble what
someone else has made.

The above statements can hardly be questioned. Biological processes cannot ne-
glect the importance of e�ectively sustaining a wide range of simultaneous tasks
connected with the essence of life. However, the impressive development of deep
learning in the field of computer vision clearly indicates that there are in fact artificial
intelligence processes that make it possible to achieve concrete performance, espe-
cially relying on the truly di�erent computational structure. The massive supervised
learning protocol, along with the criticized Backpropagation algorithms are at the
basis of spectacular results that couldn’t be figured out at the dawn of the connec-
tionist wave mostly carried out by the Parallel Distributed Processing (PDP) research
group [41, 40]. Interestingly, the introduction of the connectionist models and the
development of deep learning [56] are not only having a great technological impact,
but they are also opening the doors to the conception of computational processes
that hold regardless of biology.

Foveate-based neural
networks

Based on information-based principles and the vision field arguments on motion
invariance discussed so far, in this chapter we claim that the computational mecha-
nisms behind motion invariance can naturally be implemented by deep architectures
that, throughout this book are referred to as Foveate-based Neural Networks (FNN)
They can in fact naturally carry out the conjugation of ↵' and ↵v (see Eq. 3.7). This
is expected to give rise to a machine capable of extracting codes that are motion
invariant and that turn out to be very useful for visual perceptual tasks. While deep
learning has mostly been sustained by the supervised learning protocol in computer
vision, here deep architectures are only exposed to visual information provided by
motion, with no labelled data. In this perspective FNN share with humans the same
learning protocol and, hopefully, can also shed light on brain mechanisms of vision.
The information-based principles that are presented hold regardless of biology.
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46 3 Principles of motion invariance

flow (3.2). However, we can easily follow the whole rectangle, just as the cat chases
the mouse, that is regarded as a whole object. This way of conjugating features with
the corresponding velocity seems to o�er a formal support for the intuitive statement
that we are tracking a moving object. A fundamental comment is in order concerning
the tracking of a feature group � which is very much related to the discussion on
color tracking that is stated by Eq. (3.3). In this case the invariance on � yields The regularization e�ect

of feature grouping

rx ('1 . . . 'm)0 · v + @
@t

('1 . . . 'm)0 = 0. (3.6) varphi-tracking-eq

The big di�erence with respect to tracking the brightness is that here the dimension
m of matrix rx ('1 . . . 'm)0 can enforce the increment of its rank, which leads
to a better positioning of the problem of estimating the optical flow v. Because
of the two-dimensional structure of the retina, which leads to v 2 R2 and since
rx ('1 . . . 'm)0 2 Rm,2, with m � 2 it turns out that any feature grouping regularizes
the velocity discovery. In order to understand the e�ect of feature grouping we can
in fact simply notice that a random choice of the features yields

rank rx ('1 . . . 'm)0 = 2.

As a consequence, linear equation (3.6) admits a unique solution in v. Moreover,
from Rouché-Capelli theorem we can also promptly see that in order to achieve the
tracking of the feature group, the features need to satisfy

rank rx ('1 . . . 'm)0 = rank
⇣
rx ('1 . . . 'm)0�� � @

@t ('1 . . . 'm)0
⌘
.

However, this regularization e�ect of feature grouping doesn’t prevent ill-positioning,
since ' is far from being a random map. One the opposite, it is supposed to extract
a uniform value in portions of the retina that are characterized by the same feature.
Hence, rank rx ('1 . . . 'm)0 = 1 is still possible whenever the features of the group
are somewhat dependent.

C������������ M����� ��� (', v' )
The notion of conjugate features does require the involvement of the specific com-
putational structure of '(x, t). Overall, we get a collection of features that can be
represented by a vector ' ⇠ 'i along with the corresponding conjugated velocities
v' ⇠ v'i . We overload the symbol Z to establish the conjugation ' Z v' = 0,
which corresponds to the full satisfaction of the pairings 'i Z v'i = 0 of all the
coordinates. In general, we assume that ' and v' turn out to be expressed by

@'

@t
(x, t) + C'(x, t) = C↵'

�
b(⌦',x, t), t

�

@v'
@t

(x, t) + Cv' (x, t) = C↵v
�r'(⌦',x, t), t

�
.

(3.7) aggreg-eq

Here C = cI, with c > 0. Here, c is supposed to drive very quick dynamics, so
as if the input b(⌦',x, t) is kept constant we end up quickly into the associated
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4.3 Foveated nets and variable resolution
VRes-sec

Given a video, for
conjugate features to exist

we need an appropriate
computational model,

which corresponds with
expressing the structure of

the pair (', v).

The implementation of motion invariance based on conjugate features does require
the involvement of the specific structure of '(x, t) and v' (x, t). Let us assume that
they come from neural networks that carry out computations on pixel x at time t of
the given video signal Of course, the neural networks are expected to take a decision
at t that depends on the entire frame and on the specific pixel of coordinate x where
we want to compute the features. As already pointed out, following Eq. (3.7), we
can consider deep neural networks based on receptive fields, which means that we
can always regard the output of neurons as functions of the corresponding virtual
window. Let us focus on the computation of features '. In that case suppose ⌦'i,x

is the virtual window corresponding with 'i that is centered on x. Overall, we get
a collection of features that can be represented by a vector ' ⇠ 'i along with the
corresponding conjugated velocities v' ⇠ v'i . why it is important to define ⌦'i,x

at this stage wouldn’t it be simpler to assume that the network take as input the
brightness on the whole retina ⌦?
Each features is computed on the basis of a specific virtual window ... features
close to the output explore larger windows. Two deep neural networks can be used
to express functions ↵' and ↵v . This leads to adopt the following computational
model:

↵' (b(⌦',x, t), t) = ⌘'
�
w' (x, t), b(⌦',x, t)

�

↵v (r'(⌦',x, t), t) = ⌘v
�
wv' (x, t),r'(⌦',x, t)

�
,

(4.1) conv-eq

where ⌦',x ⇠ ⌦'i,x is the portion of the retina ⌦ extracted by a receptive field
centered on x when considering feature 'i . Of course, the conjugation ' Z v'
does involve the choice of both ⌘' and ⌘v , along with their weights w' (x, t) and
wv' (x, t) that are expected to depend on the pixel on the retina. This is a remarkable
di�erence with respect to convolutional networks, where one assumes the weight
sharing of the weights. It’s quite obvious that choosing features that depend on the
position in the retina doesn’t make any sense when processing by uniform resolution
retina. For CNN, the weight sharing is a fundamental constraint to make the feature
extraction independent of the pixel. However, the assumption of acquiring visual
frames under the driving mechanisms of focus of attention changes the cards on the
table.Variable resolution and

weights depending on the
position in the retina

As pointed out in the list of motivations for choosing foveate eyes in item (2) of
Sec. 2.2, there are good reasons for choosing variable resolution when considering
the temporal structure of the computation and the focus of attention mechanisms.
Moreover, still in the same list, the claim in (6) puts forward the limitations of
weight sharing when considering the need of disambiguating decisions in di�erent
positions in the retina. Interestingly, as we assume higher resolution close to the
focus of attention we somewhat face the issue reported in item (6). In the following,
we discuss the impact of variable retina resolution, which is strongly connected
with FOA, in the architecture of neural network ⌘' . Of course, the same arguments
hold for neural networks ⌘v' . Now, let us assume that !̄' is a receptive field based
filter which operates on a small support in ⌦, centered on a, that is denoted by

…
 neural com

putation

⌦',x

neural computation

'(x, t) = ⌘'(w'(x, t), b(⌦',x, t)) = 0
big C “feedforward computation”

…
 biologically plausible
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FOA, in the architecture of neural network [i . Of course, the same arguments hold
for neural networks [E .

Now let us regard the weightslG

i
of the single neurons of [i . For every fixed point

on the retina G 2 ⌦, and for every temporal instant C 2 [0,)] let lG

i
(·, C) : R2 ! R

be a compactly supported filter such that

• 0 2 supp(lG

i
(·, C)) ⇢ R2;

• diam supp(lG

i
(·, C)) < diam⌦,

where diam � := sup{|G � H | : G, H 2 �} and supp is the support of the filter. In the
continuum setting, those filters are used to compute the activation h of any neuron
of [i as

hi (G, C) = (lG

i
(·, C) ¢ Ĥ(·, C)) (G) :=

π
R2
l

G

i
(G � b, C) Ĥ(b, C) 3b, (4.2) eq:activations_FNN

where H : ⌦⇥ [0,)] ! R is the output of the previous layer1, Ĥ(·, C) : R2 ! R is the
extension of H to R2 with Ĥ(G, C) = 0 for all C 2 [0,)] if G 8 ⌦ (zero padding). As
usual, we assume that the output H is computed from the activation hi by the neural
output function f(·), so as H = f(hi).

l
G

i
(I, C) =

π
R2
6(f, G � 0(C), I � b) ˆ̄li (b, C) 3b, (4.3) eq:filtersfromtemplate

where C 7! 0(C) is a given trajectory (in our case it will be the trajectory of the focus
of attention), l̄i :  ⇥ [0,)] ! R is a single set of weights for each temporal instant
defined over the compact set  ⇢ R2 containing the origin and 6 : R+⇥R2⇥R2 ! R
is an appropriate filter which depends on the parameter f and takes into account the
position of the point G 2 ⌦with respect to the focus of attention. Clearly if 6(f, 3, ·) is
compactly supported, if 0 2 supp(6(f, 3, ·)) and if diam +diam supp(6(f, 3, ·)) <
diam⌦ for any f 2 R+ and for every 3 2 R2, then the two above conditions are
satisfied.

⌦
x1

x2

!x1
' (x1 � ·, t)

!x2
' (x2 � ·, t)

Now, let’s analyze the role of the focussing func-
tion 6. We consider two extreme cases that give
insights on the role of 6 under the assumption
that 6(f, 3, G) = ⌧ ( |3 |, G) where ⌧ : R+ ⇥
R2 ! R and such that limY!0⌧ (Y, G) = X
(near the focus of attention the filter 6
is extremely sharp). We also assume
that lim0!diam⌦⌧ (0, ·) = ⇠ i.e. far away from the focus of attention the filter 6
become flat and constant2

1 Here for simplicity we are considering the scalar case, although the extension to vectorial features
is straightforward
2 This assumption is in contradiction with the fact that 6 should have compact support; however
it saves us from taking into account boundary e�ects that would raise technical issues that in our
opinion would go against the purpose of giving clear insight on the role of 6.
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⌦a. As an example, we can choose1 ⌦a = {x 2 ⌦ : |x � a | < ⇢}. Formally,
8u 2 ⌦a : !̄' (u, t) = 0, where ⌦a denotes the complement of ⌦a. Now let us
regard the weights !x

' (·, ·) of the single neurons of ⌘' as functions on

!x

' (·, ·) : ⌦ ⇥ [0,T]! R : (z, t) ! !x

' (z, t).

We can think of !x

' as vectors if we perform an appropriate sampling of function
!x

' (·, t). In the continuum setting, those filters are used to compute the activation �'
of any neuron of ⌘' as

�x' (z, t) =
ˆ
⌦x

du !x

' (u, t)y(z � u, t), (4.2)

where y denotes the neural output of the previous layer. As usual, we assume that the
output y is computed from the activation � by the neural output function �(·), so as
y = �(�). Now, we devise a mechanism for properly moving the canonical weights
!̄' from any pixel where we currently focus attention, that we denotes by a, to pixel
x. Basically the canonical function !̄' is moved to !x

' according to

!̄' ! !x

' : !x

' (z, t) =
ˆ
⌦a

du g(�, x � a, z � u) !̄' (u � a, t). (4.3) omega-a

Here we can see that the symbol !x

' is somewhat hiding the important dependence
on the position a of the focus of attention, so that one can overload the symbol by
using !x

'
��a to state it explicitly that the function is defined by the specific position of

the focus of attention. Sto facendo un po’ di confusione... nell’espressione di sopra
a è in realtà a(t), ovvero il fuoco dell’attenzione giusto? Ma allora l’insieme su cui
integro deve dipendere da a? CHECK! Throughout this book, neural networks based
on variable retina resolution with the above spatial law for the weights are referred
to as foveate-based neural networks. A more careful look at Eq. (4.3) indicates that
the weights !x

' actually depends on the relative position with respect to the retina
x � a. The weight filter !x

' depends on the reference point a, and on the relative
position of x with respect to a. The focussing function gNow, let’s analyze the role of the focussing function
g. We consider two extreme cases that give insights on the role of g, namely when
g(�, x � a, z � u) = g1(�, z � u) and when g(�, x � a, z � u) = g2(�, x � a).
• Case g = g1: Behavior close to the FOA (x { a)

The intuition is that as x approaches a (x { a) function g acts nearly as a Dirac
delta distribution centered on x, that is g(�, x � a, z � u) = g(�, 0, z � u) {
g1(�, z � u). If we use the substitution u0 = u � a, in that case, we have

!x

' (z, t) =
ˆ
⌦x

du0 g1(�, z � a � u0) !' (u0, t) = (g1(�) ⇤ !̄' )(z � a, t). (4.4) HR-reduction

If � ! 0 then g1 = � and

1 Here, | · | denotes a p-norm. For p = 1 the set ⌦a denotes a square, while for p = 2 it denotes a
circle.

“convolutional filters” which depends on 
the position in the retina
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⌦a. As an example, we can choose1 ⌦a = {x 2 ⌦ : |x � a | < ⇢}. Formally,
8u 2 ⌦a : !̄' (u, t) = 0, where ⌦a denotes the complement of ⌦a. Now let us
regard the weights !x

' (·, ·) of the single neurons of ⌘' as functions on

!x

' (·, ·) : ⌦ ⇥ [0,T]! R : (z, t) ! !x

' (z, t).

We can think of !x

' as vectors if we perform an appropriate sampling of function
!x

' (·, t). In the continuum setting, those filters are used to compute the activation �'
of any neuron of ⌘' as

�x' (z, t) =
ˆ
⌦x

du !x

' (u, t)y(z � u, t), (4.2)

where y denotes the neural output of the previous layer. As usual, we assume that the
output y is computed from the activation � by the neural output function �(·), so as
y = �(�). Now, we devise a mechanism for properly moving the canonical weights
!̄' from any pixel where we currently focus attention, that we denotes by a, to pixel
x. Basically the canonical function !̄' is moved to !x

' according to

!̄' ! !x

' : !x

' (z, t) =
ˆ
⌦a

du g(�, x � a, z � u) !̄' (u � a, t). (4.3) omega-a

Here we can see that the symbol !x

' is somewhat hiding the important dependence
on the position a of the focus of attention, so that one can overload the symbol by
using !x

'
��a to state it explicitly that the function is defined by the specific position of

the focus of attention. Sto facendo un po’ di confusione... nell’espressione di sopra
a è in realtà a(t), ovvero il fuoco dell’attenzione giusto? Ma allora l’insieme su cui
integro deve dipendere da a? CHECK! Throughout this book, neural networks based
on variable retina resolution with the above spatial law for the weights are referred
to as foveate-based neural networks. A more careful look at Eq. (4.3) indicates that
the weights !x

' actually depends on the relative position with respect to the retina
x � a. The weight filter !x

' depends on the reference point a, and on the relative
position of x with respect to a. The focussing function gNow, let’s analyze the role of the focussing function
g. We consider two extreme cases that give insights on the role of g, namely when
g(�, x � a, z � u) = g1(�, z � u) and when g(�, x � a, z � u) = g2(�, x � a).
• Case g = g1: Behavior close to the FOA (x { a)

The intuition is that as x approaches a (x { a) function g acts nearly as a Dirac
delta distribution centered on x, that is g(�, x � a, z � u) = g(�, 0, z � u) {
g1(�, z � u). If we use the substitution u0 = u � a, in that case, we have

!x

' (z, t) =
ˆ
⌦x

du0 g1(�, z � a � u0) !' (u0, t) = (g1(�) ⇤ !̄' )(z � a, t). (4.4) HR-reduction

If � ! 0 then g1 = � and

1 Here, | · | denotes a p-norm. For p = 1 the set ⌦a denotes a square, while for p = 2 it denotes a
circle.
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⌦a. As an example, we can choose1 ⌦a = {x 2 ⌦ : |x � a | < ⇢}. Formally,
8u 2 ⌦a : !̄' (u, t) = 0, where ⌦a denotes the complement of ⌦a. Now let us
regard the weights !x

' (·, ·) of the single neurons of ⌘' as functions on

!x

' (·, ·) : ⌦ ⇥ [0,T]! R : (z, t) ! !x

' (z, t).

We can think of !x

' as vectors if we perform an appropriate sampling of function
!x

' (·, t). In the continuum setting, those filters are used to compute the activation �'
of any neuron of ⌘' as

�x' (z, t) =
ˆ
⌦x

du !x

' (u, t)y(z � u, t), (4.2)

where y denotes the neural output of the previous layer. As usual, we assume that the
output y is computed from the activation � by the neural output function �(·), so as
y = �(�). Now, we devise a mechanism for properly moving the canonical weights
!̄' from any pixel where we currently focus attention, that we denotes by a, to pixel
x. Basically the canonical function !̄' is moved to !x

' according to

!̄' ! !x

' : !x

' (z, t) =
ˆ
⌦a

du g(�, x � a, z � u) !̄' (u � a, t). (4.3) omega-a

Here we can see that the symbol !x

' is somewhat hiding the important dependence
on the position a of the focus of attention, so that one can overload the symbol by
using !x

'
��a to state it explicitly that the function is defined by the specific position of

the focus of attention. Sto facendo un po’ di confusione... nell’espressione di sopra
a è in realtà a(t), ovvero il fuoco dell’attenzione giusto? Ma allora l’insieme su cui
integro deve dipendere da a? CHECK! Throughout this book, neural networks based
on variable retina resolution with the above spatial law for the weights are referred
to as foveate-based neural networks. A more careful look at Eq. (4.3) indicates that
the weights !x

' actually depends on the relative position with respect to the retina
x � a. The weight filter !x

' depends on the reference point a, and on the relative
position of x with respect to a. The focussing function gNow, let’s analyze the role of the focussing function
g. We consider two extreme cases that give insights on the role of g, namely when
g(�, x � a, z � u) = g1(�, z � u) and when g(�, x � a, z � u) = g2(�, x � a).
• Case g = g1: Behavior close to the FOA (x { a)

The intuition is that as x approaches a (x { a) function g acts nearly as a Dirac
delta distribution centered on x, that is g(�, x � a, z � u) = g(�, 0, z � u) {
g1(�, z � u). If we use the substitution u0 = u � a, in that case, we have

!x

' (z, t) =
ˆ
⌦x

du0 g1(�, z � a � u0) !' (u0, t) = (g1(�) ⇤ !̄' )(z � a, t). (4.4) HR-reduction

If � ! 0 then g1 = � and

1 Here, | · | denotes a p-norm. For p = 1 the set ⌦a denotes a square, while for p = 2 it denotes a
circle.
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8u 2 ⌦a : !̄' (u, t) = 0, where ⌦a denotes the complement of ⌦a. Now let us
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' (·, ·) of the single neurons of ⌘' as functions on
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We can think of !x
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' (·, t). In the continuum setting, those filters are used to compute the activation �'
of any neuron of ⌘' as

�x' (z, t) =
ˆ
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du !x

' (u, t)y(z � u, t), (4.2)

where y denotes the neural output of the previous layer. As usual, we assume that the
output y is computed from the activation � by the neural output function �(·), so as
y = �(�). Now, we devise a mechanism for properly moving the canonical weights
!̄' from any pixel where we currently focus attention, that we denotes by a, to pixel
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' according to
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Here we can see that the symbol !x
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integro deve dipendere da a? CHECK! Throughout this book, neural networks based
on variable retina resolution with the above spatial law for the weights are referred
to as foveate-based neural networks. A more careful look at Eq. (4.3) indicates that
the weights !x

' actually depends on the relative position with respect to the retina
x � a. The weight filter !x

' depends on the reference point a, and on the relative
position of x with respect to a. The focussing function gNow, let’s analyze the role of the focussing function
g. We consider two extreme cases that give insights on the role of g, namely when
g(�, x � a, z � u) = g1(�, z � u) and when g(�, x � a, z � u) = g2(�, x � a).
• Case g = g1: Behavior close to the FOA (x { a)

The intuition is that as x approaches a (x { a) function g acts nearly as a Dirac
delta distribution centered on x, that is g(�, x � a, z � u) = g(�, 0, z � u) {
g1(�, z � u). If we use the substitution u0 = u � a, in that case, we have
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' (z, t) =
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du0 g1(�, z � a � u0) !' (u0, t) = (g1(�) ⇤ !̄' )(z � a, t). (4.4) HR-reduction

If � ! 0 then g1 = � and

1 Here, | · | denotes a p-norm. For p = 1 the set ⌦a denotes a square, while for p = 2 it denotes a
circle.
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FOA, in the architecture of neural network [i . Of course, the same arguments hold
for neural networks [E .

Now let us regard the weightslG

i
of the single neurons of [i . For every fixed point

on the retina G 2 ⌦, and for every temporal instant C 2 [0,)] let lG

i
(·, C) : R2 ! R

be a compactly supported filter such that

• 0 2 supp(lG

i
(·, C)) ⇢ R2;

• diam supp(lG

i
(·, C)) < diam⌦,

where diam � := sup{|G � H | : G, H 2 �} and supp is the support of the filter. In the
continuum setting, those filters are used to compute the activation h of any neuron
of [i as

hi (G, C) = (lG

i
(·, C) ¢ Ĥ(·, C)) (G) :=

π
R2
l

G

i
(G � b, C) Ĥ(b, C) 3b, (4.2) eq:activations_FNN
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extension of H to R2 with Ĥ(G, C) = 0 for all C 2 [0,)] if G 8 ⌦ (zero padding). As
usual, we assume that the output H is computed from the activation hi by the neural
output function f(·), so as H = f(hi).
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where C 7! 0(C) is a given trajectory (in our case it will be the trajectory of the focus
of attention), l̄i :  ⇥ [0,)] ! R is a single set of weights for each temporal instant
defined over the compact set  ⇢ R2 containing the origin and 6 : R+⇥R2⇥R2 ! R
is an appropriate filter which depends on the parameter f and takes into account the
position of the point G 2 ⌦with respect to the focus of attention. Clearly if 6(f, 3, ·) is
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satisfied.
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Now, let’s analyze the role of the focussing func-
tion 6. We consider two extreme cases that give
insights on the role of 6 under the assumption
that 6(f, 3, G) = ⌧ ( |3 |, G) where ⌧ : R+ ⇥
R2 ! R and such that limY!0⌧ (Y, G) = X
(near the focus of attention the filter 6
is extremely sharp). We also assume
that lim0!diam⌦⌧ (0, ·) = ⇠ i.e. far away from the focus of attention the filter 6
become flat and constant2

1 Here for simplicity we are considering the scalar case, although the extension to vectorial features
is straightforward
2 This assumption is in contradiction with the fact that 6 should have compact support; however
it saves us from taking into account boundary e�ects that would raise technical issues that in our
opinion would go against the purpose of giving clear insight on the role of 6.
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(·, C) ¢ Ĥ(·, C)) (G) :=

π
R2
l

G

i
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1. |G � 0(C) | ⇡ 0: In this case under the above assumptions 6(f, 3, G) = X(G); then
it immediately follows from Eq. (4.3) that lG

i
⌘ ˆ̄li .

2. |G�0(C) | ⇡ diam⌦: Here we simply have, due to the fact that lim0!diam⌦⌧ (0, ·) =
⇠,

l
G

i
(I, C) = ⇠

π
 

l̄i (b, C) 3b =: ⇠L2 ( )hl̄(·, C)i , 8I 2 R2
,

where L2 ( ) is the Lebesgue measure of  . Plugging this expression back into
Eq. (4.2) we get

hi (G, C) = ⇠L2 ( )hl̄(·, C)i 
π
R2
Ĥ(b, C) 3b =: ⇠L2 ( )hl̄(·, C)i hH(·, C)i⌦,

which means that when we are away from the focus of attention the value of the
activations are spacially constant which is what we expect from a low-resolution
signal.

It turns out that FNN are based on filters that are somewhat in between those
associated with these two extreme cases. Roughly speaking, this forces the learning
process to be very e�ective where the fovea is focussing attention, whereas as we
move far away, the learning process only acts on possible modifications of the average
of the weights of the filter. This somewhat reflects the downsampling that arises on
those pixels where only the spatial average of the signal on the receptive field is
actually perceived. It’s worth mentioning that the removal of the weight sharing
principle leads to promote a learning process which is stimulated more to adapt the
parameters on the basis of the portions of the retina where we focus attention. In
any pixel which is far away from the focus, we only take into account the average of
the weights, so as we better face the ambiguity issue (6). There’s a very good reason
for assuming that the weights of the filter l̄i must be averaged when we are far
away from the FOA.Gaussian focussing filter A possible choice for 6 is that of using the family of truncated
Gaussians3

6(f, 3, G) :=
1

2c
p
(f + |3 |)2

exp
✓
� G

2

2(f + |3 |)2

◆
1{ |G |<d} (G). (4.4)

Here d represent the radius at which we cut the tails of the Gaussian to zero. If
we regard f as a learnable parameter which depends on C then the learning process
could begin with very high level of f and decrease to values close to zero. Hence, at
the beginning of learning we have f ! 1 which yields null weights. As time goes
by, the value of f is gradually reduced until 6 ! 0 which, as already stated, yields
around the focus of attention the maximum visual acuity stated by lG

i
⌘ ˆ̄li .

3 Remember that 6 has to have compact support.
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Chapter 5
Information-based laws of learning

driving-principles

When I was in high school, my physics teacher - whose name was Mr. Bader - called me
down one day after physics class and said, “you look bored; I want to�tell you something
interesting.” Then he told me something which I found absolutely fascinating, and have,
since then, always found fascinating. Every time the subject comes up, I work on it.

Richard Feynman, physics lectures about the principle of least action

5.1 The simplest case of feature conjugation

The brightness is simplest feature which only involves a single pixel. Hence, we
are in front of the simplest case of feature conjugation b Z ẋ = 0, that has been
discussed in Section 3.3.A soft-satisfaction of the

b Z ẋ = 0 conjugation
The well-position of the problem that is gained by the

constrained minimization of the functional defined by Eq. 3.2 is typically given a
di�erent formulation, which only involves a soft satisfaction of b Z ẋ = 0. This can
be formulated by stating that, given b, one must minimize

E =
ˆ
⌦

(b Z v)2 + �
�
(rv1)2 + (rv2)2�, (5.1)

where v := ẋ and � > 0 is the regularization parameter. The soft-enforcement
of the conjugation constraint in this case makes sense. As already pointed out,
this conjunction arises from the brightness invariance principle, which is only an
approximate description of what happens in real video. The stationary point of E,
which is also a minimum, is obtained by using the Euler-Lagrange equations

r2v1 =
1
�

(b Z v) @x1 b

r2v2 =
1
�

(b Z v) @x2 b,
(5.2) HS-EL-sol

that are paired with the boundary conditions8x 2 @⌦ : [b(x, t) = 0]^[rb(x, t) = 0].
Still ill-posed: consider

b(x, t) = ct

What if the brightness increases uniformly according b(x, t) = ct, where c > 0?
Any motion field

v = ẋ = (µ1, µ2) ↵(t),

where µ1, µ2 2 R and ↵(t)is the image of any function of time satisfies (5.2).
Basically, the problem is ill-posed whenever the brightness changes uniformly in
the retina. However, this is of scarse interest and could reflect the change of the
brightness of the source, which doesn’t involve the light reflected by the objects.

The aperture problem and
the barber’s pole

Interestingly, the the regularization term (3.2) helps facing the ill-position of
brightness invariance. Basically, one must distinguish the motion of material points
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1 Z §G = 0 conjugation
The well-position of the problem that is gained by the

constrained minimization of the functional defined by Eq. 3.2 is typically given a
di�erent formulation, which only involves a soft satisfaction of 1 Z §G = 0. This can
be formulated by stating that, given 1, one must minimize

⇢ =
π
⌦
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�
(rE1)2 + (rE2)2�

, (5.1)

where E := §G and _ > 0 is the regularization parameter. The soft-enforcement
of the conjugation constraint in this case makes sense. As already pointed out,
this conjunction arises from the brightness invariance principle, which is only an
approximate description of what happens in real video. The stationary point of ⇢ ,
which is also a minimum, is obtained by using the Euler-Lagrange equations

r2
E1 =

1
_

(1 Z E) mG11

r2
E2 =

1
_

(1 Z E) mG21,

(5.2) HS-EL-sol

that are paired with the boundary conditions 8G 2 m⌦ : [1(G, C) = 0] ^ [r1(G, C) =
0].

Still ill-posed: consider
1 (G, C) = 2C

What if the brightness increases uniformly according 1(G, C) = 2C, where 2 > 0?
Any motion field

E = §G = (`1, `2) U(C),
where `1, `2 2 R and U(C)is the image of any function of time satisfies (5.2).
Basically, the problem is ill-posed whenever the brightness changes uniformly in
the retina. However, this is of scarse interest and could reflect the change of the
brightness of the source, which doesn’t involve the light reflected by the objects.

The aperture problem and
the barber’s pole
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Euler-Lagrange eqs: Horn & Schunck, 1981
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that are paired with the boundary conditions 8G 2 m⌦ : [1(G, C) = 0] ^ [r1(G, C) =
0].

Still ill-posed: consider
1 (G, C) = 2C

What if the brightness increases uniformly according 1(G, C) = 2C, where 2 > 0?
Any motion field

E = §G = (`1, `2) U(C),
where `1, `2 2 R and U(C)is the image of any function of time satisfies (5.2).
Basically, the problem is ill-posed whenever the brightness changes uniformly in
the retina. However, this is of scarse interest and could reflect the change of the
brightness of the source, which doesn’t involve the light reflected by the objects.
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FIGURE 1.3

Recognition of handwritten chars. The incoming pattern x = π( ) is processed by the
feedforward neural network, whose target consists of firing only neuron 43. This
corresponds with the one-hot encoding of class “2”.

the hidden layer, where the network is expected to construct features that are useful
for the recognition process. The chosen 15 hidden units are expected to capture dis-
tinctive properties of different classes. Human interpretation of similar features leads
to the characterization of geometrical and topological properties.Mass geometry,

smoothness, and
topology based

features.

Area, perimeter, as
well as features from mass geometry, help discriminating the chars. The barycenter
and the momentum of different order detect nice properties of the patterns but, as
already pointed out, the features might also be related to our own intuitions on what
is characterizing the different classes, like the roundness and number of holes pro-
vide additional cues. There are also some key points, like corners and crosses, that
strongly characterize some class (e.g., the cross of class “8”). Interestingly, one can
think of the neurons of the hidden layer as feature detectors, but it is clear that we
are in front of two fundamental questions: Which features can we expect the MLP will
detect? Provided that the MLP can extract a certain set of features, how can we deter-
mine the weights of the hidden neurons that perform such a feature detection? Most
of these questions will be addressed in Chapter 5, but we can start making some in-
teresting remarks. First, since the purpose of this neural network is that of classifying
the chars, it might not be the case that the above mentioned features are the best ones
to be extracted under the MLP. Second, we can immediately grasp the idea of learning,
which consists of properly selecting the weights, in such a way to minimize the error
with respect to the targets. Hence, a collection of handwritten chars, along with the
corresponding targets, can be used for data fitting. As it will be shown in the follow-
ing section, this is in fact a particular kind of learning from example scheme that is
based on the information provided by an oracle referred to as the supervisor. While
the overall purpose of learning is that of providing the appropriate classification, the
discovery of the weights of the neurons leads to constructing intermediate hidden

Feedforward neural network
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the concept acquisition also requires a different assessment. First, let us consider the
case of batch-mode. We can measure the classification quality in the training set by
computingThe error function

measures the
progress of

learning. E(w) =
!∑

κ=1

n∑

j=1

(1 − yκj fj (w, xκ))+, (1.1.3)

where n is the number of classes and fj (w, xκ) is the j th output of the network fed
with pattern xκ . Throughout the book we use the notation (·)+ to represent the hinge
function, which is defined as (z)+ = z · [z > 0], where [z > 0] = 1 if z > 0 and
[z > 0] = 0, otherwise. Hence (1 − yκj fj (w, xκ))+ = 0 holds whenever there is a
strong sign agreement between the output fj (w, xκ ) and the target yκj . Notice that
because of the one-hot encoding, the index j = 1, . . . , n corresponds with the class
index. Now, fj (w, xκ) and yκj must agree on the sign, but robustness requirements
in the classification lead us to conclude that the outputs cannot be too small.(N , L ) ! E(·).

Learning is the
optimization of

E(·).

The pair
(N ,L ), which is composed of the neural network N and of the training set L ,
offers the ingredients for the construction of the error function in Eq. (1.1.3) that,
once minimized, returns a weight configuration of the neural network that well fits
the training set. As it will become clear in the following, unfortunately, fitting the
training set isn’t necessarily a guarantee of learning the underlining concept. The
reason is simple: The training set is only sampling the probability distribution of
the concept and, therefore, its approximation very much depends on the relevance of
the samples, which is strongly related to the cardinality of the training set and to the
difficulty of the concept to the learned.

As we move to online mode, the formulation of learning needs some additional
thoughts. A straightforward extension from batch-mode suggests adopting the er-
ror function Et computed over Lt . However, this is tricky, since Et changes as
new supervised examples come.While in batch-mode, learning consists of finding
w# = arg minw E(w), in this case we must carefully consider the meaning of opti-
mization at step t . The intuition suggests that we need not reoptimize Et at any step.
Numerical algorithms, like gradient descent, can in fact optimize the error on single
patterns as they come. While this seems to be reasonable, it is quite clear that such
a strategy might led to solutions in which the neural network is inclined to “forget”
old patterns. Hence, the question arises on what we are really doing when performing
online learning by gradient weight updating.

Unsupervised
learning.

The link with human cognition early leads us to explore learning processes that
take place regardless of supervision. Human cognition is in fact characterized by
processes of concept acquisition that are not primarily paired with supervision. This
suggests that while supervised learning allows us to be in touch with the external
symbolic interpretations of environmental concepts, in most cases, humans carry
out learning schemes to properly aggregate data that exhibit similar features. How
many times do we need to supervise a child on the concept of glass?The glass example. It’s hard to
say, but surely a few examples suffice to learn. Interestingly, the acquisition of the
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driving-principles

When I was in high school, my physics teacher - whose name was Mr. Bader - called me
down one day after physics class and said, “you look bored; I want to tell you something
interesting.” Then he told me something which I found absolutely fascinating, and have,
since then, always found fascinating. Every time the subject comes up, I work on it.

Richard Feynman, physics lectures about the principle of least action

5.1 The simplest case of feature conjugation

The brightness is simplest feature which only involves a single pixel. Hence, we
are in front of the simplest case of feature conjugation 1 Z §G = 0, that has been
discussed in Section 3.3.A soft-satisfaction of the

1 Z §G = 0 conjugation
The well-position of the problem that is gained by the

constrained minimization of the functional defined by Eq. 3.2 is typically given a
di�erent formulation, which only involves a soft satisfaction of 1 Z §G = 0. This can
be formulated by stating that, given 1, one must minimize

⇢ =
π
⌦
(1 Z E)2 + _

�
(rE1)2 + (rE2)2�

, (5.1)

where E := §G and _ > 0 is the regularization parameter. The soft-enforcement
of the conjugation constraint in this case makes sense. As already pointed out,
this conjunction arises from the brightness invariance principle, which is only an
approximate description of what happens in real video. The stationary point of ⇢ ,
which is also a minimum, is obtained by using the Euler-Lagrange equations

r2
E1 =

1
_

(1 Z E) mG11

r2
E2 =

1
_

(1 Z E) mG21,

(5.2) HS-EL-sol

that are paired with the boundary conditions 8G 2 m⌦ : [1(G, C) = 0] ^ [r1(G, C) =
0].

Still ill-posed: consider
1 (G, C) = 2C

What if the brightness increases uniformly according 1(G, C) = 2C, where 2 > 0?
Any motion field

E = §G = (`1, `2) U(C),
where `1, `2 2 R and U(C)is the image of any function of time satisfies (5.2).
Basically, the problem is ill-posed whenever the brightness changes uniformly in
the retina. However, this is of scarse interest and could reflect the change of the
brightness of the source, which doesn’t involve the light reflected by the objects.
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given!

neural computation yields weight constraints

simplest example of conjugation
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their associated optical flow leads to establish an e�ective learning process also in
this case, since the velocity fields of the features are not just reflecting the velocity
associated with brightness invariance.

Conjugated features: We
think of (', v' ) as an

indissoluble pair which
must be jointly learned.

We can detect the feature
' since “we can see” it
moving at velocity v' .

Given the optical flow v' , we say that ' is a conjugate feature with respect to v'
provided that 8(x, t) 2 ⌦ ⇥ (0,T ), along trajectory x' (t) we have

' Z v' :=
d'(x(t), t)

dt
= rx' · v' +

@'

@t
= 0. (3.5) T-inv

Notice that if there is no optical flow in a given pixel x̄, that is if v' ( x̄, t) = 0,
then @t' = 0. This means that the absence of the optical flow in x̄ results into
8t 2 (0,T ) : '( x̄, t) = c' , which is the obvious consistency condition that one
expects in this case. Likewise, a constant field '(x, t) in C ⇢ ⌦ ⇥ (0,T ) results into
the conjunction ' Z v' = 0, independently of v' . Of course, since b Z v = 0 we
can legitimately state that b is in fact a conjugate feature - the simplest one that is
associated with the brightness that is based on a single pixel. As for the optical flow
associated with the brightness, also in this case, the regularization term (3.2), where
v is replaced with v' , contributes to a well-posed formulation. Basically (', v' ) is an
indissoluble pair that plays a fundamental role in the learning of the visual features
that characterizes the object.

F������ G�������
As already noticed, when we consider color images, the brightness invariance can be
considered for the separated components R,G,B. Interestingly, for a material point
of a certain color, given by a mixture of the three components, we can establish the
same brightness invariance principle, since those components can move with the
same velocity. Said in other words, di�erent features can share the same velocity.
We can generalize this case by considering a group of features which share the same
velocity. Hence, let 8i = 1, . . . ,m : 'i Z v = 0 be, that is all features are conjugated
with the same optical flow v, then we can promptly see that any feature ' ofFunctional space �

represents a feature group,
that is uniformly

conjugated with the same
optical flow

� =
8><>:' : ' =

mX

i=1
↵i'i

9>=>;
is still conjugated with v. We can think of � as a functional space conjugated with
v. Basically, ' is conjugated with the velocity v whenever '(t, x(t)) is invariant
under the trajectory x(t). As already pointed, the brightness is a quasi-invariant
feature, but as we increase the degree of abstraction, we can aspire to increase the
approximation of the conjugation of feature '(t, x(t)) with its correspondent optical
flow v' . Basically, large objects are perceived with a high degree of abstraction
and are easier to track than their small parts. As already stated, the degree of ill-
posedness of the determination of the classic optical flow is pretty high. A uniformly
colored red rectangle, which is translating in front of us, makes it very di�cult to
guess the velocity of the internal pixels of the rectangle. We cannot really track
them! We can only make a guess that can be driven by the smoothness of the optical
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We want to define the learning dynamic as the outcome of a variational principle
(known as the WIE principle) on the functional

�Y (l) :=
π

)

0
4
�C/Y

⇣
aY

2
|l0(C) |2 + HS(l(C), C)

⌘
3C (5.4) eq:WIE-fun-HS

Scrivere bene il problema con i dati iniziali e il limite per Y ! 0. The resulting
dynamic will be (

l
0(C) = � 1

a
rHS(l(C), C)

l(0) = l
0
.

(5.5) eq:HS-net-non-hom-flow

Notice that in order to compute HS we should at some point compute the gradient of
the network with respect to its parameters; this can be done algorithmically using the
backprop, however we will discuss briefly discuss? in the following how to replace
the instantaneous backprop calculation with a di�usion mechanism on the neural
network.

Now notice that Eq. (5.5) represent a non-homogeneous flow on the “potential”
HS, the non-homogeneity comes from the fact that since we are dealing with a video
stream the gradients of the brightness changes all the time. The goal of the learning
is to reach a set of constant weights that properly estimate the optical flow given
any couple of frames in the video. We argue however that the learning process itself
could benefit from a developmental stage in which the task is simplified by means
of a spatial filtering of the input.

In order to do this we consider the following “smoothing” process of the input
achieved for instance by a gaussian-like filtering; given a frame G 2 RF⇥⌘ and a
parameter f � 0 we consider

G 7! �(G,f) 2 RF⇥⌘
.

We assume that this filtering should give back the frame for f = 0, i.e. �(G, 0) = G

and that for f > 0 should satisfy kD�(G,f)k  kDGk Probabilmente questo va
formalizzato un po’ di più.

Now the idea is that the degree of filtering that is expressed by f could be learned
alongside with the weights of the network. Of course in order to avoid trivial solutions
we should also require that the this smoothing should become as small as possible.

With this filtering of the input our HS potential defined in Eq. (5.3) should take
into account an additional dependence. This can be readily done by considering
HS: [0,)] ⇥ R# ⇥ R! R+ defined by3

3 Here we use Einstein convention and we do not explicitly write the two components of 5 and D�
for compactness.
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where �0(1(B),f) is the analogue of 10(B) after the � transformation is applied.

Correspondingly the functional in Eq. (5.4) becomes
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And the resulting dynamics fill in the details is
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Here f
0
> 0 is a parameter chosen in such a way that �(1(0),f0) is a constant (or

constant up to a certain tolerance) frame.

5.3 A dynamic model for conjugate features and velocities

In the previous section we described an online method to extract the optical flow
from the brightness.

We now turn to the definition of an online method for the leatning of the features
and of their conjugates velocities as it is described in Chapter 3. In order to do this
we need to lay down some useful notation. As we did in the previous section we will
still work on the discrete retina ⌦⇧.

The first ingredient that we need to put in the theory, as it is widely discussed in
Chapter 3 is a set of features that are instrumental to the identification of objects. Here
we consider a set of maps %

1
, . . . , %

< such that %: : RF⇥⌘⇥=:�1 ! RF⇥⌘⇥=: with
=0 = 1 (or =0 = 3 if we consider RGB images). Examples of these transformation
could be convolution or, better jet, the foveate layer transformation described in
the previous chapter. In any case the assumption is that each of these maps can be
regarded as parametric maps ⇧: : R#: ⇥RF⇥⌘⇥=:�1 ! RF⇥⌘⇥=: so that ⇧: (l:

, ·) ⌘
%
: (·) for some l

: 2 R#: , : = 1, . . . ,<. Once the dynamics of the set of weights
C 7! l

: (C) has been fixed he resulting maps obtained from the composition of the
⇧: are exactly the feature maps on which we based our discussion in the previous
chapters:

i
8 (C) :=

✓
8

:=1

⇧: (l: (C), ·)
◆
(1(C))
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input “blurring”

Gradient-based learning of the weights
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coupled features only, which contributes to elevate abstraction and lose the link with
its firing feature.
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Fig. 3.2: Example of Vision Field Interaction GraphVFG-fig

ODE in the weights
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their associated optical flow leads to establish an e�ective learning process also in
this case, since the velocity fields of the features are not just reflecting the velocity
associated with brightness invariance.

Conjugated features: We
think of (', v' ) as an

indissoluble pair which
must be jointly learned.

We can detect the feature
' since “we can see” it
moving at velocity v' .

Given the optical flow v' , we say that ' is a conjugate feature with respect to v'
provided that 8(x, t) 2 ⌦ ⇥ (0,T ), along trajectory x' (t) we have

' Z v' :=
d'(x(t), t)

dt
= rx' · v' +

@'

@t
= 0. (3.5) T-inv

Notice that if there is no optical flow in a given pixel x̄, that is if v' ( x̄, t) = 0,
then @t' = 0. This means that the absence of the optical flow in x̄ results into
8t 2 (0,T ) : '( x̄, t) = c' , which is the obvious consistency condition that one
expects in this case. Likewise, a constant field '(x, t) in C ⇢ ⌦ ⇥ (0,T ) results into
the conjunction ' Z v' = 0, independently of v' . Of course, since b Z v = 0 we
can legitimately state that b is in fact a conjugate feature - the simplest one that is
associated with the brightness that is based on a single pixel. As for the optical flow
associated with the brightness, also in this case, the regularization term (3.2), where
v is replaced with v' , contributes to a well-posed formulation. Basically (', v' ) is an
indissoluble pair that plays a fundamental role in the learning of the visual features
that characterizes the object.

F������ G�������
As already noticed, when we consider color images, the brightness invariance can be
considered for the separated components R,G,B. Interestingly, for a material point
of a certain color, given by a mixture of the three components, we can establish the
same brightness invariance principle, since those components can move with the
same velocity. Said in other words, di�erent features can share the same velocity.
We can generalize this case by considering a group of features which share the same
velocity. Hence, let 8i = 1, . . . ,m : 'i Z v = 0 be, that is all features are conjugated
with the same optical flow v, then we can promptly see that any feature ' ofFunctional space �

represents a feature group,
that is uniformly

conjugated with the same
optical flow

� =
8><>:' : ' =

mX

i=1
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is still conjugated with v. We can think of � as a functional space conjugated with
v. Basically, ' is conjugated with the velocity v whenever '(t, x(t)) is invariant
under the trajectory x(t). As already pointed, the brightness is a quasi-invariant
feature, but as we increase the degree of abstraction, we can aspire to increase the
approximation of the conjugation of feature '(t, x(t)) with its correspondent optical
flow v' . Basically, large objects are perceived with a high degree of abstraction
and are easier to track than their small parts. As already stated, the degree of ill-
posedness of the determination of the classic optical flow is pretty high. A uniformly
colored red rectangle, which is translating in front of us, makes it very di�cult to
guess the velocity of the internal pixels of the rectangle. We cannot really track
them! We can only make a guess that can be driven by the smoothness of the optical
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problem. As soon as we try to define an appropriate space, we quickly realize that
non-causality issues arise from the boundary conditions.

In order to overcome this problem in the next section we will discuss e a method
that will yield a gradient flow-like dynamics (thus a causal problem) that is inspired
by the work of aggiungi riferimento a Stefanelli e ad altri nostri lavori together with
a corresponding interpretation in the discrete time.

Before going on however let us rearrange the terms that appears in Eq. (5.8) so
that subsequent analysis will be more straightforward. The basic idea is that we want
to group together inside the temporal integral terms that depends on the variables
l�, l⌫, l⇠ , o and l�, the terms that depends only on the derivatives of those
variables (which is essentially already the S term) and the terms that contains both
the variables and their derivatives (the terms that comes from the ùû operation).
Let C 7! D(C) := (l�(C),l⌫ (C),l⇠ (C),l� (C), o(C)) 2 R⇡ , with then the index in
Eq. (5.8) is of the form

� (D) :=
π

)

0

⇣
) (D0(C), D00(C)) + 1

2
|&(D(C))D0(C) + 1(D(C)) |2 ++ (D(C), C)

⌘
3C (5.9) eq:index_compact_form

There + collects all the terms of V, W and I and here is a (non square) block
matrix Chenck this! and ) is the rewriting of the term S. It is also useful to rewrite
the ùû term as follows:

1
2
|&(D(C))D0(C)+1(D(C)) |2 =

1
2
D
0(C)·&(D(C))& 0(D(C))D0(C)+1(D(C))·&(D(C))D0(C)+1

2
|1(D(C)) |2,

which in turn can be rearranged as follows

1
2
|&(D(C))D0(C) + 1(D(C)) |2 =

1
2
D
0(C) · " (D(C))D0(C) + <(D(C)) · D0(C) + ^(D(C)),

where this time8G 2 R⇡ , " (G) is a square symmetric, positive semi-definite matrix,
<(G) 2 R⇡ and ^(G) 2 R. This last form is the one that we will use in the next
section to write the online learning rules

5.4 Online learning

The first step that we need to take in order to obtain causal rules is to appropriately
rescale the functional � defined in Eq. (5.9) with the Y factor as we did in Section 5.2
for the extraction of the optical flow; in this case we consider the following family
of functionals:

� (D) :=
π

)

0
4
�C/Y

⇣
Ya

2
|D0(C) |2 + YW

2
D
0(C) · " (D(C))D0(C) + YW<(D(C)) · D0(C)

+ YW^(D(C)) ++ (D(C), C)
⌘
3C
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where we have chosen ) (0, 1) = |0 |2/2 and we have weighted both the kinetic
term and the constraint between the features and the velocities by Y; we have also
introduced weights a > 0, W > 0. As Y ! 0 we get the only surviving terms of the
Euler equation are Rivedi i conti con Marco prima di trascriverli

(�
aId + W" (D(C))

�
D
0(C) + W<(D(C)) + r+ (D(C), C) = 0, C 2 (0,));

D(0) = D
0
.

Notice that since " (G) is a positive semi-definite matrix for all G 2 R⇡ , aId+W" (G)
is positive definite and hence invertible Double check this assertion!. This means
that our online update rules can be cast into the form

(
D
0(C) = �

�
aId + W" (D(C))

��1 �
W<(D(C)) + r+ (D(C), C)

�
, C 2 (0,));

D(0) = D
0
.

(5.10) eq:gradient-flow

A rather clear interpretation of the above equations can be obtained by considering
a discrete time setting and use the theory of Minimizing Movements with a special
similarity term that contains the ùû operation. Let (C: ) be a sequence of temporal
instants with C:+1 � C: = g > 0 and consider the following scheme for computing the
set of parameters of the model at the next step

D
:+1 = arg min

D

+: (D: ) + r+: (D: ) · (D � D
: ) + 1

2g2
(D � D

: ) · (aId + W" (D: )) (D � D
: )

+ W

g

<(D: ) · (D � D
: ) + W^(D: ).

(5.11) eq:MMI

What we are actually doing here in order to compute the next step is to optimize
a second order approximation of + (here we denote with +: (G) := + (G, C: ), for all
G 2 R⇡) and a discrete approximation of the ùû term. Equation (5.11) implies

D
:+1 = D

: � g
2 (aId + W" (D: ))�1

⇣
W

g

<(D: ) + r+: (D: )
⌘
,

which can indeed be regarded as a discrete approximation of (5.10). Maybe there is
a nicer way to use constants g, W, a?

5.5 Why is baby vision blurred?
BlurringSection

There are surprising results that come from developmental psychology on what a
newborns see. Basically, their visual acuity grows gradually in early months of life.
Interestingly, Charles Darwin had already noticed this very interesting phenomenon.
In his words:

Q9: It was surprising how slowly he acquired the power of following with his eyes an object
if swinging at all rapidly; for he could not do this well when seven and a half months old.

All the weights of the neural nets obey this learning equation
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• Motion is everything you need

• I and II Principle of  Visual Perception

• Vision fields

• Foveate nets: Beyond convolutional nets? 

• On-line temporal learning

• What is the interplay with language? 
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CONCLUSIONS

If you are interested in receiving the proto book, please drop me an 
email at marco.gori@unisi.it (proto-book available by the 31th of July)

mailto:marco.gori@unisi.it

